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SHORT COMMUNICATION

On the Fundamental Solution of the Reduced Wave Equation
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Abstract. A method is presented for constructing fundamental solutions for the Helmholtz
operators A * k7 in R"in terms of the fundamental singularity for the Laplacian A. The feasibility of repre-
senting a fundamental solution for A’ — k* by forming convolutions of such solutions is also discussed.

Introduction
n

Next to the Laplacian operator A = k; ¥axi = kzl 8; in R", the Helmholtz
operator A + A where A is a real constant, plays a central role in the formulation of

physical laws, most notably those involving wave phenomena. The differential operator
A + k comes up most naturally when the wave equation Au + u,, = fis reduced to the
non-homogeneous Helmholtz equation

(A+MNu=f (1
under the assumption that u satisfies u,, = Au. Hence (1) is also known as the reduced
wave equation. The case when A = 0 yields Poisson’s equation whose solution is the

potential function generated by f, and will not concern us in this investigation. Other-
wise A may be expressed as A = + k? for some positive number k.

In R? equation (1) describes the small vibrations of a stretched elastic membrane.
which is subjected to a lateral force whose density per unit area is determined by f.
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The corresponding vibrations of a thin elastic plate due to pure bending are gov-
erned, in the linear theory of elasticity (see [1] for example), by the differential equa-
tion A% + (p/D)u,, = /D which reduces to

(A’ —kHu=g. (2)

where k* = pw¥D. Here p is the mass density per unit area of the plate, D its flexural
rigidity, and o is the vibration frequency. Since we can write A> — k* = (A — k?)(A
+ k?), we are led to consider the pair of equations

A+K)u=v,(A-Kk)v=g, (3)
both being of the type (1)

We shall consider equation (1) to be valid, in the sense of distributions, in an
open connected set Q in R" (see [2] for example). This allows us to admit such highly
discontinuous forces as concentrated impulses. If f is a distribution of compact sup-
port in the space of distributions D’(€2) then the general solution of (1)isuy + F_« f.
Here u,is the general solution of the corresponding homogeneous equation (A + A)u
= 0 and F  is a fundamental solution of the Helmholtz operator A + A in R", in the
sense that

(A + MF, =8, (4)

& being the Dirac measure in R" supported at the point 0. When F fis alocally integr-
able function in R". the convolution product F « f is defined by

Fo (%) = [ upp ¢ Fax — x/) £ (x")dx".

Otherwise. the reader can refer to [3] or [2] for the distributional definition.

The homogeneous component u,, of u is determined by appropriate boundary
conditions and will not concern us in this treatment. The other component. F = f. can
be constructed once a fundamental solution of A + A is available. Consequently the
problem of solving equaton (1) is essentially a problem of determining a distribution
F_ in R" that satisfies (4). This problem can be solved by using the Fourier transfor-
mation, a procedure that is both long and tedious (see [3, p.472] or [4, p.49]. The cor-
responding computation of the fundamental solution for A, on the other hand, is
straightforward. The solution of AE = & is given by
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xH(x) in R
1
Eq(x) = o log| x | in R2\ {0}

1

- _in R"™2\{OL, n > 3
(n—2)0, X" {0}, n )

where H(x) is the Heaviside function and o, is the surface area of the unit sphere in
R" (see [2], p. 151].

In view of the fact that A is the principal component of A + A, the singular part
of F_(x) should behave like E_ (x) as x — 0, the point x = 0 being an energy sink of
the same magnitude for both “potentlals” It is therefore reasonable to expect that
F, can be expressed in terms of E, . The main purpose in this study is to show how this
can be done. With the fundamental solution for the Helmholtz operator at our dis-
posal we can also obtain a solution for the equation (2) of the vibrating plate. For if
F andF are fundamental solutions for A+ kand A — k?, respectively, then F} « F_,
prov1ded thls convolution exists, is a fundamental solution for A? — k*. This follows
from the observation that

(A2 —KH)Fi«F; = (A +k)F'» (A - k) F

Consequently the convolution (F} + F) » g, where g has compact support, satisfies
equation (2).

The Special Cases of n = 1,2
i)n=1
In this case equation (4) takes the form
F| +AF, = 9. (6)

Assuming that F,(x) = A(x)E,(x) + B(x), where both A and B are analytic functions
in R and E,(x) = xH(x), equation (6) implies
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(A" + LA)XH + 2A'H + A(0)5 + B” + AB = 5,

from which we can conclude that B =0, A(0) = 1, and (xA)” + AxA = 0. Hence
A(x) = sin VAx/VAx whenx # 0, and F,(x) = 1/ V& H(x) sin VAx for all x€ R. Thus

T HE sinkx = F} (x)  ifA=k2>0
F, (x) = 7)
% H(x) sinhkx = F{(x) ifrh=—k?><0.

Since F{ and F] both have their supports in [0, ®), the convolution product F]+F]
is a well defined distribm;}on in D' (R) (see [2]) which represents a fundamental sol-

ution for the operator —- — (k*. It is in fact given by the continuous function H(x)
X
(sinh kx — sin kx)/2k>, which is a C* function in R\{0}.

It is clear from the above representation of F, that we retrieve the fundamental
singularity of the Laplacian if we let A — 0. We also note that F| cannot be obtained
from equation (6) by a direct application of the Fourier transformation, since F7 is
not a tempered distribution.

(ii)n=2

Once again, let Fy(x) = A(x)E,(x) + B(x) with A and B analytic in R%. The rep-
resentation (5) shows that E_ is spherically symmetric function in R"\{0}, in the
sense that it depends only on r = [x|, and we shall assume that the same is true of A
and B. The substitution into equation (4) yields the pair of equations (A + X)) A =0
and A(0) = 1, which means that A(r) is the Bessel function Jo(kr) or I,(kr), depend-
ing on whether A = k* or —k* The function B is then any solution of (A+A) B+
(1/mr) A" = 0. The simplest form of F, is given in terms of the Bessel functions Y, and
K, by

Fan 7Yo(kr) = Fi(r) if A=k2 (8)
2 —_—

=3 Ko(kn) = F3(r) if A=-k>2
Since F, is a C* function in R*\{0} with a logarithmic singularity at r = 0, and

since Y,(kr) is of order 1/Vkr while K (kr) is of order e ™"/ V/kr as r — o, the con-
volution
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_ 1 . N
F;*Fz (r,e) - — ij Yo(k l rele _ rlele{ ) Ko(kr/)r/drlde/

8n
— 1 o0 9+27tY k i o /
Y Jo J‘e of , r-re | )K (kr")r'dodr
- 1 0 @27 o o ,
=~ o o J, Yor—re™ Ko (v dar ©)

is a continuous function in R, which is independent of 8 and of class C* outside the
origin. As a distribution it satisfies (A? — k*) (F3 = F;) = 6 and is therefore a funda-
mental solution for the operator A% — k*.

The General Case of n = 3
With x € R" we shall use (x,x"*!) to denote the corresponding point in R™*!. For
the sake of clarity we shall write A, and A_, | to denote the Laplacian operator in R"
and R""' respectively. If & is the Dirac distribution in R" and h is a distribution in R

then the tensor product h ) 9, is a well defined distribution in R"! (see [2]).

Taking A = — k?in equation (4), we have (A, — k?) F; = 8. On the other hand

A, M FT (x) (8, +32,,) M1 F7 (x)

N B
= ™+ (A, — k) F; (x)
= elf*n+1 ®38,

Consequently

eMn+1F— (x) E, ., * (€1 ®3,)

ikxp 11
En+1 *€ ’

provided this last convolution, which is taken with respect to x, , |, exists. But this fol-
lows from the fact that e®*n*! is bounded while F,_ | (x,x,,,) is integrable with
respect to x, ., in R provided x # 0. Thus
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- —ikx <k —Xp41) ’
Fp(x) = el J. M TR L (XX )X

—o0

° _l\ /+ ’ ’
= j_ e VHE (G X dX G, (10)

which is the Fourier transtorm of E__ (x.x,,,) with respect to the variable x

n+1°
evaluated at (x.k).

To check the validity of the representation (10) when n = 3. recall that
E,(x.x,) = —1/47*(| x |> + x3), and therefore the right-hand side of (10) is

1 *° _ikx 1 ,
. ——dxy
4q? o= x421+| x |
. . | .
This integral can be evaluated by residues to give ———e¢ ki . Noting that —
4m|x| 4mlx|

= E;(x). it is simple exercise to verify that (A, — k%) e *¥ E;(x) = 9.
In general, when n = 3, we can use the representation 5)

1

En+1(xvx;1+l) = - =i
’2 2. 5
(n=1)0,4(x n+l +| X I ) 2
and the Fourier transform formula (see [5].
I

J‘"" ikt 1 _ 2\/5( k

V—s

which is valid for all k > 0 and'v > 0, to arrive at

21
F,(x) = - ! 2n k K, (k]x], n >3 (11)
(=10, r(n_-lj 2] x| 31

2
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which is a C* function in R"\{0}. A comparison with the result of the previous sec-
tion shows that the representation (11) is also valid whenn = 2. As| x | — 0, we know

42 n_ _ .
thatK » , (k|x|) behaveslike 22 F(% - 1) / |x|r21 ! hence F; (x) has a singular-
2

ity at x = O order 1/| x |" 2, which is of the same order as E, (x).as would be expected.
On the other hand, as x| — %, K, 'k |x|) behaves like \/%g‘kh‘l 7 J2k[x| SO
F, (x) decays like e %/ | x | 27!

Formally. F[(x) is obtained from F, (x) by replacing k by *ik. but this produces
a divergent integral in (10), so the representation (10) cannot be used to compute
F(x). In (11), however the transformation k — ik leads to the expression

LA
ik )? .
F:{(x) - _ 1 2'\/E 1 Kﬂ_l(lk | X |)$
(n — )G F(n_lﬁ 2| x| 2
2 )
which is a well-defined C* function in R"\{0). As a distribution F! satisfies
(a4, + k?) F. = 0,. It has the appropraite singularity at x = 0, namely of the same

n-1
order as E , and behaves like e %M/ | x| 2 ag [x]|— . InR%, it gives the expected

result Fi(x) = — L e iklxl — E(x)e k¥
‘ 4mx| :

Fundamental Solution for A2 — k*

Based on the asymptotic behaviour of F and F! nearx = 0and | x| = o, the
convolution product F « F_(x) is a well defined C* function in R" \{0} which consti-
tutes a fundamental solution for A7 — k*. In R® the product F F3(x) has a singularity
of order | x|~*atx = 0, and is therefore locally integrable. Hence F = FJ is continu-
ous in R®. The (uniform) convergence of the convolution integral which represents
F! « F,(x) in R?\{0} is forced by the exponential decay of F, the fundamental sol-
ution for A_ — k?, due to the factor e **, When k = 0 and F,=F;=E_E, +E_is,
in general, not defined. But the fundamental singularity for A2, which we shall
denote by S, can nevertheless be obtained by solving A,S, = E,. Assuming S_ is
spherically symmetric, this is the simple ordinary differential equation
(r"18)) = E,, whose singular solutions in R"\{0} are given by

+ PHK  ifn=1

—x[*1og ]| x| ifn=2

\8n
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- —| x| ifn=3
8n
1
- —log|x| ifn=4
8’
1 , 1

2(n-2)(n-4)o, | x |"*

S, being the singular part of | « F | This is consistent with the observation that the
convolution integral representing F} « F is continuous when n = 1,2 and 3.
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