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Abstract. Matched asymptotic solutions are obained, in the Stokes regime, for the time-dependent visc-
ous incompressible flow past two spheres moving along their line of centres at very low Reynokds Num-
bers. The carrection of (O(1/d) in the drag force on a sphere due to the presence of the second sphere is
estimated.

1, Introduction

The application of hydrodynamic theory to the behaviour of solid and liquid particles
moving in a viscous medium at low Reynolds numbers has received increascd atten-
tion in recent years in connection with problems in chemical, geological, mining and
bio-medical engincering. An excellent rcview summarising the current state of
knowledge in this field and its applications is given by Brenner [1].

An exact solution of the linearised Navicr-Stokes equations for the steady
axisymmetric motion of a viscous fluid at low Reynolds Numbers, corresponding to
two spheres translating with equal velocities, has been obtained by Stimson and Jef-
fery [2] using a bipolar coordinate transformation. The problem was formulated for
spheres of arbitrary size but results were presented only for the equal spheres. Abdel
Moneim 3] has presented a theory for a system of rigid bodies moving through an
unbounded ideal fluid. He obtained hydrodynamic forces acting on the bodics by
applying Lagrange’s equation. Recently, Rushton an Davies [4] have solved the
unsteady problem of two fluid spheres slowly moving along their line of centres.

In most technical applications, multiple particle systems are more important
than the single particle situation. The main purpose of this paper is to develop an
understanding of the two body syslem starting with the dynamics of a single particle.
In this paper an attempt is made to study the unsteady flow past two equal spheres,
placed at a distance ‘ad’ apart, using the linear unsteady equations as the spheres
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movc from rest along their line of centres. The method of reflections as proposed by
Happel and Brenner [5], is used to solve this two-body problem in hydrodynamics.
The inertial effects at low Reynolds numbers are accounted for by adopting the
method of matched asymptotic technique. The correction of O(1/d) to the drag force
due to the presence of the second sphere is estimated.

2. Formulation of the Problem

Consider two equal spheres with radius “a’, sepurated by a distance ‘ad’, moving
along their line of centres with velocity V(t) in an unbounded viscous, incompressible
medium. The fluid at infinity is at rest. The frame of reference is the spherical polar
systcm with origin at the centre of the spheres and the pelar axis along the Z-direc-
tion (Fig. 1).

The radius, pressure, time and stream function are expressed non-dimension-
ally by;

Fig. 1. Geomui:c\mngunﬂonoftwoqual bodies moving alonyg their line of centres
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the flow problem is governed by the following non-dimensionalised differential equ-
ation as shown by Goldstein 6],

3 Re 3(D’vy,y)
(—-D)Dry-— [T _opryLy), @)
at r 8(r,u)
where :
- 1- 3 woa 1 a3
[} e —— B p— (3)
ar r au® 1-p? ar  r 3

Here the Reynolds number R, = Uafy (y being the kincmatic viscosity), i = cos 0,
@ is the density of fluid, p is the pressure, t is the time variable and 1 is the stream
function. The uppropriate boundaty and initial conditions satisfied by 4 are:

dy 3y
—=——=0, atr=1, (4)
ap ar
Y Sy
—=——={ , atr'=1, (3
du' ar'
and
{ 2 {1-p) H(t), asr— =,
¥ ——V(t)
2 (1w H(t). asr’ o, ()

Here @’ = cos 8 and H{t) is the Heaviside step function.

3.  Solutions

Assuming R, << 1, the Stokes approximation to equation (2)
S D2yDiy =
G- D) D=0 Y
Taking Laplace transform with respect to t of equation (7), one gets

(s~D)D2 =0 , (8)
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where ¥ (r,0,5) denotes the Laplace transform of Y(r,6,1). A general solution of (8)
can be written us [7]

Y= (A ™' +B (s)r°+ C, (s)y'? I{Mm(smr)

Il 18

n=1

+D (' Ky, 110 (5120 P () P! () )
Where I, +1z and K, are modified Bessel functions of first and second kind
respectively and P, (p) is the polynomial, P,‘,(IJ) is the associated Legrendre function,
Introducing the conditions of equation {6}, the solution takes the form
— (U V()PP {1-p?

Y= _ + L B (s
~(1VE (- n=t

+D, ()KL (6730 | PL(w) P! (1)

+ ¥ M, ()™ + N ()2 Ko ()20 ) PHWIPL) (10
m=1

As shown by Whittakar and Watson [8] and Watson [9], following identities arc val-
iedforr,r <d:

P;(H') ) (-1 E (l'l)iH (—r)JP' Gw; (1a)
protl 4o+t ji=1 g+1)t d :
SO £y (L y P ey (L1b)
Ml at o =1 G+
. @ 1
KimenaT) W)= Y X"(xd) Lo )P,', () (12a)
Vxr' " n=1 xr
© 1 '
K+ %1} PL= T Ym(xd)i“‘a(_xr)p'l‘ wy; (12b)
xT " n=1 " xr'

where @ (n), = n(n+1} (n+2) ... {n+s—1); (13a)
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7 K (xd)
F1 (m+1)y2

A; = J’—E (2m+l)——— 4
Vxd

’

K (xd) K (xd)
An= [ Femenm 0 wRT ),

(xd)*? Vxd
2n—-1 3 n—1
A= A"_I—‘A;_Z, forn>2,
0 3(xd)
xm A xd xd
= AT+ A"“_ — AM ;
T -1 "N gpae3 !

Y, (xd) = (-1)"" X" (xd).
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Inthelight of relations (11u, b) and (12a, b), the solution in equation {10) can be writ-

ten as
V=) VEC -+ ¥ [B ()1 + D (s)
n=1
x pi? K 1z ("] P (W P'_(w)
)nﬂ l,n+l

+
118
M

(-t Pl(w) P)(1)

i 18

(I'I+|}! dm-v»rul

8
18

+ N () X7 2d) 14 o(s7 0t Pi(w) P!(w)

1

m=1 n
Similarly for the second sphere ,
v =-(12) V) ri-pd

rm+1

® x = (n)m-H 1
(=)™ B (5) ———— ———— Pl(u) P (W)
* }=:1 m; B (m+1)t gmindt !

E D () Y* (sV2dyr' Ltz (s"*r') Pl(w) PLw)
n=

(14a)
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[+
+ L M) T+ N (2K, ), 687 PHw) PLGW) (14b)
m=1

Use of boundary conditions in equations (4) and (5}, the solutions in cquations
{14a,b) give rise to eight compatiablc simultaneous equations. Neglecting the terms
of O(1/d"), n > 4, for simplicity, the constants B,.D M,,, N_ can be calculated.

[ n'

The drag on the sphere is given by [7],

+1 ) 1 2y
f(y=2moUay | [-pu—-2—(——)
-1 ar * 8
1-p2 3%y 2 ay 1 3%
———37———,]1__1811;1, (15)
o P oar r oo
which in a nondimensional form F(t) = — f(1)/(6ngyUa) can be expressed as

2 t
F)=—[ V() +B,() -2 f D (x)K(t—x)dx
9 0

2 t 3
——M@U) -] Y NxIm, t-x)dx], (16)
d 0m=1
where: K =L"[K,, (D] (17a)
I{m,)) = L' [Y" (s"2d) 1, (s'P)] . (170)

To avoid cumbersome calculations and the difficulties and the difficulties
involved in simplifying the summation, the terms of O(1/d) ure retained in the calcu-
lation of the drag, i.e.

_ It IV(x) |
F(t) = (173) [V(1) + V(1) + —d
A 0 Va(il—=x) .
t IV
— (2 [3V(1) + [ ——— (270" —1)dx) (18)
0 ni{t—x
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4. [nertial Effects

Follawing Sano [10] the time and space region of the flow is subdivided into
three domains.

In the small-time domain where t = O{1) the vorticity layer is confined to the
inner region in r and the far ficld remains relatively at rest. Therefore, the assump-
tion that the nonlineer incrtia terms are negligible is valid throughout the flow field
and the corresponding expansion of the stream function can be written as

Y= Pylrp ) + Roplru,t) + .. (19)

The leading term vy, satisfying the unsteady Stokes equation (7) and the boundary
conditions (4-6), is given by equations (14a,b). In the large-time inner domain,
where t = O(R?) and r = O(1), the time derivative terms along with the nonlineur
terms are neglected from the momentumequations since the corresponding motion
is quasi-steady. As time increuses the vorticity diffuses into the outer domain in T.
Conscquently in the large-time outer domain, the terms of the momentum equation
acquire comparable magnitudes and the large-time inner solution is no more valid in
this domain. The two expansions in the large-time domain atc constructed in such a
way that: 1) the inner expansion satisfies the boundary condition on the surface; 2)
the outer expansion satisfies the boundary condition at infinity; 3) the two ¢xpan-
sions match identically in the overlapping region in space and also match the small-
time expansion (19) at smali T, where T is the time variuble in the large-time domain
defined as:

T=R:t (20

The govezrging equations at large-time can be obtained from (20) when 3/3t is
replaced by R_ 57. The appropriate cxpansion for the inner solution for large-time is

YO =y, ir,0,T) + Ry (e T) + O(RY) (21)

where YE(r,u, T) is the same as y(r.u1, 1) of (19). In the large-time outer domain, the
variables arc

R = R,1, (R, T) = RAy(r,pt) (22)

in terms of which the governing equation is
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3 1 a(w(ﬂ), Alq,(ﬂ))
(— - ANA YO = —[———— + 22O My, (23)
aT R? 3(R, 1)
where: A’=RZD2;M=R'L (24)

The expansion for Y is
V% = (2)V(T/RY) R* (1+4%) + RWO(R 1, T)+O(RE) (25)

where for sufficiently small R, V(TIR:) can be assumed to take its asymptotic value
I

Substituting (21}, into the corresponding equation valid for large-time domain,
ane gets:

D4’ =0 ; (26)
3wl D)
B(1.p)

It is not difficult to show that the solution of (26) satisfying the boundary conditions
on the body and the matching requirements that the contribution of y, to ¢,
when expressed in terms of outer variables, should not contain terms of greater order
than unity. It can be written as

D% = 2

+ 2Dl Lyl @n

39
W = [(14) (—1 + — — ——) (™" = 3r + 217)
2d a8

+_l(lr_l—-—51—l'+23r2—"‘l'2_r4)](l_“2) (28)
16d* 10 2 5

The second term wf"’ of (25) satisfies
M 3
(A + ——— +pu———-—) Al =0 (29)
R 3p dR aT
Taking Laplace transform of (29) with respect ot T, one gets
- 3 a3

) A2 =0 (30)
3u 3R

(AT+
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A solution of (30) which vanishes at infinity is
2 ={0) R 2 2
A p® = C(s) exp - ?(X + W) (1+ Rx M1— ) (31)

where X = (45+1)". 'The constant C(S) can be obtained, by matching the right hand
side of (31) with the Laplace transformation of the vorticity associated with the inner-
ficld, as

X 2

Cle=-——03+-—) (32)
4s d

% is now determined from

2150 = - 2 a4 204 2 yerpl- Rexemia-wd) 33)
4y d RX 2

It cun be veriied the the solution of (33), which is not of greater order than unity and
satisfies the matching requirement, is

31 (1+p) R VT
w¥°’=(;+:)["‘”m+ » Mot
s (R(l : (1-p) erf( R VT )]
- —_ — - -
pl5 e VT 2

X [1 — exp{- % (1+w)}) + e R [sin h(;) + pcosh(zﬁ)]

-R? T .. R
— ()~ exp( iy Y[ €72 — cos h(R/2)+ psin h( ?) 1

(RT)—UZ 2
———R¥exp(~TH) 3} (-1)™'@n+D)7'] P (W
2 n=1
- Pn—l (I“')] Gn (R)T)] ] (34)
where
Rx: T
G,,(R-T) = 81[( T - ? - T) I(n+1)a (Rx12)
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2
X e RxI4Tx(n+3V2+(_}:_2__I__l_)
4T X 2 4

2 2
I(n+1y2 (R/2x) ¢~ RTATX" y(n-5)2 ] dx (35)

Substituting for 1p(') from (28), the solution of (27) satisfying the boundary condition
and the matching requu'cment (with outer expansion (34)), can be oblained as
v (1.p,T)=

2 4 2 2
——— 3+ —)[(1+ = ) erf(T"?R) + — (1 ~ —
( d)[( 73 ) erf(T72) 7! T)
x e e - 3 + 20) PJ(w) P (p)
1 1
-[—(%-r"! —3r+2r2+l}—i(—s-l--r‘2
32
9 21
——r"+—r1-—3r+3)—~—] _3 24+ 81!
2 4 4 64d 4
#1 27
-7+ - =) — — (o 72
5T ) 8063(9» + 28271
1047 _ 171 NN
i rz—-? + — 1Pl P, (36)

Making use of the inner solution ¢ = i + R_!" given by (28) and (36), the force
F up to O{1/d) for the large time clomam can be obtained as

o
F=[(1-—)+ R, {—(3 + 2ot Sy 2D

\/_T (1——)6 T’41}1 (a7

A single composite expansion for the fluid force, vakid for all values of time can
be obtained by replacing the first two terms of O(L) in (37) by the force expression
{18) which is valid for small time.

5. Conclusions

From the expression (18) one can obtain the single sphere drag of Bentwish and
Miloh {7] whend — = . Finally, one can note that the presence of second sphere gives
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the drag a negative correciton of O{1/d) when both the spheres move in the same
direction. In such a case, the loss in drag of the first sphere is caused by the accelera-
tion imported to it in the direction of the fluid motion due to the inertia of the second
moving spheres.
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