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Abstract. The problem investigated in this paper is the accurate evaluation of the tie required for cmprying a
reservair of constant cross-sectional atea in which a pipe is fixed.

In the analysis, a friction coefficient equation is considered which tepresents the different flow regimes on 2
Moody diagram satisfactorily. The approximate equation [or estimating the time of emplying a reservoir,
considering fully rough turbulent flow is derived and discussed. A computer program for cstimating the
accurate and approsimate limes of emptying reservoirs is presented. Om the basis of the computer program a
number of graphs are provided and the fuctors affecting the above estimation are studied. T is found that in
some cases the estimatcd approximare time is in errur by more than 25%.

Nomenclature

The following symbols are used in this paper

A = quantity defined by Eq. (13)

Ay, = yuanlity defined by Eq. (16)

Ay = cross-sectional area of reservoir
a = cross-sectional area of pipe

B = quantity defined by Eq. (14)

C - constant defined by Eq. {5)
c = quantity detined by Eg. (24)
C; = quantity defined by Eq. (25}
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C; = quantity defined by Eq, (30)

Cy = quantity defined by Fq. (20)

Cs = quantity defined by Egq. (28)

Cg = quantity defined by Eq. (27

C: = quantity defined by Eq. (26)

3] - diameter of reservoir

d = pipe diameter

F = quantity defined by Eq. (19)

f = friction coefficient

la - approximate friction coefficient

B - acceleration due to gravity

H = heud acting on a pipe

H, = initial head

H, = final head

hg = friction head loss

hy = head loss in fittings

k = coetficient representing pipe minor losses
L = pipe length

Q = pipe diacharge

Q, = approximale pipe discharge at initial head
Q = pipe discharge corresponding to initial head
Qo - approximate pipe dischirge corresponding to final head
Q = pipe discharge corresponding (o final head
R = Reynolds' number

I = time of emptying a rescrvoir

T, = approximate time of emptying a reservoir
v - average pipe velocity

e = equivalent absolute roughness of pipe

v = kinematic viscosity of liquid.

Introduction

In practice unsteady flow in a pipe connected to 2 rescrvoir may occur when it is needed
to empty the reserveir for maintenance or for cleaning purposes. In addition, failore of
the power used in filling a reservoir may cause the aloresaid unsteady pipe flow, In
analyzing such pipe flow problems and estimating {he time required to cmpty a reservoir
the friction coefficient, {, is usually assumed to be a constant which depends only upon
the pipe roughnessf1, p.56]. The abov assumption means thut the flow is wholly rough
throughout the emptying process |2, p.91, 3, p-233, 4, p396]. In fact the friction

coefficient generally depends on both Reynolds' number and the pipe roughness.
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Moreover pipe flow may be laminar if Reynold' number is tess than 2000 when the acting
head in the reservoir is sufficiently small.

Hathoot [3] provided a selution for the above mentioned problem taking into account
the effect of variation of the friction coefficient. In his analysis, Hathoot considered the
Swamee and Jain equation [6] which covers a significant portion on the Moody diagram
and neglected the effect of pipe fittings. However, Hathoot [7] considered and further
analyzed the effect of pipe fitting on the timc of cmptying a rcservoir. The analyses
menfioned above were limited to the range of validily of the Swamee and Jain friction
equation. In this investigation a technique is presented for estimating the time required
for emptying cylindrical reservoirs, using a friction coefficient equation which
completely covers the Moody diagram [8].

Theory
a} General
In the case of steady flow through a pipe many equations have bcen presented to
estimate the friction head loss [9, p.213, 10, p.172]. However the most reliable of them is
that of Durcy-Weisbach [11].
The total head loss in a pipe may be given by:

H=he+hy,

e

in which hy is the friction head joss, f the friction coefficient, L the pipe length, v the
average velocity, g the acceleration due to gravity, d the pipe diameter, hy; the minor
losses. and k is the sum of pipe titting coctficicnts [12,13][ 14, p. 243].

For convenience, Eqg. (1) may be put in the form:

H=CQ* (f:+ k) (2)
d
in which () is the pipe discharge and C is given by:
o= -2 gt 3
gn

For steady flow through a pipe connected to a reservoir the hed loss H is actually the
liquid head in the reservoir which acts on the pie, Fig. 1.

b} Unsteady flow
In the case of emptying a cylindrical tank, although the flow is unsteady the
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instantenous discharge, Q, is interrelated to the acting head, H, by Eq. (2). The
differential equation describing such unsteady flow is:

QdT= - A, dH )
Ar
=
{dH
=
e D —»
H [H)

Fig. 1. Definition sketch of a cylindrical tank with u pipe.

in which T is the time, and A, the cross-sectional area of the reservoir. he time required
to lower the water surface from H, and H, above the pipe is given by:

u Ay
H, Q
Referring 1o Eq. (2) it is evident that Q cannot be replaced by an explicit function of H.

This is attributed fo the fact that the friction coefficient, f, is a function of Reynolds'
numbet which, in tumn, is a function of Q.

T= —f dH &)

¢) Changing the integration limits

For convenience the integration limits H; and H, are to be replaced by the
corresponding discharges Q) and Q,, respectively. Also dH is to be replaced by a term
containing dQ and hence il is necessary to establish the correlation between them.
Differentiating Eq. (2) with respect to @, simplifying and scparating variables:

a1 co| (&) 2( %+ i) e ©®
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Combining Egs. (5) and (6):

T=-[y CA, [%[:—é) +2 (%+ kﬂdQ @

Before evaluating (df?dQ) it is convenient to discuss the friction coefficient and
mathematical representation of the different zones on the Moody diagram.

Friction Coefficient

A number of equations were presented to represent one or more of the different flow
regimes on Moody diagram [6,8]. It has been found that the Churchill equation covers all
the wrbulent zones and extends to the laminar zone. Churchill equation provides the
friction coefficient explicitly as:

12 , 12
f:g[[R} ()] ®

in which R is Reynolds’ number given by

2L 9)

ndo

where ¥ is the kinematic viscosity of the liquid, A and B are given by:

le
A= {2457 ——— 1 (10)
(3) o (g)
L so27| €
R d
and
r37530]‘6
B=| 21330 1
k R (11}

in which € is the equivalent absolute roughness of the pipe material.

It is worthy to note that in computing [, A and B, double precision should be used since
these quantities internally calculate very large and very small numbers and are therefore
sensitive to round-off error [15].
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Final Formulation of the Time Intogral

Refering to the integral of Eg. (7), the quantity df/dQ is to he evaluated.
Differentiation of Eq. (8) with respect to Q yields:

12
ar_ Zag {2 (i} - B S (12)
dQ 3 Q \R Q| (A+ B)l-5
in which
12
8 1
Au = (EJ + m (13)
and
d ".;]_5_ == 15 -;ZSH [&+ d_B} (14)
dQ|(a+m)" {A+B)™ L4Q dQ
Differentiation of both A and B with respect to Q yields:
dA 15/16(1*}[90'9
~—=— 353808 A == (15)
dQ Q
in which
0.9
P=(2)7 o2 (E} (16)
d
and
48 __16B (17)
dQ Q

Substitution of Eqs. (13}, (14 (15) and (17) into Eq. (12} yields:
i _ (8" [ 3]” 2 15116 (7]09
==~ —= [ 221134 L
W of! \R/ | (a+p)T 2 gy *8 (18

Substituting di*dQ as given by Eq. (18) into Eq. (7), simplifying and rearranging:

T=[@ CA,{-(%);]—L{[%Ju‘{W}[ZHHA”’”F[%)OZB]}-Z(%+k)}ﬂ@ (19)
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For convenience Eq. (19) is put in the form:

=& ca.{afc,-c 09 -c

Q
in which
c (8)12 L
1 dF"!
12
8
ol
\r
2
Ci=
(A+ B)M
CG = 2(&1- kJ
d
CSZ C4 +B
7389
Cy= 2211345 F(—)
R
and
15
Cy=—
37 16

Determination of Integration Limits

135

(20

@n

(22

(23)

(24)

(25)

(26)

27

As mentioned above the integration limits, H; and H, of Eq. (5}, are replaced by the
limits ) and Q, of Eq. (7). Therefore it is necessary to find @y and Q, corresponding to

H; and Hy, respectively. According to Eq. (4) the pipe discharge is given by:

(28)
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However Eq. (28} is implicit since the friction coefficient, f, generally depends upon both
Reynolds' number, hence the discharge, and the relative roughness of the pipe. The
friction coefficient, f, given by Eq. (8)can be inserted into Eq. (28) which may be solved
by trial and error, At the first trial step a preliminary discharge may be estimated by
assuming wholly rough turbulent fiow. In this case the friction coefficient [3, p.233, 4, p.
376, 14, p. 243] is given by:

fo= ot (29)

2
(1.14+ 2.0 loga

in which f, is the approximate friction coefficient. Therefore the approximate discharge
limits, Q,; and Q,, are given by:

(30

and

(31

The above Q, values are then used to evaluate R, and henee f and a second trial is made
to find Qy and Q, and trials are continued till the difference between two successive
estimated Q vulues becomes practically small. In the following the time computed taking
into account the variation of f will be refered to as the exact oF accurate time.

Estimation of the Approximate Time of Emptying a Reservoir

As mentioned before in estimating the time of emptying a reservoir the friction
coefficient was previously assumed constant and the flow was assumed fully turbulent.
Equation (7} may be used to estimate the approximate time of emptying a reservoir,
taking inte account that the friction coefficient is indepeadent of the discharge. Therefore
using Eq. (7) and substituling df/dQ = O;

T,=- 3= 2CA,(faL +deQ (32)
T d
Integrating and simplifying;
f, L
T,= 2CAr(—ad— + kJ(Qai— Qa2) (33



On the Estimation of Time .....

Computer Program

It is evident that the integral of Eq. (23) is to be evaluated numerically. A computer
program is presented to evaluate the actual time required to empty a cylindrical reservoir.
The program is also designed to comparc the accuratc time with the approximate one
laking into account a wide range of variables. In Fig. 2 1s shown a detailed flow chart of

rdmc:..v,ir. k880, €,V ,8L,Cy Hy L Lmex, Ho,da, AI.AH;,Hcm,Ad]
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Fig. 2. Flow churt of the computer program.
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Analysis of the Results

A wide range of variables are considered, in applying the comuter program of Fig. 2, to
discuss and analyze the problem of emptying a cylindrical reservoir. The final acting
head is fixed to the value H; = 0.5 m. On the other hand the initial head is given the
values Hy = 30m, 26m, 18m |4m, 10m, 6m and 2m. In all computer runs the equivalent
absolute roughness is taken € = 0.0003m and the kinematic viscosity v = 109 mZ/s (water
at 22°C). The pipe diameter ranges between 0.05m and 0.8m whereas pipe length
between 100m and 4000m.

In Fig. 3 is shown sketched the exact time versus the head ratio H|/H, for various pipe
diameters for a length of 1000m, The coefficient summing up form losses in the pipe is
taken k = 10. It is evident from Fig. 3 that time increases as &/d imcreases, This should
be expected since high g/d values mean more resistance to the flow and vice versa. It is
also clear that curves are steeper at smaller head ratios, in other words (AT/A (H,/H,) is
greater at smaller head ratios. This is because AT/A (H /Hy) = AT/AH,VHy, as H, is
constant and it is clear that for the same H; time is longer at smaller initial heads than that
at higher initial ones,

In Figs. 4 through 8 comparisons are made between exact and approximate estimations
of the time of emptying cylindrical reservoirs for a variety of conditions. In Figs. 4
through 8 it can be scen that in all cases the time difference percentage increases as the
pipe length increases. This may be attributed 1o the fact that for shorter pipe length
resistance to flow is less und discharge is greater and hence Reynolds' numbers are
higher. By referring to the Moody diagram it is shown that at higher Reynelds' numbers
curves flaten and hence exact and approximate values of the coefficient of friction, f and
fa become closer to each other. Tor given values of L and H/H,it is clear that the time
percentage difference increases as e/d increases. This is because at higher £/d values d is
smaller and Q and hence R are smaller, and as mentioned above as R becomes smaller

the difference between exact and approximate friction cocfficients increases (Moody
diagram).

In all curves of Figs. 4 through 8 the time difference percentage decreases as the initial
head ratio H/Hy increases. In fact increasing H /H, results in increasing the initial head,
H; which corresponds to a higher value of the initial Reynolds’ number. As reported
above higher values of Reynolds' number mean closer values of the exact and
approximate values of the friction coefficient.
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Fig. 3. Exact time of emptying & cylindrical tank versus initial to final head ratios.
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Fig. 8. Time Difference percentage versus initial head ratio (L = 4000 m).

Conclusions

A computer program is developed to provide accurate estimation of the time of
emptying a rescrvoir connected to a pipe. The solution considers an accurate estimation
of the friction coefficient. A comparison of the accurate and approximate times of
emptying reservoirs shows that time estimates which consider approximate values of the
friction coefficient may be in error by more than 25%. Such high error percentages may
be found with long pipes, small initial heads and smali pipe diameters. On the other hand
if the approximate friction coefficient is considered for short pipes, high initial heads, and
large pipe diameters, the estimated time may be in error by less than 1%,
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