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The main purpose of this paper is to obtain an optimal
distribution for the engineers and technicians in every
shift of the shifts working in daily maintenance sections
of airlines. The problem is considered a queueing one.
Arrivals are considered to follow Poisson process and
service times are assumed to be generally distributed. A
model based on the above mentioned statements is
constructed then a numerical application from Egypt Air
is given a case study.

Introduction

Most of the airlines are working 24 hours per day in the system of shifts.
Each shift is responsible of receiving, servicing, clearing defects and depar-
ture of all aircrafts that arrive or depart during its working period. The
shifts consists of a group of engineers and technicians in a number of
branches of the technical work. In each branch, the engineers and techni-
cians are grouped in a number of teams S, each team is responsible for a
number of arrivals. One may find an engineer or a foreman in two or more
of these teams.

The problem is to determine the optimum number of teams in each of
these branches given that the construction of each of these teams is prede-

63



64 Talaat M. Metwali

termined by the relevant technical department. For this, the aircrafts
arrivals are considered as an input to a queueing system with arrival rate
A and the service is carried out by a number of servers S with a service
mean b.

The optimization is searched in the sense of minimizing the total costs
of the system i.e. the problem is to determine the number of maintenance
teams S that minimizes the total costs of the system under the given
conditions and requirements from the technical view points.

Assumptions

The following are the assumptions and all considerations that are
related to the problem. These assumptions deal with both technical and
statistical view points.

Technical Assumptions

1. In each of the branches of technical work on the aircraft, the size
of each team is exactly determined by the relevant technical department.

2. The effort of an engineer or a supervisor may be divided to
supervise two or more teams so a one third of engineer will mean that the
engineer supervises three teams at the same time.

3. All teams are ready to work on any type of aircrafts that are
flying on the airlines.

4. TFach team is provided with all technical requirements for his
work without any common use of facilities or equipment of another team.

5. Two or more teams of different technical classes may work on
the same aircraft at the same time.

6. The service time is that time which starts from aircraft arrival to
the base and ends when the aircraft is technically ready for departure from
the point of view of the working team.

7. Major defects and failures which lead to aircraft towing from

maintenance lines are not taken into consideration where it is repaired by a
special group of engineers and technicians.
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Statistical Assumptions
1. The aircrafts arrive to the maintenance line in a Poisson process.

2. The arrival means all aircrafts that need technical work by any of
the teams of the shift.

3. The parameter of the arrival process is not constant throughout
the shifts of the day, moreover, it is not constant throughout one shift.

4. The service time is a general random variable. It is studies care-
fully to determine its statistical parameters.

5. The system is a queueing one. The queueing discipline is deter-
mined according to the rule: First come first serviced.

6. Any delayed aircraft costs C{ In monetary units per unit time.

7. The total costs of a team in the shift is Cg in monetary units per
unit time in a certain branch of technical work.

The Model

Let us have an airline which is operating in the system of shifts, three
shifts perday. Five branches of technical work are assumed to be working
on the aircraft, these are: airframe — engines — radio and radar systems —
electric systems — instruments and electronic systems. In each shift, the
five branches of the technical work service the aircraft arrivals. The
optimal number of teams is studied in each branch, then the optimum
total number of teams in the shift will be the sum of the optimum number
of teams in each branch.

Let the working period of a shift be divided to intervals of statistical
equilibrium i.e. periods of homogeneous arrival and service rates. During a
period of statistical equilibrium, let us assume aircrafts arrive in a Poisson
process with parameter A and they are serviced by a single server. Let the
service times of these aircrafts be independent and identically distributed
random variables so, let:
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A= rate of arrivals of aircrafts per unit time.
v = service time, let it be a random variable with P (V, < x) =
B (x)
E(V)= b = mean value of the service time ............. 1)
by =  thesecond moment of service time.
1) 2V = Variance of the service time, so bl = b2 +§ 2V ....(2)
Q(t) = number of aircrafts in the system at time t
R(t) = the remaining time of the aircraft currently being serviced.
Q, = number of aircrafts in the system soon after the nth
aircraft being completely serviced.
vV, = service time of the n'? aircraft.
X, = number of aircrafts arriving during V, with Poisson
assumption for the arrival process. One so have:
Kj= p(X, =) = «F p(X,=jlV,dX
pE<V,<t+dt) ... (3)
CRM ot A8 (1) 50,1, 2. e (4)
= J T.___

Define the following two functions:

v o) oféf’tds (t)

= Laplace - Stieltjes transformation of the distribution g (X). . (5)

oo

K(Z)= >__ K; 7 1Z1< 1

j=o
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= Generating function of the probability distribution . (6)

From the properties of both, laplace - Stieltjes transforms and
probability generating functions we have:

b = EX,)=- v (0
E(VZ)=v” (0)
EX,) =K @) [ i, (7)

E(X2 )= K’(1) + K’ (1
So from (4): (X%n) (1) (1)

K(z)= 2= K7
J=o0O

oo

= S_ j TN j
j=0 ZJ Oj'e (7\t)‘] dﬁ(t)
it
_ ﬁa > ]
= M 5, o dg(t)
= e ez dg (t)
= JJet (a -2z d 8 (t)
= v (A=XzZ) (8)
Kz =K _ay 02— az)
97 0Z
= -2’ (A=12Z)

22K _ a2y A1z

K”(Z) =
822 072

=22y A—22)

E(Xp =Kl1Q) ==ryp (0) = Ab=f ... . )
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EXZ) = N2g(V2) + £ ..l (10)

Consider now the relation between Q, and Q, ;1

Qn—1+X, 41 ; if Q>0
Q*L =< (11)
Xp+1 ; ifQy =0

For convenience define the Heaviside function H(x) as :
1 ; if X >0

H(x)= e (12)
0 ; £ X <0

The function (12) has the following two properties:
HA(X) = H(X)

; X >0 (..o, (13)
XH(x) = X

One may write equation (11) in the form:

Que1 = Q — H(QY) + Xp4p  cvvvvernereies (14)
and
@2, = Q2 H2 (@) *+ X% 41 —2 QH(Q,) —

2X 141 HQp) + 2 Qp Xpgg v vvvrrvrevnenenns (15)

Taking the expectation of both sides of equations (14) and (15) as
n — o and dropping the suffes n, one can show that

i N2+ 82
EQ= FS+__ "~ ) * Voo (16)
2(1— §) 20— f )

From the known relation :

E@Q=NEW+V)
Where E(W+V) is the expected stay, one can deduce that:
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A2 + 52V)
2(1—F)

Remember that we assume in the above derivation that we have a case
of single server; let us have now :

E(V) =

......................

S = Number of servers (maintenance teams) in the system.
Ci = Cost of delay of an aircraft per unit time.

Cy = Cost of a new team per unit time.

W_ = The long run waiting time (delay) of an aircraft.

In this case, the system is considered as to be the derived one except
that the arrival rate will be A /S while the service rate still 1/b. One
therefore have:

(A /S) (b2 + 82 )

EW) = =79
= A2+ 82
28— xb )

If C is the total costs of the system, then:
CiA (b2 + 5
2 (S—b)

differentiating with respect to S and equating to zero yields the optimum
number of teams S to be :

)
E(C)= v’ + Cy S,

S, = Ab + \/?\Cl o2+ 82 (19)
2 Cy

Since S, should be integer valued, the optimum number of teams will
be given by:

(Sy) if E(C) | S, < E@©) | (S + 1
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(So + 1) if E(C) {S, > EEC) | (Sy) + 1

Where (x) denotes the greatest integer contained in x.

Sensitivity Analysis

The following is a study for the sensitivity of S with respect to all
parameters that affect its value:

Sensitivity of S, with Respect to

S

The partial derivative FY 0 is considered good representation for

the sensitivity of So w.r.t. A assuming b and 6, to be constant so the
sensitivity of S, with respect to A will be:

2
25 _ 4 Vcl o2+ 82 (20)
3 A 2 Cy

Sensitivity of So With Respect to b

Also the sensitivity of S with respect to b will be given by:

BSO \/ C1 Ab
ab = 2 + Boym2 82 ) e (21)
Sensitivity of S, with Respectto &6 V

Using the same approach, one can show that the sensitivity of S,
w.r.t. 8 is given by:

350 \Cy 8y
v 2Cy (b2 + ‘sz ) e (22)
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The Case Study

71

Maintenance lines are working in Egyptair, as well as many airlines; in
the system of shifts. Three shifts are working throughout the 24 hours of a

day.

The first shift works from 6.30 morning up to 14.30. The Second shift
works from 14.30 up to 22.30. The third shift works from 22.30 up to

6.30.

The given data shows that the day may be divided to the following
periods of statistical equilibrium with corresponding number of arrivals per

hour.

First Shift:
period
period
period

Second Shift:

period
period

Third Shift:
period
period

6.30
9.30
12.00

14.30
18.00

22.30
3.00

9.30
12.00
14.30

18.00
22.30

3.00
6.30

with
with
with

with
with

with
with

>
|

A
A

3.5
2.67
2.80

1.50
1.25

2.33
0.80

A study of the mean value and variance of the service time yields the
following results in the five branches of technical work:

Mean service

Standard

deviation of

Branch time (hours) service time
Air frame 0.883 0.295
Engines 0.500 0.178
Electric systems 0.600 0.200
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Instruments & electronic systems

0.500

0.190

Radio and radar systems

0.350

0.117

Using these results and the derived results of the model, the optimum

no. of teams in each period for all branches can be found to be as given in
the following table:

ranch Instruments Radio
Air Electric & electronic &
Period frame Engines systems systems Radar
1 9 6 7 6 4
2 7 5 6 5 4
3 8 5 6 5 4
4 5 3 4 3 3
5 5 3 4 3 2
6 7 5 5 4 3
7 4 2 3 2 2

To perform a sensitivity analysis for the case study, one may start with
sensitivity of S with respect to A where itis 9 S as given by equation

(20).

A

The following is the table for the values of 3 S0 at different periods in
all branches:

0
Branch Instruments Radio
Air Electric & & Radar
Period frame Engines systems electronics systems
1 1.760 1.077 1.268 1.033 0.799
2 1.887 1.161 1.365 1.110 0.864
3 1.863 1.145 1.347 1.096 0.852
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4 2.222 1.382 1.621 1.314 1.036
5 2.350 1.466 1.718 1.392 1.101
6 1.957 1.208 1.419 1.153 0.900
7 2.7117 1.707 1.998 1.615 1.289

From the table, it is obvious that the sensitivity of Sy with respect to \
decreases as \ increases. This means that at high arrival rates, the optimum
number of teams will be more stable and insensitive w.r.t. the variations of
A Also at lower rate of arrivals, the optimum number of teams will be more
sensitive w.r.t. the variations of A .

The sensitivity of S, w.r.t. b may be obtained using equation (21)
and the sensitivity of S, w.r.t. 6, may be obtained using equation (22).

From the sensitivity analysis of S, w.r.t. both b and 6, , one can
deduce that the aging of the aircraft ylelds an increase in the number of
teams required to fix it.

Summary

The paper is based mainly on a queueing system with Poisson arrivals
and a general service time distribution with multiserver system. The optimi-
zation process is a minimization one for the costs of the system. The two
main cost parameters for the optimum policy are, Cq and Cq. The paper
gives the manpower required for every branch of technical work on the air
craft through the shifts of the day. It also shows the sensitivity of the
optimum solution SO w.r.t. arrival rate A\ , the main service time b and the
standard deviation of the service time. The study shows that the optlmum
solution is sensitive for the variations of A at its lower values while S
sensitive for the variations of \ as long as the values of \ are high. Also
it is seen that the aircraft gets old, the number of teams required to fix it
becomes more and respond with high sensitivity. A Fortran IV computer
program is programmed for the problem.

Although the Poisson arrival distribution and the general service time
distributions are the best representation for the case under study, the field
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is opened for more studies and further assuraptions concerning both the
arrival and service time distributions.

COMPUTER PROGRAM

LEVEL 2.1 (JAN 75) MAIN 05/360 FORTRAN N EXTENDED DATE 79-144/15.37.47

/STRUCTURED SOURCE LISTING/
C PROGRAM TO COMPUTE SIJ

(004 ISW 0002 DIMENSION X(7), 8(5), C(5), D(5), L1J(7.5)
ISW 0003 10 FORMAT (7 (2 X, F6.3))
ISW 0004 20 FORMAT (5 (2X, F6.3)
ISW 0005 30 FORMAT (214)
ISW 0006 40 FORMAT (+X, 11,5(5X,14)
ISW 0007 101 FORMAT (13X, TEANS,95X//564
1 ,76X//5S4HPERIOD AIR FRAME ENGIN
ZES ELEC. INST. RADIO,76X//5S6H
3 ,76X
ISW 0008 READ (1, 10)M,N
ISW 0009 READ (1,10)(X(1),1=1=M)
(003 ISW 0010 READ (1,20) (B(J) =J=1,M)
ISW 0011 READ (1, 20)(C()), J=1,W)
ISW 0012 READ (1,20)(D(J),J=1,N)
ISW 0013 DO 100J=1.M
ISM 0014 DO 100 j=1,M)
(001 ISW 0015 1S=0
ISW 0016 ISI =0
ISW 0017 IS =X(1)=8(J)+(X(I)+300+(B){J)+2)/(2+D(J)))**.5
ISW 0018 ISI=IS +1
ISW 0019 EIS =1S*D(J) +500 *X (1) *(B(J)**2+(**2)/(2*(15-X)*5(])))
ISW 0020 EIST :lSIRD(J)+500**(l)(S)(J)**2+(C(J)**2/**2)/(2*(ISI~X(I)"B(J)))
ISW 0021 IF (EIST —EIS)60,70,70
ISW 0022 60 L1JOIL, J) =1SI1
ISW 0023 60 70 180
ISW 0024 70 (L) =15
ISW 0025 100 CONTINUL
001) C
003) C
ISW 0026 WRITE (2,101)
ISW 0027 DO 110 1=1=M
(002 ISW 0028 110  WRITE (2,40)(1=(L1J(1,J),M)
002) C
ISW 0029 STOP
004) C
ISW 0030 END
References

Bahat, u. Nayrun (1972) “Elements of Applied Stochastic Processes”, J. Wiley & Sons,
Inc.

Burey, L. (1972) “Statistical Models in Applied Science™, J. Wiley and Sons Inc.

Cohen, J.W. (1969) “The Single Server Queue”, North Holland.

Cox, D.R. (1965) “The Theory of Stochastic Processes”, Metuen and Co., London.
Cox, D.R. and Walter, L. Smith (1971) “Queues”, Chapman and Hall, London.

Wagner, Harvey M. (1973) “ Principles of Operations Research with Application to
Managerial Decisions”, Prentice-hall of India Private Limited.

Egyptair Maintenance Records, Egyptair, Cario Airport.



Optimum Manpower Distribution . . . 75

S by Lasdl Blnall Sl g5 Aleadd Y1 o5 53!
O adalf

doe ez Calb

Oedly dleadl e eVl saadl yad dSCine dnlyy Eoe i 1dn e
G ol Je dwgdl Slaall Oldes ¢ Y LoDl il
Ol s

Opre vt il iy I (g ASEl Eol QJL;.LSJ
Gdl - JSGhl asle g9 85l e Joni & olaesdl
330 Yl ool 31 - a3U eSO 531 - dg SOV 5592 Y1s olsloall
s (3 ol SUall ety J gao sl N akns Ay 3y (S|
IS5 D5 4 Gy gad Jas o ) G I il
0 et Ll 2 3501 B e il Lo (s (0 0485
ey sl Blaall bl LIS o g Ly iad bl L
- b1 e 21 sutall oy Ll D101 o ilaar g ot
BTN dls Jag gy odl J2 Lol 3y 40l I
oy Sl S 3 Syl JSI baall o aalel s (Ko L
JS G ol e e et A1 ol § ol A d
Il V1 bk JE s 5 13y Slanasnd]
s lesias Jposl ddas s 4 555 I el ol )
e 5,3 o Al Ul e 3alll G o il s
o sty S Sl el plbsetnd DL <5 01 el
oo b G Sl e iy, a1 1k L
S8 -0l eh Ak PV



	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	



