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Abstract. This paper presents a systematic procedure in which the variation in induced stresses in soil layers is effectively dealt with using only two sublayers. A customized two-point Gauss quadrature formula was derived to evaluate induced stresses such that the weight factors for the derived formula were set equal to those of the two-point Gauss-Legendre formula. However, the base points were obtained by dividing the compressible layer into two sublayers whose thicknesses were determined such that their middle points are the base points for the derived formula. The thickness of the two sublayers was expressed in terms of a factor called the sublayering ratio. Expressions for this ratio were derived for different types of loads and loaded areas, and its values were presented in a series of normalized, non-dimensional charts. Numerical examples were included to illustrate the use of the developed charts for obtaining the value of the sublayering ratio, and the application of the derived formula in settlement computations.
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Introduction

[image: image36.png]Consolidaiton settlement, Sc (mm)

50

45

40

35

30

25

20

15

O

500 kN

(a) o
§\\  oxzm] e ?m .
| Sand  7=17.3 kN/m3
Clay B
my =3 x10-4 m2/kN 12m [
\ Y= 18.8 kN/m3 S
TR RK:k S T
z \\ i
\\'
; N
, \\\
\\
(b)
6 8 10 12

Sublayer thickness, m



The magnitude of primary consolidation settlements depends on the stresses produced in the soil by the foundation or other surface loads. It is, therefore,  not a coincidence that determination of stress increase in soil layers, and its implementation in settlement computations, have retain an essential part of geotechnical engineering literatures. If the loaded area is very large, the normal stress on the surface and on any horizontal plane in the soil mass is reasonably assumed to be the same [1]. However, when the loaded area is of limited size, the intensity of the vertical pressure decreases from a maximum at the point located directly beneath the load to zero at a very large distance from this point. This variation in induced stresses is commonly dealt with by intuitive application of different Newton-Cotes closed integration formulas, particularly the rectangular [2, 3], midpoint [3, 4, 5], trapezoidal [2, 4, 6] and Simpson's 1/3 [7, 8] rules. The former three rules are schematically shown in Fig. 1.
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Basically, the rectangular rule and midpoint rule use stress increase at the top and middle of the compressible layer, respectively, whereas the trapezoidal rule utilizes the average of stress increase at the top and bottom of the stratum. Although with different proportions, the degree of correctness of the average stress increase obtained by either of these methods depends on the thickness of the layer and its location relative to the applied load. The rectangular rule, for instance, is very conservative and may only be applicable for layers that are sufficiently removed from the applied load or are relatively thin, or the loaded area is wide as in the case of embankments. 

Approximation of stress increase is improved by breaking the layer into sublayers and applying the method to each sublayer leading to a multiple application of the certain rule. However, the multiple forms of rectangular, trapezoidal, or Simpson’s 1/3 rule have not been found to have been used in the geotechnical literatures for settlement computations. They are not practical for hand calculations, and hence their use is quite error–prone and tedious. Besides, the rectangular, trapezoidal and Simpson’s 1/3 rule have base points, at one or both limits of integration. Therefore, one limitation of these methods, as they are applied to stress evaluation, arises when the loaded area rests directly on the compressible layer. In such a case the stress functions derived from elasticity solutions has a singularity at depth z = 0, and hence the complete integrand is not readily approximated by these rules.

Therefore, over the years multiple application of the midpoint rule has been the most commonly used method for handling of induced stress variation in soil mass. It involves subdividing the soil layer into a suitable number of horizontal sublayers as shown in Fig. 2. The induced stress at the centerline of each sublayer is determined and the settlement within each sublayer is separately calculated, and then summed to obtain the total settlement. It is assumed that the value at the midpoint provides a valid approximation of the stress for each sublayer. At the expense of additional computational effort, refined settlement estimates are obtained by using thin sublayers.
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Considering the square footing and soil body shown in Fig. 3a, which composes of a layer of clay that is overtopped by a sand layer and underlies by a massive rock, Fig. 3b shows the effect of thickness of sublayers on the estimated ultimate primary consolidation settlements. The results are obtained using SOSiA program [9, 10], which employs the conventional midpoint rule. It can be noticed from the results of Fig. 3b how significantly the computed settlement increased from 17 mm when the clay stratum was taken as a single layer to about 44.7 mm when the clay layer was divided into twenty four 0.5 m–thick sublayers, an increase of about 163%. 
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Evidently, as the thickness of sublayers becomes smaller, the precision of the computed settlement becomes greater. However, using a large number of sublayers is not propitious to manual calculations. Thus, the soil stratum is usually divided into a few numbers of sublayers with the intention of providing a reasonable answer with a moderate amount of computations. Some authors suggested that when the stratum is over 1.5 to 2 m thick, it should be divided into several sublayers [4]. Others recommended that if the stratum thickness is larger than the footing width and if its depth is less than twice the footing width, it should be divided into thinner sublayers and the average stresses computed for each sublayer [11]. Sehgal [3] indicated that the clay layer is to be divided into thin sublayers if the stress change from top to bottom of the layer is greater than 50 percent of the average value at the middle. Coduto [5] proposed that the compressible layer be divided into three sublayers in such a way that the thickness of a sublayer is twice the thickness of the sublayer above it in the soil profile. The thickness for the first sublayer is suggested to equal half the footing width if the footing is square and the footing full width for continuous footings. 

Admittedly, the use of the midpoint rule, or other less frequently used numerical methods, to approximate stress increase in soil mass have generally been intuitively applied with no reference to their mathematical basis and their merits and limitations. Notwithstanding, there is no definite guidelines for selecting the appropriate number and thickness of sublayers, and division of soil layer has always been a judgmental process. Furthermore, despite the fact that the variation of induced stress with depth is non-linear, as shown in Fig. 1, when dividing the concerned soil layer no explicit consideration is given to its location relative to the point of application of load. 

Based on the principle of Gauss quadrature, this paper presents a procedure by which the variation of induced stress in a soil layer, of known thickness and depth from the applied load, is systematically dealt with using only two sublayers. The thicknesses of the sublayers are determined in such a way that their middle points represent the base points for a customized two-point Gauss quadrature formula. The thickness for each of the two sublayers is expressed in terms of a factor called the sublayering ratio. A series of normalized, non-dimensional charts are presented, whereby the value of the sublayering ratio is given based on the load type, shape and size of the loaded area, depth and thickness of the compressible layer. Two numerical examples are presented to demonstrate the application of the derived charts and formula in settlement computations.

Approximation of Induced Stresses from Gauss-Legendre Quadrature

General

The primary consolidation settlement, based on the one-dimensional consolidation theory advanced by Terzaghi [2], is estimated using the value of either the coefficient of volume compressibility, mv, or the compression index, Cc. The use of Cc is sometimes preferable since it is a constant quantity whereas mv is different for each load increment. However, settlement equation based on mv is general in the sense that it is applicable both to normally as well as overconsolidated soils, while when using Cc distinction has to be made between normally and overconsolidated soils. Because the compression index is only constant on the virgin part of the consolidation curve, and since many soils are overconsolidated over at least part of the relevant range of effective stress, it is often more convenient to calculate the consolidation settlement from the values of mv [6].
The ultimate primary consolidation settlement for the compressible layer shown in Fig. 1 is calculated based on mv as:
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in which dSc is the small increment in primary consolidation settlement due to compression of the small thickness dz, and ((z) is the induced vertical pressure at any depth z at which the settlement is to be computed. 

The total primary consolidation settlement, Sc is the integral of Eq. (1) taken over the thickness of the compressible stratum, or:
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where, as shown in Fig. 1, Ht and Hb are, respectively, the depths of the top and bottom boundaries of the layer, measured from the level of the bottom of the loaded area. 

The variation of mv with depth can be taken into account in the integration, provided the variation can be simply expressed in relation to z. However, even when this quantity is known to vary with depth, it is common to either ignore this variation and to use an average value in the analysis, or divide the layer into a number of sublayers and hence mv is considered only at discrete depths.

For the purpose of simplifying the derivation, mv is assumed to be constant for the entire compressible layer. However, it will be shown in one of the numerical examples to be presented toward the end of the paper that the derived formula and charts can still be used even if mv varies within the compressible stratum.

Considering constant m​v with depth, Eq. (2) becomes:
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After substituting the appropriate equation for stress increase, the settlement of the compressible layer is obtained from integration of Eq. (3). However, analytical integration of Eq. (3) is awkward, if not impossible, because the functional forms of the stress increase are cumbersome for most types of loading. 

Induced stress approximation using n-points Gauss-Legendre formula

The motive for the procedure presented herein was initially pictorially motivated. It is simply asked in advance: what sublayer thickness in the multiple midpoint rule (i.e. Fig. 2) will lead to the best approximation of the definite integral in Eq. (3)? In other words, considering the compressible layer of thickness H shown in Fig. 4, the aim was primarily how to divide this layer into a few number of sublayers, say two or three, such that if the thickness of these sublayers are selected judiciously, the sum of the their areas would best approximate the area under the stress curve shown in Fig. 4. Indeed, for a given few number of sublayers, adjusting the thickness of the sublayers improved the settlement predictions. However, there was still a large discrepancy between the predicted settlements and predictions obtained from refined estimates based on a large [image: image40.png]Sublayering ratio, D
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number of thin sublayers. 

In the rectangular, midpoint, trapezoidal and Simpson’s 1/3 rules the location of the points at which the vertical stress increase is evaluated are predetermined and fixed to be at the top, middle or bottom of the layer. The question is how by a special placement of the nodes, the average value for the stress increase would give the highest possible accurate estimate of the definite integral in Eq. (3). The class of numerical techniques to implement such a strategy is Gauss quadrature. 

The integration in the right hand side of Eq. (3) can be approximated as [12]:
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where wi are weighting factors and zi are the locations at which the function ((z) is known. Gaussian quadrature gives the freedom to choose not only the weighting coefficients wi, but also the location of the ordinates zi at which the stress is to be evaluated. Hence, if n points are used, there are 2n undetermined parameters, n given by the weights wi and n given by the nodes zi. Therefore, if the stress function ((z) is approximated with a polynomial P of degree less than or equal to n-1, then:
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where:
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If the arbitrary closed interval [Ht, Hb] in Eq. (4) is changed to the normalized interval [-1, 1] then the roots of the polynomials, which in this case are called the Legendre polynomials [12, 13], are the nodes for Gaussian quadrature in the interval [-1, 1]. The integration is changed from the interval [Ht, Hb] to the interval [-1, 1] by a suitable linear transformation of the dummy variable of integration from the z-space to u-space such that:
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and:
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Then Eq. (6) becomes:
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Where ui are the Gaussian sample points of [-1, 1] and wi are their Gaussian weights. Integration of both sides of the first part in Eq. (9) between the integration limits –1 and 1 gives:
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where:
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The integration formulas of Eq. (10), with base points given by the roots ui and weight factors wi, are the Gauss-Legendre quadrature formulas [12, 13]. The Gaussian sample points ui are the roots of the nth Legendre polynomials, and the corresponding weight factors wi are generated by the integral of Eq. (11), which can be determined analytically. In practice, however, the weight factors wi are often more easily computed using the method of undetermined coefficients rather than by integrating Eq. (11) [14, 15]. 

The values of the weight factors wi and the base points ui, for various values of n, are extensively tabulated in most numerical textbooks (e.g. Carnahan et al. [12]; Chapra and Canale [16]; Mathews [17]). However, the Gauss-Legendre formulas (i.e. Eq. (10)) require the limits of integration to be –1 and 1, whereas in Eq. (3) the limits of integration are Ht and Hb. One approach to the evaluation of the integral in Eq. (3) is to transform the function ((z), Ht  (  z (  Hb, to the interval –1 ( u ( 1 using the transformation of Eq. (7). This would, however, be very complicated, laborious and time consuming, especially when the functional form of ((z) is complicated, as in the case when the vertical stress is obtained from elasticity solution for stress distribution under square and rectangular loaded areas.

An alternative and much simpler approach is to transform the Gauss-Legendre quadrature formula from the standard interval –1( u ( 1 to the desired interval Ht (  z  ( Hb using the inverse of Eq. (7), or:
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Therefore, the integral in Eq. (3) is given by:
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The standard Gauss-Legendre quadrature in the right-hand side of Eq. (13) is given by Eq. (10), and hence the integral in the left-hand side of Eq. (13) can be approximated as:
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Therefore, Eq. (14) does not require symbolic transformation of ((z); instead the base points ui are transformed and the weight factors wi are modified by the constant (Hb-Ht)/2. 

Using Eq. (14), it is now possible to compute the induced stress far more accurately than using any of the closed formulas such as the rectangular, midpoint, trapezoidal and Simpson’s 1/3 rules, which have been used exclusively in the geotechnical literatures. There is also one additional feature of Eq. (14) that adds to its usefulness, and that is the nodes in Eq. (14) are always interior points of the integration interval. Thus, even if the loaded area rests directly on the compressible layer, the stress can be computed directly with Eq. (14) in spite of the singularity at z = 0, since the value of ((z) at z = 0 is not required. 

However, the use of Eq. (14) for stress computations requires finding first the number of sample points n that are needed to obtain accuracy. Then for the selected n, the nodes zi and their corresponding weight factors wi are found for the interval [Ht, Hb]. This is not, however, a simple task because the wi and zi in this case are not available in reference books. It is evident that one can instead transform the Gauss-Legendre quadrature formula from the standard interval –1( u ( 1 to the desired interval Ht ( z ( Hb. In this case, the nodes zi and their corresponding weight factors wi are readily available. However, as stated earlier the algebra of variable transformation is complicated, especially when the functional form of ((z) is complex, as in the case of uniformly loaded rectangular areas. In addition to the complexity encountered in variable transformation, some forms for ((z) are too cumbersome and contain numerous arithmetic operators and arithmetic operations that need to be carried out before any result can be reached. 

Therefore, it can be stated that Eq. (14) is best suited for computer solutions. Programming of Eq. (14) is very simple and could be simpler than the multiple trapezoidal or Simpson’s 1/3 rules. The settlement program would only need to include a routine for determining the values of the base points ui and the weight factors wi. One of such routines is the GAULEG subroutine [18]. This routine comprises merely 30 lines of code, and based on the lower and upper limits of integration Ht and Hb, it returns arrays Z and W of length n, containing the abscissas zi and weights wi for any n-point Gauss-Legendre quadrature formula. 

A customized two-point Gauss formula for computations of induced stress

In Gauss quadrature the sample points zi are first determined as the roots of the Legendre polynomial and the corresponding weight factors wi are generated accordingly. Herein, however, we will do quite the opposite. The weight factors wi are first selected and fixed, and then the base points zi are determined accordingly. 

For two sample points, Eq. (4) becomes:
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Equation (15) has a total of four unknowns, w1, w2, z1 and z2 that must be evaluated. The weight factors wi for Gauss-Legendre formula are adopted herein. It is known that for the two-point Gauss-Legendre formula, w1 = w2 = 1.0 [12]. Accordingly, based on Eq. (12) through Eq. (14), the corresponding values for w1 and w2 in the interval [Ht, Hb] are given by:
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Substituting Eq. (16) into Eq. (15) yields:
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Substitution of Eq. (17) into Eq. (3) gives:
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The values for z1 and z2 are determined by dividing the soil layer into two sublayers of thickness (H1 and (H2 such that their middle points are equal to the values of z1 and z2, respectively. 

In generating a finite element mesh, the length of a line of nodes is usually divided such that the ratio of distances between any two adjacent pairs of node points is a constant value. Following the same procedure, the compressible soil layer is divided into sublayers such that the thickness of each sublayer is determined based on a factor D, called henceforth the sublayering ratio. The value of D defines the ratio of the thickness of a sublayer to the thickness of the sublayer on the top of it, or:
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where (Hi  and (Hi+1 are the thickness of sublayers i and i+1, respectively. The thickness of the first sublayer is given by:
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where n is the specified number of sublayers. 

If it is preferred to specify the ratio of the thickness of the last and first sublayers, then the value of D is given by:
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Because the number of sublayers are selected to be two (i.e. n = 2), then from Eq. (19):
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The thickness of the first sublayer is given from Eq. (20) as:
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Substituting Eq. (23) into Eq. (22) gives:
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As shown in Fig. 4, the z1 and z2 are set to be located at the center of the upper and lower sublayers, respectively. Considering Fig. 4, and based on Eqs. (23) and (24) one gets:
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and:
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It is apparent from Eqs. (25) and (26) that the values of the nodes z1 and z2 depend only on the depths of the upper and lower boundary of the compressible layer (i.e. Ht and Hb) and the sublayering ratio D. The values of Ht and Hb are given; thus it remains only to find the value of D, which can be determined from Eq. (17) after selecting the functional form for the vertical stress function ((z). A variety of approximate and elasticity-based expressions exists for estimating ((z) for different types of loads and loaded areas. Cases which are commonly encountered in problems of settlement computations are subsequently considered. 

Normalized Charts for the Sublayering Ratio

Concentrated load

Many formulas based on the theory of elasticity have been used to compute soil stresses. The most important and widely used formulas are those given by Boussinesq. In the case of a concentrated load on the surface of the ground, the vertical pressure at any depth in the soil mass under the load is calculated by the formula:
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where z and r are, respectively, the vertical and lateral distance from the point of load application to the point under consideration.  Substituting Eq. (27) into Eq. (17) and evaluating the integral gives:
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Substitution of Eqs. (25) and (26) into Eq. (28) yields:
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 (29)
Explicit solution for the value of D is rather laborious, if not impossible. Therefore, the value of D was obtained numerically using a home-made computer program named ROLOP (ROots LOcating Program). It determines the real roots of algebraic equations to the desired degree of precision. Although Eq. (29) has a number of roots, it is however necessary to determine only one root. 

Figure 5 shows the relationship between the sublayering ratio D and the ratio Ht/Hb. It is seen that the value of D progressively decreases as the ratio Ht/Hb increases. It was found that as the ratio Ht/Hb becomes equal to 0.005 or less the value of D is equal to 10. Therefore, for a point load applied directly on the compressible layer, Ht = 0, consequently D = 10, and from Eqs. (23) and (24) (H1 = (Hb -Ht)/11 and (H2 = 10 (Hb -Ht) /11, respectively. 
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For the case when Ht > 0, then based on the ratio Ht/Hb the value of D is determined from Fig. 5, and the corresponding thicknesses of the two sublayers (H1 and (H2 and their respective mid-depth z1 and z2 are determined from Eq. (23) through Eq. (26). Knowing the values of z1 and z2, stress induced in the soil layer is perfectly evaluated from the two-point Gauss quadrature formula expressed in the right-hand side of Eq. (17). 

It is important to remark at this juncture that a side from using Eq. (17), provided that the soil layer is to be divided into only two sublayers, the best possible approximation of stress increase to be obtained from the routinely used midpoint rule is when the compressible layer is divided based on the value of the sublayering ratio, D. Still however, the midpoint rule estimate of stress increase will be far less accurate than the approximation provided by the two-point Gauss quadrature formula given in Eq. (17). 

Uniformly distributed load

Rectangular and square areas

As the foundation material is assumed elastic and isotropic, the principle of superposition may be applied. Thus, the vertical stress ((z) at any point z within the soil mass below the loaded area can be found by integration of Eq. (27) over the loaded area. Replacing the concentrated load P in Eq. (27) by a uniform pressure q and then integrating with respect to x and y over the differential area dxdy, using the limits 0 to B and 0 to L, the stress increase at a given point below the center of a uniformly loaded flexible rectangular area is [19]:
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   (30)

in which a and b are geometric parameters such that a = L/2 and b = B/2. It is worth mentioning that Eq. (30) is for stress increase at depth z directly below the center of a rectangular area. In most of the geotechnical engineering texts and manuals the value of ((z) is expressed using the popular Newmark [20] equation for the vertical stress at a point below a corner of a uniformly loaded rectangular area, which is commonly seen in Fadum’s [21] chart. Because the maximum vertical stress across any horizontal plane occurs on the vertical axis, only settlements near the center of the loaded area are usually treated, and hence Eq. (30) is more relevant than the Newmark’s equation.

From Eq. (17) and Eq. (30) one gets:
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where ((z1), ((z2) and ( (z) are obtained by substituting, respectively, z1, z2 and z into Eq. (30). Analytic evaluation of the integral in Eq. (31) is a formidable task. A home-made routine named GAIN (GAuss INtegration) was therefore implemented into the ROLOP program for evaluating finite integrals using Eq. (14). The routine of GAIN was written around the subroutine GAULEG [18]. 

[image: image42.png]Sublayering ratio, D

4
N
™
3.5 \\ h
B/H, = 0.1 L7
\\ \\;._Q\
X
3 N ‘S‘Q\ I
‘\\ H
Q\,‘%\. \\ ‘\‘i‘u\\‘ l layer
\ N AN Yoo
25 AN NN
. N\ .. N ‘.@\ '
N \:‘\ Ny \
~ \ \ ‘\‘\
\“ﬁ\ \ \;\‘Q\
2 \\""\ \\ &
\Q&‘\;* AN N
- ] Q“
15 __ . ~ AL=50 \\\ :s‘i \5\3\
P ] ——-- HyL=20 N iy, NS
| |— — H¢L=1.0 \.:\ N
—— H{L =05
1 i i ]
0.01 002 0.03 0.05 0.1 0.2 0.3




Figure 6 presents, in the form of a normalized graph, the sublayering ratio D for the case of square loaded areas immediately resting on the compressible layer (i.e. Ht = 0). It is seen that the value of D progressively decreases with increasing B/Hb. It is also interesting to notice that the sublayering ratio D is almost equal to unity when the width of the loaded area is approximately equal to depth to the lower boundary of the compressible layer. This means that when B ( Hb, the compressible layer is simply divided into two sublayers, the thickness of each of which is equal to half the thickness of the compressible layer (i.e. (H1 = (H2 = (Hb -Ht)/2).

It frequently happens that the compressible layer for which the settlement is to be determined underlies one or more strata. Fig. 7 shows a diagram for the sublayering ratio D for square loaded areas for the case where Ht > 0. For a given Ht/Hb ratio as abscissa and from a given B/Hb, one obtains the sublayering ratio D on the ordinate axis. It is seen that, irrespective of the ratio B/Hb the value of D appreciably decreases as the ratio Ht/Hb increases. Furthermore, for larger Ht/Hb ratio, the value of D becomes less dependent on the breadth of the loaded area, and approaches a value of unity as the compressible layer becomes very thin. 
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Figure 8 shows a diagram for the sublayering ratio D for rectangular loaded areas that immediately lies on the compressible layer. The value of D is function of the loaded area length, L, width, B and the depth to the lower boundary of the compressible layer, Hb, which in this case is equal to the layer thickness, H. For a given L/Hb ratio as abscissa and for a given B/Hb, one obtains the sublayering ratio D on the ordinate axis. It was found that for B/Hb greater than about 0.5 the influence of B/Hb on the values of D almost diminishes and the curves are virtually indistinguishable.

If the compressible layer for which the settlement is to be determined underlies one or more strata, Ht is not equal to zero, and if the loaded area is rectangular, the sublayering ratio D is a function of four parameters namely: Ht, Hb, B and L. However, it is noted from Fig. 9 that, irrespective of the value of Ht/Hb, the influence of the depth to the top boundary of the compressible layer, Ht, on the sublayering ratio becomes insignificant when Ht/L value approximately exceeds one. In fact, when Ht/L changes from 1.0 to 2.0, the maximum change in the value of the sublayering ratio when Ht/Hb varies from 0.01 to 1.0 is about 3.58% and 3.36% for B/Hb = 0.1 and 0.5, respectively. Furthermore, when Ht/Hb varies from 0.01 to 1.0 the maximum discrepancy between the values of D for Ht/L = 0.5 and 1.0 is about 9.82% and 9.77% for B/Hb = 0.1 and 0.5, respectively. It is a noteworthy to point out that this difference in the value of D is considered insignificant considering the fact that the corresponding influence on the obtained thicknesses of the two sublayers will be small, and further the effect on the consequent induced stresses estimated at their middles will eventually be very marginal. 
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It is therefore practically satisfactory to consider two figures for rectangular loaded areas. When the load is immediately located on the compressible layer, then D is definitely obtained from Fig. 8. However, if Ht/L is equal or greater than one, the value of D is determined from Fig. 10, which shows the diagram for the sublayering ratio for the Ht/L = 1.0. For the case where the value of Ht/L lays in the interval between 0 and 1, the value of D can reasonably be obtained from Figs. 8 and 10 for Ht/L( 0.5 and Ht/L > 0.5, respectively.

The curves of Fig. 10 hint that for thin compressible layer the value of D becomes less dependent on the width of the loaded area and approaches a value of one, and hence 
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from Eqs. (23) and (24) the two sublayers would approximately have the same thicknesses. It is also noted from the results of Figs. 8 and 10 that the value of D decreases as the extent of the loading area is large relative to the depths to the top and bottom boundaries of the compressible layer. Furthermore, when the loaded area is immediately located on the compressible layer (i.e. Ht = 0), the variation of D with the ratio B/Hb is almost independent of the ratio L/Hb as indicated by the curves of Fig. 8. However, when Ht is greater than zero, it is seen from Fig. 10 that the influence of width of the loaded area on D decreases with decreasing thickness of the compressible layer and almost vanishes when the ratio Ht/Hb surpasses a value of about 0.5. 

Circular loaded area

The problem of a uniformly loaded circular area arises in the design of circular footings of some special structures as silos, chimneys and tanks containing liquids. The pressure increase at depth z under the center of a uniformly loaded circular area, with radius R, is determined by means of integration of Eq. (27). Replacing the concentrated load P in Eq. (27) by qrdrd( , and then double integrate with respect to r and (  over the limits 0 to R and 0 to 2(, the vertical stress increase at a given point underneath the center of a uniformly loaded circular area is [19]:
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Substituting Eq. (32) into Eq. (17) and performing the integration gives:
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        (33)

Equation (33) gives the value of the sublayering ratio D for a compressible layer located between depth Ht and depth Hb and loaded by a round area of radius R.  Fig. 11 presents, in the form of a normalized graph, the sublayering ratio D for the case of circular loaded areas immediately resting on the compressible layer (i.e. Ht = 0). Similar to square loaded areas, it is seen that when the width of the loaded area is approximately equal to the depth to the lower boundary of the compressible layer, the sublayering ratio D is almost equal to unity, and hence (H1 = (H2 = (Hb -Ht)/2. 

For the case where Ht > 0; Fig. 12 presents the sublayering ratio D as a function of the dimensionless ratios Ht/Hb and R/Hb. It is noted that for a layer with a given Ht/Hb ratio, the value of D decreases for wider loaded area. However, as the ratio Ht/Hb increases the influence of the radius of the loaded area on the value of D becomes less significant until it virtually vanishes when Ht/Hb exceeds about 0.6.


Numerical Examples

First example problem 

The use of the developed charts for obtaining the value for the sublayering ratio, and the application of the derived formula in settlement computations are illustrated by considering the square footing and soil profile shown in Fig. 3a. The first step in the computation is to find the value for the sublayering ratio D. For Ht = 1 m, Hb = 13 m and B = 2 m, the ratios Ht/Hb and B/Hb are approximately equal to 0.077 and 0.15, respectively. From the curve designated B/Hb = 0.15 in Fig. 7, the value of D at Ht/Hb ( 0.077 is approximately equal to 2. The clay layer is therefore divided into two sublayers; with the thickness of the upper and lower sublayers equal to 4 m and 8 m, as obtained from Eq. (23) and Eq. (24), respectively. The depth to the middle of the upper sublayer, z1, is from Eq. (25) equals to 3 m, and the mid-depth of the lower sublayer, z2, is obtained from Eq. (26) to be equal to 9 m. With a = b = B/2 = 1 m, z1 = 3 m and z2 = 9 m, the stress increases at the middle of the upper and lower sublayers are obtained from Eq. (30), or alternatively from Fadum’s [21] chart, to be equal about 22.35 kPa and 2.89 kPa, respectively. Substituting these two values into Eq. (18), the ultimate primary consolidation settlement amounts to 45.4 mm. 

It is seen that with the use of the sublayering ratio D along with Eq. (18) it was possible, using only two sublayers, to obtain a settlement estimate that has been obtained from computer solutions shown in Fig. 3b by dividing the layer into 24 sublayers. More importantly, the proposed procedure is in line with what is performed in every day practice of settlement calculations. The only extra step is that instead of arbitrarily dividing the compressible layer, the layer is divided into two sublayers based on the value of the sublayering ratio D, which is easily determined from the normalized charts developed in this paper. 

It should also be pointed out that instead of using Eq. (18), after dividing the compressible layer based on the value of D, the consolidation settlement can still be determined in the normal way using the midpoint rule given in Fig. 2. For (H1 = 4m, (H2 = 8 m, ((z1) = 22.35 kPa, and ((z2) = 2.89 kPa the estimated settlement is 33.8 mm. This is, however, far less than the value of 45.4 mm obtained above from Eq. (18). Therefore, even when the compressible layer is divided based on the sublayering ratio D; the midpoint rule still would not give a reasonable estimate of the consolidation settlement. Nevertheless, dividing the compressible layer based on the value of D ensures that the midpoint rule provides the best possible approximation of consolidation settlements as long as the compressible layer is divided into only two sublayers. 

Second example problem 

In the mathematical derivation and the charts presented in the preceding sections the coefficient of volume compressibility, mv, is assumed constant throughout the thickness of the stratum. This assumption may be reasonable for heavily overconsolidated soils in which the loading increment does not exceed the preconsolidation pressure. However, for normally consolidated or lightly overconsolidated clays the value of mv may appreciably decrease with increasing applied pressure. 

Therefore, the developed formula and charts have their most convenient application in the determination of consolidation settlements when mv can be considered constant for the entire layer. A discrete variation of mv could have been taken in the derivation of the expressions for the sublayering ratio D. However, assuming mv to be constant not only facilitates the derivation but also leads to expressions for D that are independent of the soil properties and solely function of the geometry of the loaded area and the thickness of the compressible layer and its location in the soil profile relative to the applied load. 

This example illustrates that the developed charts can still be used even if mv cannot be considered approximately constant for the entire thickness. This is accomplished by resolving the stratum into several layers within each of which mv is constant. The sublayering ratio D is then determined for each layer individually, and the settlements for all the layers are found and summed to obtain the total settlement. 

Considering again the same parameters of Example 1, with the exception that instead of a constant value for mv, two values are used herein, and each value is applied over 6 m depth of the compressible layer. For the top half of the compressible layer, Ht/Hb ( 0.14 and B/Hb ( 0.29, and based on these two ratios the value of D is determined from Fig.  7 to be about 1.5. For the lower half of the compressible layer Ht/Hb ( 0.54 and B/Hb ( 0.15, and based on these two ratios a value of 1.2 is obtained from Fig.  7 for the sublayering ratio D. Based on the values of D, the upper half and the lower half of the layer is each divided into two sublayers, and hence we end up having four sublayers. 

The settlement computations are summarized in Table 1. The depths to the middle of the sublayers are calculated and recorded in columns 7 and 9. The stress increase at each depth is found in the normal way from the appropriate chart, such as that of Fadum [21], or from Eq. (30) and placed in columns 8 and 10. Substituting the value of Ht, Hb, ((z1) and ((z2) into Eq. (18), and multiplying by the appropriate value for mv the consolidation settlement is obtained and recorded in column 11. Finally, the settlement values in column 11 are added to give the total consolidation settlement of the entire compressible layer to be 138.6 mm. 

Using SOSiA program [9, 10] a total of 20 sublayers were required to obtain this magnitude of settlement. Therefore, Eq. (18) provides a very efficient way to estimate settlement. This is especially helpful in the case when the compressible layer is thick or directly supporting the loaded area. In both cases, a large number of sublayers would be required in the conventional multiple or composite midpoint rule computations.

Table 1. Second example computations 

	Layer

No.

(1)
	Thickness

(m)

(2)
	mv

(m2/kN)

(3)
	Ht

(m)

(4)
	Hb

(m)

(5)
	D

(6)
	z1
(m)

(7)
	((z1)

kPa

(8)
	z2
(m)

(9)
	((z2)

kPa

(10)
	Sc
(mm)

(11)

	1


	6


	1 x 10-3

	1


	7


	1.5


	2.2


	36.4


	5.2


	8.3


	134

	2
	6
	3 x 10-4
	7
	13
	1.2
	8.4
	3.3
	11.4
	1.8
	4.6


Summary and Conclusions

This paper presented a systematic procedure by which the induced stress, in a soil layer of known thickness and depth from the applied load, is computed from a customized two-point Gauss quadrature formula. The weight coefficients for the formula were set equal to those of Gauss-Legendre formula, whereas the base points were obtained by dividing the compressible layer into two sublayers. The thicknesses of the two sublayers were determined such that their middle points represent the nodes for the Gauss formula, and they were expressed in terms of a factor called the sublayering ratio, D. The values for D were determined for a variety of loads and loaded areas, and presented into a series of normalized, non-dimensional charts.

Through the use of only two sublayers, the proposed procedure provides a very refined estimate of the ultimate primary consolidation settlement, which could only be obtained with a large number of sublayers in the routinely used multiple application of midpoint rule. Besides, the computation procedure is in line with what is performed in everyday practice of settlement calculations. The only further step required is that instead of arbitrary sublayering, the compressible layer is divided based on the value of the sublayering ratio D, which is easily determined from the charts presented in this paper. 

Selection of the appropriate number and thickness of sublayers has always been arbitrary, and too with no definitive guidelines. Therefore, in addition to introducing the use of a Gauss formula for the approximation of induced stress variation in soil layer, and hence the settlement calculations, the main contribution of this paper is considered the introduction, for the first time, of a procedure by which sublayering of the soil stratum  is no more subjective. It is rather a systematic process that takes into account relevant factors, including: (i) load type; (ii) method for stress distribution; (iii) shape and size of loaded area; (iv) layer thickness; (v) layer depth relative to the location of the applied load. Therefore, still if the presented customized two-point Gauss formula is not to be used for calculation of ultimate primary settlement, dividing the compressible layer based on the value of the sublayering ratio, D, ensures that the midpoint rule, which has been used exclusively in the geotechnical literatures, provides the best possible estimate of settlement as far as the layer is to be divided into two sublayers. 

The presented formula and charts have their most convenient application in the determination of settlements when the coefficient of volume compressibility can be considered constant for the entire layer. However, it was demonstrated that the presented procedure could also be used for the case of non-uniform compressibility by resolving the stratum into several layers within each of which the soil compressibility is considered constant. The value of D is determined for each layer individually, and the settlements for all layers are found and summed to obtain the total primary consolidation settlement for the entire stratum. 
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طريقة مبتكرة لحساب الإجهادات الناشئة في التربة بإستخدام معادلة قاوس
 معدلة ذات نقطتين
مصلح بن علي الشمراني 
قسم الهندسة المدنية، كلية الهندسة، جامعة الملك سعود، 
ص.ب. 800، الرياض 11421، المملكة العربية السعودية
(قدم للنشر في 24/3/2003م ؛ قبل للنشر في 4/10/2004م)

ملخص البحث. هذه الورقة تقدم طريقة مقننة يتم من خلالها التعامل مع التغير في الإجهادات الناشئة في طبقات التربة بإستخدام طبقتين فرعيتين فقط، ثم اشتقاق معادلة قاوس معدلة ذات نقطتين لحساب الإجهادات الناشئة بحيث تكون معاملات الوزن للمعــادلة المشتقة مساوية لتلك الخاصة بمعادلة  قاوس -ليجندر الثنائية، ولكن نقاط الأساس تمّ إيجادهما بتقسيم الطبقة المنضغطة إلى طبقتين فرعيتين تحدد سماكة كل منهما بحيث يمثل منتصف كل طبقة  نقطة أساس للمعادلة التي تم أشتقاقها. وتمّ التعبير عن سماكة الطبقتين الفرعيتين من خلال معامل سمي نسبة التقسيم، وتمّ اشتقاق أطر له لأنواع مختلفة من الأحمال والمساحات المحملة وتمّ عرض قيمه في سلسلة من الرسومات القياسية. وأمثلة حسابية تمّ إدراجها لتوضيح كيفية إيجاد قيم نسبة التقسيم من الرسومات المطورة، وكذلك تطبيق المعادلة التي تم أشتقاقها في حسابات الهبوط.      
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Fig. 1. Consolidation settlement and approximation of stress increase by numerical rules.
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Fig. 2. Approximation of stress increase by multiple applicaitonof midpoint rule.
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Fig. 3. Relationship between sublayer thickness and settlement predicted from midpoint rule.
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Fig. 4. The nomenclature for derivaiton of the customised two-point Gauss formula.
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 Fig. 5. Values for the sublayering ratio for a layer loaded with a point load (Ht > 0).
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Fig. 6. Values for the sublayering ratio for uniformly loaded square area (Ht = 0).
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Fig. 7. Values for the sublayiering ratio for uniformly loaded square area (Ht > 0).
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Fig. 8. Values for the sulayering ratio for uniformly loaded rectangular area (Ht/L = 0).
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Fig. 9. Variation of the subleyering ratio with depth of top boundary of the compressible layer.
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Fig. 10. Valuesfor the sublayering ratio for uniformly loaded rectangular area (Ht/L = 1.0).
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Fig. 11. Values for the sublayering ratio for uniformly loaded circular area (Ht = 0).
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Fig. 12. Values for the sublayering ratio for uniformly loaded circular area (Ht > 0).
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