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Abstract, The similarity solutions for laminar boundary layer equations over a stretched surface with suc-
tion or injection are presented. The surface was assumed to move with a power law velocity profile corres-
ponding to a velocity parameter —0.93416 < m =< 5.0 and subject to a dimensionless suction of injection
controlling parameter —1.0 < d < 4.0. Tt was found that the suction of the boundary layer on the stretched
surface delays the backflow while injection increases the strength of the reverse (or velocity overshoot)
flow for more negative values of m. Non-unique solutions of the governing equations subject to the boun-
dary conditions have been obtained for various values of m. The dimensionless shear stress at the
stretched surface increases with increasing d up to a maximum, where there is a balance between the
shearing force and the inertia force of injection, then it decreases asymptotically to zero for some deceler-
ated flow (m < 0). However, for accelerated flow (m > 0) it increases asymptotically to zero.

Nomenclature
A, = Constant = —0.334287;
B, = Constant = (.406887;
C, = Constant = —0.171006;
E, = Constant = 0.0240451;
d, = Dimensionless blowing (or suction) parameter;
f, = Dimensionless stream function;
m, = Velocity exponent parameter;
Re,, = Reynoldsnumber[= U x™*Vfvor="U,xw]
u, = Velocity component in x-direction;
U,, = Constant;
v, = Velocity component in y-direction;

43



44 Mohamed E. Ali

X, = Coordinate in direction of surface motion;

¥, = Coordinate in direction normal to surface motion,

Greek symbols

3, = Boundary layer thickness;

m = Dimensionless similarity variable [= y / (m+1)/2} (U, x™ 'W));

M, = Absolute viscosity;

v, = Kinematic viscosity;

1, = Shear stress.

Subscripts

w, = Condition at the surface;

o, = Condition at ambient medium,
Superscripts

r

, = Differentiation with respect ton

Introduction

The laminar boundary layer flow field developed by a continuously streiched surface
in a quiescent fluid has many industrial applications. Such applications are continu-
ously extruded polymer sheets and plastic films from a slit, and in the coating of a
moving surface in which this surface is isothermal (Rezaian and Poulikakos [1]).
Therefore, in this paper the effect of suction or injection of the boundary layer over
‘a stretched surface is studied. The surface is assumed to move with the more general
power law velocity profiles.

Sakiadis [2-4] has reported the flow field analysis for a continuous flat and cylin-
drical surfaces respectively. In his analysis the stretched surface was assumed to
move with uniform velocity (m = 0, d = 0) and similarity solutions were developed
for the governing equations to map out the boundary layer thickness, displacement
and momentum thickness respectively. A class of flow field similarity solutions has
been considered by Banks [5) for stretching surface with a power law velocity distri-
bution however, suction or injection was not allowed. He also reported that for this
type of similarity solutions there is no evidence for existence of dual solutions of the
governing equations subject to the boundary conditions. The flow field m = 0 corres-
ponding to a surface moving with a uniform speed has been considered by many
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authors. The boundary layer of air gencrated by a sheet of water has been studied by
Taylor [6], and the problem of oscillatory viscous flow was reported by Stuart [7].

The flow and temperature fields of a stretching surface (d = 0) have been
analyzed by Crane [8] for a linearly moving surface, and by Vleggaar [9] for flat and
cylinderical surfaces moving with uniform or linear speed. Furthermore, an stretch-
ing surface moving with a power law velocity and temperature profiles has recently
been studied for three different temperature boundaries by Al [10].

The suction or blowing of the boundary layer over a stretched surfaced has been
reported by Gupta and Gupta [11] for linear surface velocity with uniform tempera-
ture. A series solution of the boundary layer equations subject to suction or injection
was reported for a vapor boundary layer at the condensate surface by Ackroyd [12].

In the prescnt study a class of similarity solutions of the boundary layer equa-
tions of a stretched surface moving with the more general power law velocity subject
to suction or injection at the surface is reported.

The mathematical anatysis of the problem is presented in section II followed by
the numerical solution procedure in section III. Results and discussion are reported
in section IV. Finally, summary and conclusions are given in section V.

Mathematical analysis

The motion of laminar incompressible boundary layer flow with constant fluid
properties over a stretching surface with suction or injection is governed by the fol-
lowing continuity and momentum equations.

3u v
3x oy )
du du o2 u
Y ax Y Jy dy? @

The usual boundary layer approximation of a slender region (Schlichting [13]) has
been used in developing the above governing equations with zero axial pressure gra-
dient. Equations (1) and (2) are assumed to have the following boundary conditions

u=U,=U_x", v=v,#0 @y=0 (3)

u—=0., @y—> (4)
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in which m is the velocity stretching parameter and U, is constant. The cartesian (x,y)
and the boundary layer representation on a stretching surface are sketched in Fig. 1.
In this figure the x-axis is in direction of the moving surface, and the y-axis is perpen-
dicular to it. The velocity component in the direction of x and y are u and v respec-
tively. Qualitative vertical velocity distributions are presented in Fig. 1 for three dif-
ferent values of m which presents an injection flow at the surface boundary. Equa-
tions (1) and (Z) may be reduced to one single ordinary differential equation by using
the following similarity transformation

m
u = Uo xm .f‘(n)’ n:y E;._l [jo_x (5)
V Uv.r
20U mt +1 1
= o 2 |m*l m-l .
v 1/m+1x [2 f+ > fn] (6)

with a prime denoting differentiation with respect to 1, N is the similarity variable
which depends on y and x, and f is the dimensionless stream function that depends
on 7 only. The final transformed governing equation becomes

2m

S &
+1

f2=0 Q)

subject to the following boundary conditions derived from equations (3), (4) and (6)

1-m
f(0) = 1Lf(0) = —v,, 1”;U ‘JEZ+_1 , (=) = 0 (8
o

In deriving the second of the boundary conditions (8) the vertical injection or blow-
ing speed v, must be a function of the distance (for m #.1) from the leading edge.
Consequently, v, is described by the law

Vo

v, =dU_Re"?, or d= Rel? 9

w

in order to have a similarity solution in which the mathematical solution contains n
alone. Itshould be mentioned that v, must be of order of magnitude of U, Re2[13],
where Re = U, x/v, in order to ensure that a flow with suction or blowing at the sur-
face satisfies the assumptions of boundary layer theory. Therefore, d which is intro-
duced as a blowing or suction parameter must be of order one (Bejan [14]). How-
ever, form = 1, v, is a constant does not contain x and the similarity solution still can
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Fig. 1. Qualitative representation of boundary layer on a stretched surface with injection velocity v, for (a)
m<lL(bBm=1({cm>1-
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be found as described by Chow [15]. Equation (7) and the boundary conditions (8)
reduced to Eqgs. (8) and (9) in Gupta and Gupta [12] for m = 1. The second of the
boundary conditions (8) can be written as

2

= dy—— 10
FO) = -dy—— (10)

From Egq. (9), it is clear that suction or blowing parameter d is used to control
the strength and direction of the normal flow at the boundary. Therefore, for positive
or negative d we have a blowing or suction boundary condition respectively.

Expressions for shear stress and boundary layer thickness can be developed
from the similarity solution of Eq. (7) and from Eq. (5) respectively

_ 1 .
T=p U™ % JRe, " () (11)
X Thmax
s = —max_
Re, [m+l1 (12)
2

In Eq. (11) f" V((m+1)/2) describes the dimensionless shear stress distribution in the
boundary layer and the particular value of f* V{(m+1)/2) at n = 0 represents the

dimensionless shear stress on the stretching surface.

Numerical solution procedure

The fourth order Runge-Kutta-Merson method was used to intergate equation
(7) subject to boundary conditions (8) and the modified £(0) given by (10). The half-
interval method is used to find f” (0), and the algorithm has been modified following
Chow [15]. The computation was carried out on an IBM compatible 386 personal
computer machine. The solution provides f, f', and f” which depend on 1. The value
of n,, was chosen as large as possible between 7 to 20, depending on m and d without
causing numerical oscillations in the solution.

Results and Discussion

Equation (7) subject to the first and third boundary conditions of (8) and the
modified boundary condition (10) has been solved for the velocity parameter
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—0.93416 = m < 5.0 and for different values of the dimensionless spced 1.0 <d <
4.0.

Some representative velocity profiles are presented in Fig. 2 for various values
of m and for injection flow at the boundary for positive value of d = 0.6. In this figure
the velocity profiles for m > ¢ exhibit exponential decay with no inflection points.
However, for m, = —0.147 the slope of the velocity profile is almost zero at n=2~0
(£’ (0) = 0.005) and it has a separation point. Furthermore, if m decreases a backflow
develops and then for more negative values of m, a velocity overshoot is expected as
shown in Fig. 3 for various negative values of m and in this case the surface is
stretched with a decreasing velocity creating a decelerated flow. Moreover, in Fig. 3
. the boundary layer thickness decreases with decreasing m and as m decreases the vel-
ocity profiles change their slopes to be steeper near the edge of the surface and the
velocity overshoot stream continues. Comparing this case with decelerated flow over
a stationary flat plate (Schlichting [13]) it can be seen that applying injection at the
boundary of a decelerated surface increases the strength of the reverse or overshoot
flow and reduces its boundary layer thickness.

1.0 -
1 m = - 0.147
3
(.8 1
0
0.6 3
' 3 1
f'(n) ;
0.4 3
0.2 3
3 5
0.0 : mrrrrrrrrrr T L L 2L T T T r 7" T rrrrr
0.0 2.0 n 40 6.0

Fig. 2. Simllerity velocity profiles as a function of the similarity varisble 1
far verious values of m and for d = 0.6.
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Fig. 3. Similarity velocity profiles indicating the velocity overshoot
’ stream for negative values of m and for d = 0.6.

The presence of an inflection point in the velocity profile is an indication of flow
instability (Lin [16]) and when the mass flow in blowing is made large, it is observed
that the corresponding numerical calculation becomes difficult, because the velocity
profile acquires a kink. Therefore, difficulties are developed in the computation for
large negative values of m with positive values of d.

During the search for the similarity solutions of Eq. (7) subject to (8) and (10),
the only accepted solution was the one in which the velocity profiles exhibit asympto-
tic decay to zero. Therefore, if the velocity profiles contain negative regions, in spite
of these solutions satisfying the governing equation and its boundary conditions, they
are unreahstic and are not considered.

The existence of non-unique solution has been found. Figure 4 presents f’ (n)
as a function of the similarity variable n for m = 2.0 and 3.5 and for d = 0.6. In this
figure the non-unique solutions of the velocity profiles are presented, each group of
them exhibits one asymptotic decay solution and the other has a region of negative
velocity for the same value of m. Similar curves of the velocity profiles for d = 0.4 are
presented in Figs. 5 and 6 for various values of m.
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Fig. 4. Similarity velocity distributions showing the existence of
non-unique sofutions form = 2 and 3.5 for d = 8.6.
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Fig. 5. Similarity velocity proflles as a function of 1 for different
valuesof matd =0.4.
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Fig. 6. Similarity velocity profiles showing the velocity overshoot
flow for negative values of m and for d = 0.4.
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Fig.7. Similarity velocity profiles for various valuesof m atd = — 0.6,
the dashed line indicating the backflow for I’ (n) > 1.
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The suction of the boundary layer from the stretched surface is shown in Fig. 7
for @ = — 0.6 and for different values of m. In this figure all the velocity profiles for
—0.645 < m = 5.0 have asymptotic decay with no inflection point in the fluid. How-
ever, for — 0.645 = m the fluid has an inflection point and the reverse flow occurs
above the dashed line and the separation point is very close to m = — 0.645 where {

1{0) = 0.006.

Comparing Figs. 3,6 and 7 it is clear that decreasing the controlling parameter
d delays the reverse flow; in other words, m decreases with decreasing d and hence
more aymptotic type solutions can be obtained with no inflection points. Table 1
shows the critical values of m, d for no reverse flow in the fluid. The relation between
the critical values of m and d presented in Table 1 for zero surface shear stress is plot-
ted in Fig. 8. The following third order polynomial is used to fit the data

Table1. The critical values of the velocity parameter m and the
injection parameter d for zero surface shear

d m
2.2000 —0.0100
2.0000 —-0.0120
1.8000 —-0.0170
1.7000 —0.0190
1.6500 —0.0220
1.6000 —0.0230
1.5500 —0.0250
1.5000 —0.0280
1.4500 —0.0300
1.4000 ~0.0320
1.2000 —0.0480
1.0000 =0.0750
0.8000 —0.1670
0.6000 —0.1470
0.4000 =0.1970
0.2000 —0.2600
0.1000 —-0.2950
0.0000 —0.333335

—-0.1532 —0.4000
~(0.2000 : —0.4220
—-0.3158 —0.4800
—0.4000 —0.5255
—(.6000 —0.6446
—(.8000 —0.7805
—0.9000 —(1.85506

—1.0000 —0.93414
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Fig. 8. The critical valwes of m as a function of the blowhag parame-
ter d, the dashed line connecting the computed points to the
extrapolated one.

m=A+Bd+Cd+Ed

where A,B,C and E are constants given in the nomenclature. The last point in Fig. 8
is an exirapolated point which gives d = 3.097 for m = — 9.646e—5 where m
approaches zero from the negative side since for m = 0 all solutions have no reverse
flow. Figure 8 shows that using suction on the stretched surface boundary delays the
occurrence of reverse flow. It should be noted that for m = — 1 there is no solution
where £(0) will blow up.

The nondimensional shear stress at the stretched surface presented by
((m+1)/2)? £(0) is shown in Fig. 9 for various values of m as a function of the dimen-
sionless velocity d. In this figure the shear stress at the wall increases with increasing
d and the velocity profiles corresponding to that change from asymptotic decay
before £ (0) reaches zero to profiles have inflection points for all positive values of
'(0). Furthermore, f'(0) reaches its maximum form = — 0.2and — 0.3 ata specific
value of d, where there is a balance between the shearing force and the inertia force
of injection, and beyond this value it decreases with increasing the injection parame-
terd.
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Fig. 9. The dimensionless shear stress distributions at the siretched
surface boundary as & function of the blowing parameter
d for various values of m .
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Fig. 10. The nondimensional boundary layer thickness distribution
as a function of d for m = — 0.4 and — 0.48,
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Figure 10 presents the dimensionless boundary layer thickness defined by Eq.
(12) as a function of d for m = — 0.48 and — 0.40. In general incrcase in suction
causes progressive thinning of the bounda‘ry layer for all m while reverse is true for
injection. However, caution must be taken for negative m. If blowing is applied or
suction degree is reduced (d > d at {” (0,0) = 0) beyond the point of separation
where ' (0,0) = 0, then the strength of backflow is built up. Furthermore, this is cor-
responding to decrease in 8 up to a maximum value where a velocity overshoot.
Moreover, if suction is allowed to increase or degree of blowing decreased (d < d at
#(0,0) = 0) then & decreases as in the general scenario mentioned before.

Summary and Conclusions

The flow field of the laminar boundary layer over a stretched surface that moves
with a power law velocity profile with suction or injection at the boundary is reported
for various values of m and d. It was found that for m = 0 and for all values of d,
studied in this paper, the similarity solutions exhibit asymptotic behavior. However,
for negative values of m, where the stretched surface decelerate in the x-direction,
the backflow (or overshoot) is developed and its strength depends on d. Further-
more, if blowing is admitted (d > 0) at the surface boundary the strength of the
reverse {or overshoot) flow increases with decreasing m for constant d > 0.
Moreover, if suction is allowed (d < 0) at the boundary then the strength of backflow
decreases sharply compared to the blowing case for the same negative values of m.

Non-unique similarity solutions have been found for the governing equation
subject to the boundary conditions. Despite these non-unique solutions satisfying the
governing differential equation and the boundary conditions, the only physically
acceptable solution is the one exhibiting an asymptotic decay to zero.

It has been found that the dimensionless shear stress at the surface increases for
increasing d for m = 0 and it asymptotically decays to zero as for m = 0, and 0.2. Fur-
thermore, the shear stress continues to increase up to a maximum value that depends
on d and m {m < 0) and then decreases asymptotically to zero as seen form = — 0.2
and — 0.3. The boundary layer thickness decreases when suction or injection is
applied form = — 0.4 and - 0.48.
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