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Abstract. The study presents a numerical model for the development, in usable form, of a strain-step his-
tory relating concrcte strain, strains in tension and compression steels, curvature, moment, ncutral axis
positicn and crack height of reinforced concrete sections which are externally reinforced at a chosen state
of preload, The determination of the balanced area of external steel poses some difficulties. This is
because it is a function of the available area of internal steel (both tension and compression) and the strains
induced in them by the existing service loads. The model affords an evaluation of the pseudo-balanced
value of external steel for a reinforced concrete section in a state of strain under cxisting load, the nominal
capacity that the section may develop after application of a desired ratio of the balanced value of external
steel and the ductility level attained. The history developed fumishes strain and depth of neutral axis
values in the service range of the loading .

The results of the unalysis by the model are compared with published test results. A parametric study
of the effect of preload-moment on the pseudo-balanced ratio of external reinforcement and the corres-
ponding moment capacity is madc. An cxample of design for external reinforeing of an existing section is
also presented.

Introduction

The increasing application of cxternal reinforcement in the form of plates to the ten-
sion side of under-reinforced beams to improve their strength capacity or serviceabil-
ity performance has resulted in several experimental investigations, for example
|1.2,3 and 4]. Most of these studies employ epoxy resins for bonding externai rein-
forcement while somc investigate mechanical bonding of the reinforcement to the
beam.

The authors are aware of several unreported applications of plating made
through cpoxy glucs or mechanical bonding. In most cases the external reinforce-
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ment was applied using engineering judgement which may resuit in over-reinforcing
of the given sections leading to an undesirable brittle failure.

A reinforced concrete (RC) beam section in which ultimate concrete strain and
yielding of the tensile steel occur simultaneously is referred 10 as a balanced section
and the reinforcement as the balanced steel area. The RC beams are reinforced to a
maximum of seventy five percent of the balanced amount to maintain ductility in the
beam.

For the design of externalty reinforced beams, therefore, it is necessary to deter-
mine the balanced area of the external steel at the very outset. However, this
parameter is a function of the available area of the internal steel (tension and com-
pression) and the (difficult-to-calculate) strains induced in it by the existing service
loads. Development of a sound theoretical basis for the design of external reinforcing
of a given section is, therefore, very much desirable and is accomplished here.,

An analysis-cum-design model enabling computation of the strain-status at an
existing state of loading is developed in this study. The model employs this preload
strain-status to find the maximum plating requirement which would yield at the
usable concrete strain level. It determines the section capacity at a desired percen-
tage of that maximum plating requirement in order to maintain ductility of the
retrofitted member. It also develops a history of its behavior under service ioad.

The model employs a tri-curvilinear stress-strain relationship for concrete and a
bi-linear relationship without strain hardening for steel reinforcement, with rebar
and plate steels having different yield levels. Strain-curvature status is employed to
evaluate the compressive and tensile forces in concrete and steels, and equilibrium
condilions are used to find the moment of resistance at the status.

A complete history of section behavior is developed by computer implementa-
tion of the model. The history includes strains in tension and compression steels,
yield sequence in the steels, the depth of the neutral axis, the crack height and the
moment capacity at chosen strain steps.

Research Significance

The numerical model presented affords design-investigation of a beam section
externally reinforced in a state of loading prior to plating, provides a rational basis
for the evaluation of ductility of such a treatment, allows calculation of strains at ser-
vice load levels and permits total planning of a load test of a beam specimen.
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Material Behavior

The stress-strain curve of concrete is assumed to be tri-curvilinear as shown in
Fig. 1(a). The stress-strain relations in the three ranges [5,6] shown in the figure arc,

f,=E_ ¢ €. <€=20 (1a)
. € £
f=a i {26=)—- (=)} Dce<e, {1b)
Eg Ec
f=f—-1f¢, € LeLe (1c)
where, o — a;
f={a + ﬁ...ee}fc (1d)
u L
—_— ] o)
= " f 1
£, e, & (1c)
fy
= .t 1
€, E, (1f)

&, , &, are constants and f, , f, and E_ are modulus of rupture, cylinder compressive
strength and modulus of ela%tlmty of concrete as defined in Ref. [7], while €, is the
maximum usable value of strain in concrete.

In Refs. [5,6] , is assumed equal 10 0.85, o, as square of «, and,

=2 (“‘_fC_) 2

E¢
The stress-strain curve of steel is assumed to be bi-linear as shown in Fig. 1b. The
rebar yicld stress {,; is different and generally larger than the plate yield stress fa
Behavioristic Assumptions

The following behavioristic assumptions are made in developing the model:

1. Plane sections remain plane after bending.

2. Concrete cracks at a stress level of f, resulting in an inward propagation of a
crack from the tension face. Only the concrete from the crack tip to the ncutral
axis contributes to the tensile forces on the section.

3. There is a perfect bond between concrete and rebar steel und concrete and plate
steel.



Strain-Curvature Characieristics of R.C. Seetions ... 175
The effect of strain hardening in the two tensile steels, internal and external, is

neglected.
The section attains its theoretical flexural capacity before any other failure takes

place.

It may be pointed out that the external plate steel can be (and usually is) applied
at non-zcro strain levels in concrete und internal steels.
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Development of the Model
Section kinemaltics

Tigure 2(a) defines the section dimensions. and steel areas and their positions.
Figure 2(b) shows the strain diagram at a top tiber concrete strain, €, and corres-
ponding curvature, ¢. These two variables completely define the kinematics of a sce-
tion. The depth of the neutral axis. ¢. the height of crack (determined by tensile strain
in concrete), h,, the steel strains €, € |, and € ; are expressed interms of € and ¢ and
shown on strain diagrams of Figs. 2(c) and 2(d). Figurc 2(c) shows strain and stress
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Fig. 2. Beum section, Straln-Stress distribution over the section and stress block resultants



Strain-Curvature Characteristics of R.C. Sections ... 177

diagrams in the range of 0 £ ¢ £ (_ while Fig. 2{d) does the sume in the range of €,
£ ¢ £ ¢ . Allthe limiting distances of the various stress-levels aver the depth are also
shown there. It may be noted that the strain in the tap concrete fiber induced by the
preplating moment. M, . is denoted as € and the corresponding curvaturc as ¢,,. The
compressive strains in concrete or steel are considercd positive. However, the yield
strains in tension steels, € und €, are considered to be absolute quantities by the
formulation. '

Stress resultants and their locations

By employing [ bf_dyand [ bf_ydy, in the concrete strain ranges of Figs. 2cand
2d, the compression stress block resultants and their positions from the neutral axis
may be cxpressed in terms of the basic variables € and ¢.

The first crack in cancrete in tension appears at a curvature of (¢ — € )/h. The
tension stress block resultants and their positions from the netural axis, in this case,
may also be expressed in terms of € and ¢ in the two ranges of pre- and post-cracking
curvatures.

The strains in the various steels of Figs. 2(c) and 2(d) muay be employed to

develop expressions for the forces induced in them. It is understandable that these
expressions take separate forms over different ranges of strains and curvatures.

Equations of Equilibrium

The ¢quation of equilibrium of the stress resultants in the horizontal direction
yields the curvature in terms of concrete strain as,

-B- YB*-4AC

b= > A , A0 (3a)
= < A=10 (3b)
¢ B K
where
A= a;+as, +a, +a, 4
B=b +b,+b,+b, (&)
C=C,+C, )

The terms in the right hand components of Eqs. (4) through (&) are listed in Table 1
along with their respective limits of validity.
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The total moment of resistance of the section is obtained by summing the

Rajeh Zaid Al-Zaid und Ghulam H. Siddigi

moments of the various stress resultants about the internal tension steel.

Tabie I. Right hand side components of Equs. 4 thru 6

Component nume Expression Range
—(E.~E)Ad e and g < ¢
8 = (B, + 1) ALd' exe and o,
] LETY
(E -E)A,,d, ¢<I 9,
ay =
_F‘iALIdI ¢1$¢<¢yg
0 ¢34,
—E A,d, &< Py
A, =
0 320,
I 2
- — E.bh” <@,
2
a, =
0 PETS
(E,~EJrAl rseand <o,
b, = {(E,+ e[} A o> roand ¢ < 6,
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Component name Expression Range
(E,-E)eA, o<,
b, = EeA <<y,
A b=,
E {{z —e) + ¢dst A <P,
b, =
fahg LELN
E.bhe b,
b, =
1] h=d,
, 2
b (35 =) 35 P,
C. = b
T{(ﬂmil"?’@a:"‘ I(a, £+ )z} £ E,
— i ‘
—=—E_ b ¢ <,
Cll.' =
—— E.by ELS

Pseudo-balanced Quantity of External Steel

A given section with A_ and A_ may be loaded to a certain level so that M,  is the
resulting preplating moment carried by the section. 1t is desirable to find the external
steel quantity (additional to the internul steel which is already there and is strained
proportional to M,) such that at the ultimate concrete strain, either of the tension
steels has already yielded while the other is about to do so. Such an amount of exter-
nal steel may be defined as a pseudo-balanced amount, A, . and evalvated as

shown helow,
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At the balanced condition the concrete strain is equal to €, and the correspond-
ing curvatures ¢, and ¢, at which the internal and external steels yield are,

" eu + El
¢y1 = T’ N
. €y— €0+ €+ dodz
¢y2 = dz (8)

Letting ¢* be the larger of the above two curvatures, so as to ensure yielding of both
the steels, the balanced amount of external steel may be obtained from Eq. (3) by
using values of A, B and C evaluated at ¢, and ¢°. Table 2 presents the right hand
side components of the variables A, B and C evaluated at £, and ¢”.

Table 2. Right hand side components of Equs. 4 thru 6 at ¢_ and ¢* values

Component name Expression Range
—(E 4+ 1A ¢ <,
a, =
0 LTS
[(B,+G}e,~f} A] ¥ <,
b; -
£ A, " =,
b, = 7f_\-|A‘|
b'\z = - fyZAsZ
b co
C. ;{(nlfc—3tc)£=+3(ult:+fv)(-:u}
" V 1“
C. = - — L be
2
Notes:

1} The components, a,), a5, a,,, and b,,, defined in Table 1 are wWentically equal to zero in this case.
2) Compaonents are valid irrespective of ranges where they are not indicated.
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Employing the definitions of variables of Table 2, the balanced amount of external
steel from Eq. (3) is,
Coe + Cic ) 1

Appa = [bs + b, + ( +3s¢')] —f_y_z &)

Ductility Ratio

The ratio of curvature at the prescribed value of the ultimate compressive strain
in concrete to the curvature at the yielding of the either tensile steel, internal or
external, is considered as a measure of ductility and called ductility ratio. Simultane-
ous yielding of the two steels occurs only in the balanced state of reinforcing. In the
other situations the subsequent yielding furnishes alesser value of the ductility ratio.

Results of Analysis

The results which are now presented are obtained by computer implementation
of the model described above.
Comparison with test results

The test results used for comparison are reported by Swamy et al. [1]. They
employed identical test beams bearing following size (in mm) and reinforcing (in
mm?),

h =255,d, =220,d,=257.25,d"=0.0,b=155,and A, = 942,
and the average mechanical properties (in MPa) of the reinforcement used were,
fy1 = 43(), f’,2 = 245, and E, = 200,000.

The test beams were without compression steel and were plated at different load
levels. Table 3 presents the test information furnished by the reference.

Table 3. 'Test parameters of test beams of ref, (1]

Testbeam I, MPa(a)" A, mm? M, kN-m
Fil 43,49 000,00 0.00
FL12 41.75 IRT 3 .00
K22 43.25 187.5 2493
F23 43.50 187.5 4119
F24 43.25 1R7.5 57.53

* Taken 83 0.83 of the cube strength reported in Ref. [1].
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Comparison of the ultimate moment capacity of the test beams with the model
results is presented in Table 4.

Table 4. Cornpari.son with moment capacily ol the Lest beams of ref. [1]

Moment (kN-m) Ref. [1]

Model
Test beam Test Theory Moment (kN-m) Test[1]/ model
ia) (b} e)
FOL #ih54 4.6 73.8 109
ri2 KR 97 831 8L.8 1.9
r22 BY.05 87.3 814 1.W
F23 89.36 87.6 52.0 1.04
F24 BY15 HiH 1.4 1.09

Notes:

{4)  Ultimate concrete strains reported in Ret. [ 1] are upto (LIN6; the measured moments consequentiy
include strain-hardening cffect.

{b} Theovretical values employed by Ref. [1] arc based on Tlognestad block.

{¢)  Moment predicted by the model is at 1003 strain and without strain hardening effect.

It is noteworthy that the ultimate concrete strains induced in the test beams are
of the order of 0.006, which possibly resulted in strain hardening of the tension steel.
Since strain hardening is not accounted for in the formulation, the moments obtained
by the model are lower than those attuined by the test beams. However, a constant
ratio of test heam to model moments of 1.09 is indicative of consistency of the results
predicted by the model.

The reference reports rigiditics (E1 values) of the test beams at 100 kN load;
these are used to calculate the corresponding curvatures which arc compared with
those from the model in Table 5.

Table 5. Comparison with curvature, al 100 kN load. of test beams of ref. [(]

Curvature Ref, [1] Madel
Test beam El(Test} M/EI (M/ELW Theory curvature* Test [ 1]/ model
1 1
N - mm? 1§12 — 10 — 10+

mm mm

301 397 9.60{} 0,92 Y.452 1.0

FL2 S04 T.00Y 0.9 7471 .97

F22 4.77 8.040 049 8,988 0.8y

F23 308 9.636 092 9.460 1.02

F24 4.08 9.400 .94 9.445 0.99

Curvatures from the model are interpolated values between strin-sleps
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Finally in Table 6 the depths of the neutral axis at various load levels of the test
beams are compared with those from the model.

Table 6, Comparison with neutral axis depth of test beams of ref. {1]

‘T'est ref. (1) Model
Test beam neptral axis depth (mm) neutral axis depth (mm)
(i 20KN (r 100kN @ 200N @& 20kN e 1KN G 200 kN
IF01: (1] 119.0 107.0 100.5 1345 HM.2 -
F12:[1] 139.0 122 2 115.0 139.4 1nzx.ae 115.9
F22:01] 1202 1243 6.1 134.5 106.2 115.7
F23:|1] 121.1 106.9 L15.0 134.5 104.1 115.2
F24: (1] I+ 1433 L13.5 134.5 104.2 114.3
Test/ Theory [1] Test[1]/ Model
FiM < |1 0 8h 1 0196 0.83 1.03 -
FO2:J1| (198 1.15 .97 .00 1.09 0.9
F22:[1] .87 1.16 (.98 0.59 1.17 1.00
F23:{1] 0.88 L.10 .97 0.%0 1.03 1.00
F24: 1) (.84 1.06 0.96 0.86 194 194
Mutes:

(a) Netural axis depth s reported at loads of 20 kN, 100 kN and 200 kN.
(b) The netural axis depths from the model are intcrpolated values berween strain-steps.

(¢) Incase of test beam FOU load level of 200 kN was not reached by the model.

30
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Fig. 3. Variution of halanced external steel with preplating moment for 8 given section
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Study of pseudo-balanced amount of external steel

A parametric study of p, ., with the ratio of preplating moment, M,, to moment
capacity, M, , of a given unplated section at different ratios, p,, of internal steel is pre-
sented in Fig. 3. The symbol p, ,,, is defined as the ratic of A, ., to effective area of
concrete, b d, andp, as the ratio of A | to b d,. 'The curves in Fig. 3 are evaluated at
P/ Pr 0£0.3, 0.4, 0.5, 0.6 and 0.75. The symbol p, ., denotes balanced value of
internal stect.

It may be noted that the point of intersection of the horizontal with the sloping
leg of a curve in Fig. 3 determines the M,-value at which both tension steels yield
simuitaneously -- the definition of the true balanced condition according to Ref. 7.
This value may be calculated from the model by employing a finer strain step but is
of no practical use; hence the definition of the pseudo-balanced condition.

The intersection of the first sloping leg with the second occurs at the moment
ratio at which the internal steel yields. The second sloping leg, therefore, represents
the range over which the internal steel has already yielded before the application of
the external steel.

The value of p, ., along the horizontal line is controlied by the internal steel and
beyond that by the external steel.

Design-investigation of a given section for external reinforcing

The mode] is capable of design andfor investigation of a given cross-section
which requires to be externally reinforced to a desired percentage of A b and is
implemented by a computer code.

The section analysis is performed at prescribed strain steps until a moment of
resistance equal to or greater than M, is reached. The balanced amount of external
steel is calculated at this step using the equations of Table 2. The desired percentage
of this steel is added to the cross-section as external reinforcement and the analysis
continued until the ultimate concrete strain is reached.
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Table 7. Design-investigation of beam section described in input-data part of this Table

DESIGN-INVESTGN OF A GIVEN SECTION-(AS) + AS') UNDER MO.

HISTORY UPTO MU;
ASZ-BAL AT MU,

HISTORY BEYOND M0 OF THE SECTION — {AS1 + AS' + RATIO*AS2-BAL)

INPUT-DATA

SECTION DIMENSIONS, mm: H =500 D1=470 D2=1502.25

D=3 B=1250

REINFORCEMENT AREAS, sq.mm: Asl = 1747 As' =200

CONCRETE STRESS-5TRAIN PARAMETERS, MPa: Fc' = 435

ALPHA1 — .85 ALPLIAZ = 7225 ECE= .03 ECU -.003 EC-INC = .0001

STEEL YIELD STRESSES & MODULI, MPa: Fyl = 430 FyZ =245

Esl = 200000  Es2 = 200000

As2: PRESTRAIN MOMENT (kN — m)& RATIO: Mo =100 RATIO=75

RESULTS OF ANALYSIS

MoWASREACHED ATSTEP#=4 As2 EFFECTIVE FROM STEP# =5

AS2—-BAL -~ 4682011 AS2=RATIO " AS2-BAL = 3511.508

AS1 YIFLDED AT STEP # =25

DUCTILITY RATI(}=1.284

AS2 YIELDED AT STEP# =20

DUCTILITY RATIO = 1.659

AS'YIELDED AT STEP # =22

BLTAIl ROBBAL ROMAX RO RO’

Fr Er

0.74240 0.037117 0.02788 0.01487 0.00170

—4 617E+RK) —1.489E—-04

Notes:
(a) ECE: €, ECU: €, EC-TNC: strain step
(b} Fr: moduhus of rupture, Er: strain at rupture
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Strain PHI1 C Crack HT Moment Remarks
1/mm mm mm kN-m
1.ODGE-04 3.778E-07 264.7 0.0 359D +01
2 DOOE-4 8.981E-07 2227 1.5 557D + 01 Istcrack
3AN0E-(4 1.620E-06 1585.1 2230 7RI 411
4. 000E-4 2.261LC-06 176.9 257.3 10D+ 02 MO rchd
S.000E-4 2.64E-N6 189.4 254.2 139D + (12 AsZ added
6.IE-04 3MTE-NG 1459 251.7 175D+ 02
7.000F.-04 3390E-06 206.5 249.0 2D+ 02
B.O00E-(4 3790k 212.8 247.6 245D + 02
9.000C-04 4, 126E-06 2182 2457 2.79D + 02
1.000E-03 4.488E-06 2228 244.0 3.12D + 02
1.100E-03 4.847E-06 2200 2423 3.43D+ 02
1.200E-03 5.202E-06 230.7 240.7 374D+ 2
1.300E-03 5.553E-06 234.1 239.1 4.04D + 02
1.MH0F-03 5.900E-06 237.3 237.5 4330+ 02
1.500E-03 6.243E-06 240.3 2359 4.61D + 02
1.600E-13 6.582E-06 243.1 2343 4,880 + {12
1.700E-03 6.917E-06 245.8 227 5.14D + 02
1.800E-03 T.247E-16 248.4 231.1 5.39D + 02
1.900E-03 T.5ME-06 250.9 2205 5.62D + 02
2.000E-03 7.906E-06 253.0 228.2 584D + 02 As2 ylds
2. 100E-03 8.37E-06 251.6 230.6 5.99D + 02
2.200E-03 8.842E-0G 248.8 234.4 6.18D + 02 As’ ylds
2.300E-03 9.260E-06 248.4 235.5 630D+ 2
2 ARIE-03 9.670E-06 248.2 236.4 6410 + 02
2.50E-03 1.022E-05 244.7 240.7 6.420 + 2 Aslyids
2.600E-03 1.082E-05 240.3 245.9 6.44D + 02
2.700E-03 1.141E-05 236.6 250.3 6.45D + 02
2.800E-03 1.199E-05 233.5 2541 6.45D + 02
2.900E-03 1.256E-05 309 257.2 6.45D + 02
3.000E-03 1.311E-0% 228.8 259.9 6.45D + 02
Notes:

(a)

rchd: reached

ylds: yields
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The sectional dimensions, internal reinforcing areas, the material properties
and strain parameters of a beam section are defined in the “input-data” section of
Table 7. This beam, which is internally reinforced to 40 percent of p, ,.,,, is designed
for three preplating moments viz. 100, 200 and 300 kN-m. M- ¢ curves of these
design caleulations, along with that of the section without plating, are presented in
Fig. 4. The amount of external reinforcement applied to the section is 75 percent of
the corresponding design value of p,, . The moment capacitics and ductilities
attained in these beams along with the required design valucs of balanced external
stecl arcas are presented in ‘Table 8. The Table also shows the sequence of yielding
of the tension steels. Fig. 4 clearly shows the elfect of plating on the section. The
monument capacity and stiffness of the beam are significantly augmented at the cost
of ductility.

700
L M, = 100 kN-m
6001 // // g 200 kN-m
7
v s
; / 7 300 kN-m

5
.

1"’ Jfl
F /o
fl' f_.t o B .
3001 f/ I T ne plating
s ’l.’
/ ,'"1/
£,
200 Iy
’i‘ ”/
! s
L;'
100 //
.//’
0 . | ‘ | -
0 10 20

Curvature, & x 10°¢

Fig. 4. Mument-curvature relutions at different preplating moments of the section defined in Table 7

30
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Table8. Design-investigation of beam described In Input-section of Table 7 at different preplating moments

As2-bal As2 Moment .
M, capacity Ductility
kN-m mm? mm? kN-m Ratio Control (a)
100.0 4682.0 3512.0 645.0 1.28 I
200.0 4369.0 270 627.0 128 E
300,0 343000 25720 568.0 1.21 C
400.0(b) a.0 0.0 324.0 4415 I
Noles:
(a) land E refer 1o internal and external steel control of ductility, respectively.
(b) AtM, = 400 no externul steel is permissible; moment capacity is that of the section with internal
steel only.

The results of design caleulations produced in Table 7 present strain-step history
of the section at preplating moment, M, = 100 kN-m. This moment was reached at
the fourth strain-step, the value of A py calculated was 4682 mm?, the desired per-
centage (75%) of this steel area was applied in the fifth strain-step and analysis con-
tinued until the ultimate concrete strain was reached. The nominal moment capacity
predicted by the model is 645 kN-m. The curve at M, = 100 kN—m, in Fig. 4, is
developed from the history.

In this beam, yiclding of A, (at twentieth step) before that of A, (at twentyfifth
step) indicates that ¢, vontrols evaluation of A3 b and the corresponding ductility
rativs are 1.66 and 1.58 respectively.

The neutral axis depth decreases until step four; from step five (when external
steel is added) it takes an increasing trend until the yield of the external steel at step
twenty; beyond this step it decreases again.

The crack height follows a trend opposed to that of the neutral axis depth
between these strain-steps.

Conclusions

The difficulty in direct evaluation of steel strains at preload, which are required
for the determination of the balanced area of external steel, are circumvented. The
model presented offers a rational basis for design and/for investigation of reinforced
concrete sections which may be externally reinforced at an existing state of loading.
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A pseudo-balanced external steel area for a given section at an existing state of
load can be determined so as to ensure ductility of the retrofit.

Crack height, ductility and moment capacity information in pre-and post-
retrofit states provided by the model are useful in judging the cifectiveness of such a
treatment.

The computcr implementation of the model may easily be carried cut with the
help of the equations presented in Tables 1 and 2.

A strain-step history of the section behavior may be developed by the program.
Such information, besides offering a design-investigation capability, also provides
strain information at service load levels and allows for the total planning of load test
of a beam specimen.
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