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Abstract. A numerical model, based on the finite-volume method, is developed and applied for the deter-
mination of the two-dimensional, steady-state temperature variation in a composite slab with tempera-
ture-dependent thermal conductivity. Results of application to four cases are compared in which the slab
can be: (1) homogeneous with constant conductivity, (2) composite with temperature-independent con-
ductivity, (3) composite with linear temperature-dependent conductivity, and (4) composite with non-
linear temperature-dependent conductivity. Analytical solutions are utilized for the first three cases and
show excellent agreement with the numerical results. A parametric study is carried out to investigate the
effects of grid size, conductivity ratio of materials in the composite and various forms of conductivity-tem-
perature relations. The temperature distribution is found to remain unaltered to change in conductivity
for a conductivity ratio greater than about 100. The superiority of using the harmonic mean of the nodal-
face conductivity is demonstrated. '

Nomenclature
A,B,C = finite-difference coefficients
IX1&2 = gridindices for locating interface
k = thermal conductivity defined by Eq. (5)
K . = reference conductivity
K = dimensionless conductivity, k/k
/ = length of slab
n = temperature exponent used in Eq. (5)
NI,NJ = number of nodes in x and y directions, respectively
T = temperature
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TOLER = tolerance for normalized total residual error

U = transformed temperature defined by Eq. (7)

W = width ofslab

X,y = coordinate directions

X; = interface location

XY = dimensionless coordinates, x/1, y/I, respectively
Greek symbols

a = under-relaxation factor

f = temperature coefficient used in Eq. (5)

Y = thermal conductivity ratio, k; /k,

ox, dy = inter-nodal distances, Fig. 2

0 = dimensionless temperature, (T—T,)/(T,—T,)
Subscripts

b,lr = bottom, left and right boundaries, respectively

e,n,s,w relate to nodal faces, Fig. 2

E.N.,P.S'W = finite-difference grid points

m,1,2 m = 1 for material 1, m = 2 for material 2
0 = reference value

Introduction

The problem considered and practical relevance

In many heat-transfer applications, the heat-conduction medium is composed of
multiple layers of materials with different thermal properties. Examples are found in
furnaces and ovens, electronic components, thermal insulation systems and in com-
posite fins. The cooling and heating loads of buildings depend on the thermal
behavior in the composite constructions of their walls and roofs. Roads and highways
are constructed using an asphalt-concrete composite with the soil layer beneath; tem-
perature variations and thermal stresses are of major interest to the engineer who is
concerned with the cracks forming under different traffic-load conditions. It is,
therefore, important to be able to calculate the temperature distribution and heat-
transfer rate in composite structures under different boundary conditions and mate-
rial properties. The thermal conductivity of materials varies with temperature in dif-
ferent ways; for most pure metals it decreases with increasing temperature, whereas
for most insulating materials it increases with temperature. When small temperature
differences are involved, the conductivity can be approximated to vary linearly with
temperature; in general, however, the relation is nonlinear. These forms of temper-
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ature dependence, which must be accounted for in the analysis, give rise to nonlinear
conditions. Materials in which the thermal conductivity depends upon the direction
of heat flow, anisotropic materials, are not addressed in-the present study.

Review of previous work
One-dimensional studies

Ozisik [1] described various methods for solving one-dimensional, time-depen-
dent heat conduction in composite media with temperature independent properties.
Such methods include the separation of variables, Green’s function, Laplace and
integral transforms. The Laplace transform was used with various boundary condi-
tions [2-5]. Periodic boundary conditions were applied by Han [6] in a semi-analytic
approach using complex algebra. Radiative boundary conditions were applied by
Sunden [7] in a finite-difference solution. Hagen [8] used a linear perturbation series
with a spatially-dependent conductivity.

Nonlinear, one-dimensional, time-dependert heat conduction in a homogene-
ous medium was studied by [1;9-13] amongst many. The studies dealt mainly with a
linear temperature-dependent thermal conductivity. The method of successive
approximation was used by Yang [9] in a semi-infinite solid: Halle [10] solved a simi-
lar problem by applying the Kirchhoff transformation. A perturbation methcd was
employed by Aziz and Na [11] in analyzing the periodic heat transfer in fins; a similar
technique was used by Jones [12] in a slab with temperature dependent heat genera-
tion. Kar et al. [13] presented analytical and numerical solutions by applving the Kir-
chhoff transformation and the method of characteristics.

Multi-dimensional studies

Multi-dimensional heat conduction problems in composites with temperature-
independent properties were studied by, for example, [14-20]. Huang and Chang
[14] used the Green’s functions and incorporated a linear temperature-dependent
heat generation in laminated composites. Palisoc et al. [15] presented a solution in
the form of a double Fourier integration. The finite-element method was used by
Tamma and Yurko [16]. Thermal analyses of straight composite fins were carried out
[17-19]. Mikhailov and Ozisik [20] used the separation of variables and split up the
multi-dimensional problem into 1-D eigenvalue problems.

Variable thermal conductivity in multi-dimensional heat conduction problems
were investigated by, for example, [21-24]. The studies dealt with a linear tempera-
ture-dependent conductivity in homogeneous {21-23] and in composite [24] media.
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Campo [21] presented a quasi-analytical procedure based on a regression analysis,
while Wrobel [22] presented a boundary element method and used the Kirchhoff
transformation and an iterative Newton-Raphson technique. The finite-difference
method was employed by Zhao et al. [23]. Chang and Payne [24] developed an exact
solution in a two-material-layer slab using the Kirchhoff transformation and the
method of separation of variables.

In summary, it is concluded from the above review that investigations of multi-
dimensional problems in composites with temperature-dependent properties are
scarce. Besides, analytical solutions to this class of problems are limited to linear

temperature-dependent properties and to simple configurations and boundary con-
ditions.

Objectives of the present work

The main objectives of this work are to develop a numerical model and conduct
a study of two-dimensional, steady-state heat conduction in a composite structure
with temperature-dependent conductivity. The rectangular configuration depicted
in Fig. 1is considered in which analytical solutions, under simplified conditions, are
available for comparison. The model is applied to four slab cases: (1) homogeneous
with constant conductivity, (2) composite with temperature-independent conductiv-
ity, (3) composite with linear temperature-dependent conductivity, and (4) compo-
site with nonlinear temperature-dependent conductivity.

(adiabatic)

material 1 material 2

1
]
]
]
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]
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]

(Ty)

Fig. 1. The composite slab configuration
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Mathematical Formulation

Basic assumptions

In order to keep the problem relatively simple so that closed form analytical sol-
utions can be developed for validating the numerical model, the following assump-
tions are made. Steady-state and two-dimensional conditions are considered in an
isotropic two-layered slab with no heat generation. Perfect thermal contact is
assumed at the interface. The thermal conductivity of either material can vary with
temperature.

It is worth noting that the thermal contact resistance may be substantial in some
cases. This depends upon empirical information and factors such as: the materials
involved, the surface conditions, the binder, the interface temperature, and the pres-
sure exerted on the composite. Therefore, the present analysis may only be used to
address such practical problems in an idealized manner.

The governing equations

Based on the above assumptions, the equation governing the heat conductionin
the composite is given for materials 1 and 2 by:

0 oT 0 oT
ax(mBX)Jray[kmayj ’ W

where the subscript m = 1 relates to material 1 bounded by 0 <x <x;and 0 <y < w,
and m = 2 relates to material 2 bounded by x, <x</and 0 <y < w.

By defining appropriate dimensionless parameters, as given in the nomencla-
ture, Eq. (1) is cast in a nondimensional form as:

0 00 0 00

A s 1 2 _

ax(max)+ay(Kma\r{nj‘0 )
Boundary conditions

The composite top boundary is taken to be adiabatic while the other boundaries

are isothermal with temperatures as given in Fig. | and described in a dimensionless
form by:
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8=1 atX =0 and 0 <Y < wl/l,

0=0, atX =1 and0<Y < w/l,

6=0 atY =0 and0 <X <1, and

36/3Y =0 atY=o/ and0 <X < 1. 3)

The conditions at the interface (X = x,//) are:
0,=10,,
K, (36,/0X) = K, (36,/3X). (4)

Thermal-conductivity-temperature relations

The conductivity (k) varies with temperature (8) according to:

ko = ko (14 B, 0™, (5)

n

where k| is the thermal conductivity of material m at the reference temperature of
8 = 0. Appropriate values of the coefficient | and the exponent n_, can represent
the conductivity-temperature dependence of many practical materials.

Analytical solutions
Case 1: Homogeneous slab with constant k

With reference to Eq. (5), this case corresponds to k, = k, and 3, = 0. The gov-
erning equation becomes linear and its solution, under the nonhomogeneous bound-
ary conditions given by Eq. (3), is obtained by the separation of variables method
and the principle of superposition as:

0X,Y) = [TX,Y) = Ty)/(T, =Tyl

4~ sin(A,lY) . .
T = =Y =S [T, sinh{A,l(1- h(A /X)),
(X,Y) nznsmh(kn” [T, sinh{A/(1-X)}+T, sinh(A, X)) (6)

n=1

where the eigenvalues are: A = nn/2w forn =1,3.5, ...



Two-Dimensional Heat Conduction ... 225

Case 2: Composite slab with k independent of 6

This case corresponds to k; # k, and 8, = 0, see Eq. (5). Equations (1) to (4)
were solved analytically for T, and T, by using the method of separation of variables,
Chang and Payne [24].

Case 3: Composite slab with linear k(0)

This case corresponds to n,, = 1 in which a linear relation between k  and 0
exists for finite values of . The governing equation becomes nonlinear and Eqs. (1)
to (4) were solved analytically for U,(x,y) and U,(x,y) by Chang and Payne [24] using
the Kirchhoff transformation and the method of separation of variables. The values
U, and U, are the transformed temperatures T, and T, given by:

where T, is a reference temperature and k is the value of k (T) at T . Sub-
stituting Eq. (5), with n,, = 1. into Eq. (7) and taking T  to be zero, one gets after

integration:

1 i
Tm(xv)')zE[{l+2ﬁmUm(x’y)}l/2 _l_]l (8)

In the present study, the analytical equations derived by Chang and Payne [24] for
U, are used in conjunction with Eq. (8) to obtain T, (x,y) for comparison with the
numerical resuits.

Case 4: Composite slab with nonlinear k(6)

When n, is not equal to unity, a nonlinear relation between k, and 8 exists for
finite values of 3, see Eq. (5), and closed form analytical solutions are not possible.

Numerical Solution Procedure

Introduction

The numerical solution procedure is based on the finite-volume method. The
essence of the procedure is to replace the governing partial-differential equation (1)
by aset of finite-difference equations (f.d.e.’s) and to provide a method for their sol-



226 Sami A. Al-Sanea

ution. Use is made of the computer program TEACH-C, Gosman, et al. [25], which
is modified for the present problem. The following sections give the salient features
of the procedure; for more details, see [25].

The finite-difference grid

The physical domain is discretized into a number of control volumes (cells) by
imposing a rectilinear grid composed of coordinate lines. The temperature and ther-
mal conductivity are calculated and stored at the discrete points formed by the grid-
line intersections (nodes). The grid need not be uniform and, hence, nodal points can
be concentrated in regions where temperature gradients are steep. This enhances the
accuracy and economy of the method. A representative portion of the grid is
depicted in Fig. 2 which shows a typical node P and its neighbours N,S,E and W,
together with various items of notations. The intervening control volume boundaries
are denoted by lower-case version of the same letters, n,s,e and w.

ey

dxep
e ; >
! 1
! N [
H o | [}
1 n n 5
--——-----l—-—-----?---+—-----......- - yNF'
1 —
w g, ——p» P _.}.’qe E f
N VA |
L lw —@ ;e @ Y A
1
1
1
1
- ___-L-__..f-4._-{.- ..... SN AP dYps
| 9. !
i ° ! y
1
! i
! i

=4
x

l

Fig. 2. A typical cluster of grid nodes and associated notation

The finite-difference equations

A finite-difference equation counterpart of the differential equation (1) is
derived for the representative node P shown in Fig. 2. Equation (1) is integrated over
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the control volume surrounding P as follows (the subscript m is removed for clarity):

neel g (0T Jd(,dT
—|k— |+ —|k— || dx dy = 0
J; J.W|:8X( ij ay( ayﬂ * Y
(i) The integrated conduction terms in the x-direction (1,):

I, = [k 8y,, 9T/3x], — [k 8y, 8T/ax],,

=k, Oy, (Tg — Tp)/0xpp — K, Oy, (Tp =

= Ap(Tg = Tp) + Ay (Ty — Tp),
where

Ag =k, Oy, /Oxpp and Ay, =k Oy /OXpy.

(ii) The integrated conduction term in the y-direction (1.):
I, = [k &x,,, 9T/3y], — [k ox,,, 3T/3y],
= A (Ty = Tp) + Ag (Tg — Tp).
where
Ay =k, 0x,,/0yyp and A =k, 0x,,/Oypg.

Assembly of terms I, and [, yields:

AN(Tp = Ty + A (Tp — Ts) + Ap (Tp = Tp) + Ay (Tp —

or

NSEW
Y AT, —T)=0.
i

)

Ty )/ 0Xpy

(10)

(11)

(12)

(13)

Ty) = 0.

(14)
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Equations (14) are the finite-difference (volume) energy conservation equa-
tions. These equations are nonlinear since their coefficients, given by Egs. (11) and
(13), depend on the temperature itself, through the conductivity. The nonlinearity is
handled within the framework of the iterative procedure described briefly in the next
Section. The nodal-face conductivities k,, k., k, and k,, are evaluated by the har-
monic mean of the nodal values; more details are given later. The boundary condi-
tions are incorporated through appropriate adjustments to the f.d.e.’s of the bound-
ary nodes. Equations (14) are written, one for each node; the outcome is a set of
simultaneous algebraic equations whose number equals that of the unknown temper-
atures. The task now is to solve these simultaneous equations.

Solution of the finite-difference equations

Equations (14) are recast into the following form:

NS.EW
(Ap—Bp)Tp= ) AT +C, (15)

where A, = ) NSEW ALBand Cp are used to introduce the boundary conditions
into the boundary nodes; for interior nodes, B, and C, are zero.

The solution of the set of Eqs (15), for all unknown nodal temperatures, is
achieved by an iterative Line-by-Line procedure combined with a Block- Adjustment
enhancement. The Line procedure involves the simultaneous solution for the tem-
perature, along each grid line, by a particular form of Gaussian elimination which is
the well known “Thomas Algorithm” or “Tri-Diagonal Matrix Algorithm
(TDMA)”. The Block-Adjustment procedure is applied to enhance the rate of con-
vergence of the iterative steps. Its essential feature is to increment the temperatures
during the iterative process by values, calculated from an overall energy balance, to
satisfy the conservation of energy principle. The values of thermal conductivity are
updated within the iterative process, according to Eq. (5), using the latest calculated
temperatures.

Evaluation of nodal-face conductivity

When the thermal conductivity varies with temperature or, in general, with
location as in composites, the nodal-face conductivity values need to be evaluated
from those calculated and stored at the nodal points. The nodal-face conductivities,
k., k,, k. and k,, are used in calculating the heat-transfer rates at the control-volume
(cell) faces, which lie midway between grid points, and are contained in the finite-dif-
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ference coefficients given by Eqs (11) and (13). Consider, for example, the east face
of the nodal point P shown in Fig. 2. A straightforward procedure for obtaining k. is
to assume a linear variation of k between points P and E, hence:

k, = (kp + kp)/2 (16)

This expression gives the arithmetic mean which is. incidentally, the standard
practice used in the TEACH-C code and is sufficient for most situations. However,
when the conductivity varies sharply across an interface or when large temperature
variations exist, the arithmetic mean is found to be inaccurate; this is demonstrated
later in the section “Effects of nodal-face conductivity”. Patankar [26;27] proposed
the use of a physically more realistic alternative and of a comparable simplicity;
namely, the harmonic mean. The expression for k_, for example, using the harmonic
mean is given by, [27]:

k, = 2kp kg / (kp + kp). (17)

The harmonic mean, thus, replaces the arithmetic mean and is used through the pre-
sent study.

Stability, convergence and accuracy of the iterative procedure

The stability of the process is procured by the satisfaction of the standard
requirement for convergence of an iterative solution method; namely, the diagonal
dominance of the coefficient matrix. With reference to the f.d.e.’s, Eqs (15), this
requirement is expressed as:

iAp—Bp\BiZIAiI (18)

at all grid nodes. The stability criterion is always obeyed when the coefficients B, are
either zero or negative. This criterion is valid for linear equations with constant coef-
ficients; however, it is also valid when the coefficients are ‘mild’ functions of temper-
ature [25]. For strongly nonlinear problems, it is sometimes necessary to damp the
changes in temperature which occur between iterations. This may be achieved by the
introduction of an under-relaxation factor a (0 < a < 1) and evaluating T, as:

Tp=aTS + (1 - o) TH, (19)

where T} and T ' are the solutions at the N™ and (N — 1)™ iterations, respectively.
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Under the conditions of the present study, the solutions are found to be stable with-
out the need for an under-relaxation factor.

Convergence

A converged solution is achieved when the changes in temperature, for all
nodes, produced by successive iterations diminish and when the sum of the absolute
values of residual errors in the f.d.e.’s is reduced to a prescribed small value. The lat-
ter may be a specified small fraction of a suitable reference quantity. such as the total
heat transfer rate. More details are given in the appendix.

Accuracy

In common with all finite-difference procedures, the accuracy of the present
method depends on specifying sufficiently small space intervals. It is, therefore.
necessary always to ensure that the solution is invariant to further reduction in these
intervals. This is dealt with in Section of “Finite-difference gridindependence test”.

Other computational details and a typical computer output are given in the
appendix.

Results and Discussion

Introduction

The calculations are carried out for the following parameters: w = 1/2, x; =172,
Ky, = 1W/mK.8,=1,0 =0.1and8, = 0. The thermal conductivity ratio,y = k, /
k, ., 1s a variable parameter and is altered by varying | S

Lo

Finite-difference grid independence test

An investigation is made in order to establish an optimum grid to use. For this
purpose. the conditions of Case 2 with y = 100 are chosen. The results of four grids
are examined and compared with the exact solution. The grid sizes (NI x NJ) are: 8
X 6,12 x 8,18 x 12 and 30 x 20. The grid lines are nonuniformly spaced and concen-
trated in regions of high temperature variations. Figures 3 and 4 show the tempera-
ture distributions along the adiabatic boundary (Y = 0.5) and interface (X = (.5),
respectively. Not all the numerical results are displayed for clarity reasons. It is seen
that the solutions obtained with the coarse grids exhibit grid dependence. especially
at the interface; the solution obtained with the finest grid (30 x 20) is practically grid
independent and falls on the exact solution. Further grid refinement is, therefore,
unnecessary and the grid of 30 x 20 is used throughout the study.
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Fig. 3. Temperature variation along adiabatic boundary showing
effects of grid size for Case 2, y = 100: — [] — NI = 8,
NJ = 6; O NI = 30, NJ = 20; — exact
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Fig.4. Temperature variation along interface showing effects of
grid size for Case 2,y = 100: [ _|NI = 8, NJ = 6; A NI = 12,
NJ = 8; O NI = 30, NJ = 20; — exact.
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Case 1: Homogeneous slab with constant k

The pertinent parameter that distinguishes Case 1 is y = 1. The results for this
case are used for comparison with those of other cases to be presented next.

Case 2: Composite slab with k independent of 6

The dimensionless parameter which characterizes this case is y. The results
showing the effects of different values of y on the temperature distribution are com-
pared for y = 10, 100 and 1000; y = 1 relates to the homogeneous slab (Case 1).
Figure 5a depicts the temperature variations versus distance (X) along the adiabatic
boundary (Y = 0.5); the temperature variations versus distance (Y) along the inter-
face (X = 0.5) are given in Fig. 5b. The exact solutions are shown as solid lines for
comparison. While the temperature for the homogeneous slab (y = 1) varies
smoothly across the plane at X = 0.5, the presence of the interface causes a local dis-
continuity in the region, as seen in Fig. 5a. This discontinuity arises from the fact that
the products of the temperature gradient and the conductivity are equal at the inter-
face, cf. Eq. (4). It should be mentioned, however, that the lines connecting the pair
of discrete temperature values on either side of the interface (X = 0.5) in Fig. Sa are
smeared due to graphical interpolation. The results shown in Figs 5a and Sb indicate
that the temperature level increases over the whole slab as y increases to about 100.
This is due to a decrease in thermal resistance of material 1 as a result of increasing
conductivity. It is also interesting to note that the temperature values obtained with
y = 100 and 1000 are practically identical. In other words, when vy is large (approxi-
mately > 100), the temperature remains unaltered with changing conductivity. This
is since the thermal resistance of material 1 becomes relatively very small at which the
temperature distribution becomes unaffected by the internal resistance and wholly
determined by the conditions imposed along the boundaries. As to the agreement
between the numerical and analytical results, this can be described as excellent.

The temperature contours displayed in Figs. 6a to 6d give detailed information
about the effects of y and emphasize the results discussed above. These contours are
constructed from the numerical temperatures which are practically the same as the
analytical values. Sharp temperature variations are calculated near the bottom left
corner; the adiabatic boundary (Y = 0.5) is characterized by contour lines that run
normal to it. Due to the homogeneity of the slab material for y = 1, Fig 6a displays
smooth temperature contours over the whole region. The contour lines across the
interface (X = 0.5) in Figs. 6b to 6d are smeared due to interpolation by the contour
graphics package.
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Temperature variations along adiabatic boundary (a) and
interface (b) showing effects of conductivity ratio for Case 2:
*y=1[]y=10,Qy =100, A y = 1000; (symbols) =
numerical, — exact.
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Fig. 6. Temperature contours showing effects of conductivity
ratio for temperature-independent conductivity:
@)y =1, (b)y = 10,(c) y = 100 and (d) y = 1000.
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Case 3: Composite slab with linear k(0)

The parameter that characterizes Case 3, besides v, is B, see Eq. (5). The expo-
nent n_ is set to unity in which the conductivity would vary linearly with temperature.
The present case is studied for y = 100; three different values of the coefficient 8,
which determine the relative dependence of k on 0, are considered, namely, 8, =
B,=1,B, =B, =2and B, = B, = 3. The results are presented in Figs 7 and 8 and are
to be compared with those for B, = 0 and y = 100 of Case 2. It is seen that the
parameter 3 has a noticeable effect on the results; however, the general pattern of
temperature distribution remains similar as it is controlled by the boundary condi-
tions of the problem. The temperature level increases over the whole slab with
increasing conductivity, due to an increase in B . The positive values chosen for
relate to materials in which the thermal conductivity increases with temperature. The
mathematical model should, equally well, work with negative values of B which per-
tain to materials in which k , decreases with 8. The agreement between the numerical
results and analytical solutions is, once again, excellent.

0.8

0.6

0.4

0.2

08602 07 06 08 710
X

Fig.7. Temperature variation along adiabatic boundary showing effects

of B, for Case 3,y =100: []B, =B, =1, OB; =B, =2, AP, =
B, = 3; (symbols) = numerical, — exact.
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Fig.8. Temperature contours showing effects of 3 for Case 3, y = 100:
(a)ﬁl = ﬁz= 1,(b)f)l = |32=28nd(c)B1 - ‘32:3.
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Case 4: Composite slab with nonlinear k(6)

The extra parameter that characterizes Case 4, besides y and 3, , is the exponent
n,, in the conductivity-temperature relation given by Eq. (5). This case is studied for
B,, = 2 in which the conductivity would vary nonlinearly with temperature for finite
values of n_ other than unity. Equation (5) is plotted in Fig. 9 to show the variation
of the conductivity, normalized by its reference value, with temperature forn,, = 0.5,
2 and 3. The value n_, = I which gives the linear variation between k and 6 (Case 3)
is shown for comparison. The results showing the effects of the exponent n  are pre-
sented in Figs 10 and 11 for y = 100 and §_, = 2 and may be compared with those for
n, = l and y = 100 of Case 3. It is seen that the variation in conductivity of material
1 has a more dominant effect on the temperature distribution than that of material
2. This is attributed to the relatively large value of v. The temperature pattern is simi-
lar to before and, hence, warrants no further discussion. However, Case 4
demonstrates the usefulness of the numerical scheme in situations where a closed
form analytical solutions are not obtainable.

3.0
. 25F
Kno

2.0t

1.5+

8.0

Fig. 9. Normalized conductivity versus temperature according to Eq. (4) for
Bm = 2 and different values of n_..
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Fig. 10. Temperature variation along adiabatic boundary showing effects
ofn, for Cased,y=100,8, =8,=2: An, =0.5,n,=2;n, =3,
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Fig. 11. Temperature contours for Case 4,y = 100, B, = §, = 2,n, = 0.5, n, = 2.
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Effects of nodal-face conductivity

The superiority of using the harmonic mean for calculating the nodal-face con-
ductivity, as compared to using the arithmetic mean, is demonstrated. Case 3 with y
= 100 and p, = B, = 2 is chosen for this purpose, and the two sets of numerical results
are compared with the exact solution for accuracy. Typical results are presented in
Fig. 12 for the temperature variation along the adiabatic boundary. It is shown that
while the harmonic mean gives excellent agreement with the exact solution, the
arithmetic mean fails to achieve such accuracy with, perhaps. an unacceptable error.
It is interesting to note that the discrepancy is small across material 1 and large across
material 2 when the arithmetic mean is used. This is because the temperature vari-
ation is more sensitive to the errors generated at the interface in the material of the
lower conductivity, i.e. material 2. The error in temperature using the arithmetic
mean, for this case, ranges from 0.05% to 0.3% across the whole of material 1; and
from 2% to 8.5% across material 2. The error using the harmonic mean ranges from
0.02% to 0.04% across material 1 and from 0.1% to 0.2% across material 2. The rela-
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X

Fig. 12. Temperature variation along adiabatic boundary showing effects
of nodal-face conductivity for Case 3, vy = 100, B, = B, = 2;
(O harmonic mean, [_] arithmetic mean, — exact.
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tively large errors that result from the use of the arithmetic mean of nodal-face con-
ductivity can be reduced but at the expense of using much finer finite-difference
grids. The cause of such large deviation in the results is due solely to the way in which
the nodal-face conductivity is formulated. With reference to Egs (16) and (17), it
can easily be verified that when the conductivities of the nodal points k, and k. are
not much different, the nodal-face conductivity k. calculated by either the arithmetic
or harmonic mean will be much the same. For the case when kpis much different than
kg. the values of k  calculated by Eqs (16) and (17) will be significantly different. By
calculating the heat flux at a nodal face under extreme conditions of the values of
thermal conductivities on either side of the interface, Patankar [26;27] showed that
the use of the harmonic mean is physically more realistic than the use of the arithme-
tic mean.

Conclusions

A numerical model, based on the finite-volume method, was developed for the
calculation of steady, two-dimensional temperature distribution in a composite slab
with temperature-dependent thermal conductivity. The results of application to four
cases were compared using various temperature-conductivity relations. The numer-
ical model was validated by comparing results with possible analytical solutions; the
agreement was excellent. A parametric study was conducted to investigate the
effects of numerical and physical parameters on the temperature distribution. The
results showed that for a conductivity ratio greater than about 100, the temperature
remained unaltered to change in conductivity. For the same finite-difference grid
size, more accurate results could be achieved by using the harmonic mean of nodal-
face conductivity as compared to using the arithmetic mean. Future work would be
directed towards the inclusion of thermal interface resistance, based on empirical
data, handling of arbitrary-shape domains and extension to time-dependent temper-
ature variation. Experimental studies are also needed in these areas since analytical
solutions would cease to exist.
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APPENDIX
Computational Details and Typical Computer Output

The calculations are carried out on a MITAC/MPC 2386 micro-computer and
require about 5 x 10~*s of CPU time per (grid node x iteration). Converged results
are obtained after about 10-100 field iterations depending upon the grid size. Typical
computer output using a coarse grid of NI = 8 and NJ = 6/is included in Table Al.
The headings give information regarding the case considered (Case 3 in the present
example), dimensions of the slab, dimensionless temperatures at the boundaries and
the use of the harmonic mean of nodal-face conductivity. The thermal conductivities
(k’s), coefficients (B’s) and exponents (n’s) used in the conductivity-temperature
relation [Eq. (5)] are printed next. The grid size, interface location, under-relaxation
factor and convergence tolerance then follow, respectively. The interface is located
in the middle of domain; for the current grid it is between nodal points I = IX1 = 4
and I = IX2 = 5. The tolerance gives a setting for the level of normalized total
residual error at which the calculations are taken as converged. The solution is mon-
itored at every iteration (ITER) by printing the sum of absolute values of nodal
energy-rate imbalances (residual errors) for the whole field (ERROR) and the tem-
perature at the monitoring point (there, I = 4 and J = 3). The value of ERROR is
normalized by a typical heat transfer rate given by: 0.5 k, (T, = Ty)) //o. As seen in
the present example, the solution stops after 11 field iterations when ERROR falls
below 1073 (the value set for TOLER) and the temperature at the monitoring grid
point settles down to a converged value. The convergence is monotonic and fast; the
errors are reduced by four orders of magnitude in 11 iterations. The field values of
the temperatures obtained by the numerical and analytical solutions, and the thermal
conductivity are then printed. The nodal numbers (I and J) and their corresponding
coordinates (X and Y) are also printed to locate the variable values on the two-
dimensional field as shown. It is interesting to note, for example, the variation of the
thermal conductivity with temperature and material in the composite. Material 1
spans the grid nodes given by I = 1 to 4 and J = 1 to 6. Finally, the discrepancy
between the numerical and exact solutions is due to the use of a coarse numerical
grid, see Section of “Finite-difference grid independence test.”
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