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Abstract. A single component reinforced concrete beam element modified to include varying locations
of plastic hinges, was developed for use in the DRAIN-2D computer program. The model simulates the
major characteristics of a reinforced concrete beam subjected to load reversals. This model consists of an
elastic line element, two inelastic rotational springs, and two rigid zones. The properties and function of
each component are described in this paper. Also, a verification of its accuracy is given. The results indi-
cated that the model is a good and an economical mathematical tool for simulating how relocation of a
beam hinging zone affects the inelastic response of a reinforced concrete building under earthquake
motion.

Introduction

In the last few years, a new design approach for beam-column joints in earthquake
resistant reinforced concrete buildings has been explored. The idea of this new
design concept is to move the beam hinging zone some distance away from the col-
umn face [1-4]. Theoretically, the joint will then be isolated from inelastic deforma-
tion and a reduction in the required joint transverse reinforcement could be antici-
pated. Such speculation has been subjected to several experimental investigations
[1-4]. The experimental results have indicated a significant enhancement in the duc-
tile hysteretic behavior of the reinforced concrete connection due to moving the
beam hinging zone an appropriate distance away from the connection face. How-
ever, moving the beam hinging zone from its conventional location (column face) is
anticipated to affect the dynamic response if a building subjected to earthquake exci-
tation. In order to study the consequences of moving beam hinging zones away from
the column face in the design of real buildings, there is a need for an idealized beam
element model described in this paper and shown in Fig. 1.
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Fig. 1. Idealized beam element

Element Deformations

As was done for the beam-column and the original beam element in the
DRAIN-2D program [5], the new beam element has three modes of deformation,
namely axial extension and flexural rotation at each end (Fig. 2a). The relationship
between the member incremental deformations {dv} and model incremental dis-
placements {dr} (Fig. 2b) is as follows:

{dv} = [a] {dr} ®

where [a] is a displacement transformation matrix which is given in the DRAIN-2D
report as follows:

XL -YL 0 XL YL 0
fa] =] -YL X112 1 YL? -XL? o )
Y1z xa? o  yn? -xa? 1

Beam Model Components

The properties and functions of the components of the idealized beam, viz. the
elastic line element, the flexural rotational springs, and rigid zones, are as follows.



Mathematical Model for Cyclic Loading of a R.C.Beam 215

drs 6!6
™

az, dr

X
ds,,dv
3:9V3
\/Ddsl,dvl
Y

dSZM I
k“/' \'dfs "
L
(a)

Fig. 2. El t end deformations and displacements
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Elastic Line Element

The length of this component was assumed to be equal to the beam clear span
(Fig. 1) and was intended to simulate beam elastic action. It also represented initial
axial and flexural stiffness of the entire beam member. The axial stiffness (Kyy) is
given by:

ds; = — - dv; = Ky dvy 3)
in which:
ds; = theincremental axial force (Fig. 2a)
A = Equivalent cross sectional area
E = elastic modulus
L = length of the elastic line element
dv; = theincremental axial extension (Fig. 2a)

The elastic flexural stiffness in rotational degrees of freedom at cach node is
given by:

K =

€

F“E

@

in which I = reference moment of inertia; and Ky, K33, K3, and Koy are elastic
flexural stiffness coefficients. The programmer must specify these coefficients and
may account for such effects as shear deformation, non-rigid end connections, and
cross section variations. For a member with a uniform moment of intertia, Ky = K33
=4,and K53 = 2.
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Fig. 4. Moment and rotation along member at yield level
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Flexural Inelastic Rotation Springs

Rotational springs are positioned at the expected locations of the beam plastic
hinging zones. The functions of these springs is to simulate inelastic action, if any, at
these locations. The locations of the rotational springs can be varied. The moment
vs. rotation relationship of the springs under load reversal was assumed to follow a
modified version of the Clough’s hysteretic model [6] shown in Fig. 3. The relation-
ship is based on an idealized bilinear primary curve with an initial stiffness K; and a
strain hardening stiffness K, beyond yielding. The initial stiffness is defined by cal-
culating the coordinates of the yield point on the primary moment vs. rotation curve.
To find the yield rotation the curvature distribution along the beam must be
assumed. Here, the curvature was assumed to distribute linearly along the member,
up to yield, with an inflection point at the beam mid-span (Fig. 4). This assumption
about the location of inflection point was recognized to be fairly accurate for girders
[7-11]. The spring rotation at the yield level can be calculated by applying moment-
area theorems as follows:

8, = 065, - dO (seeFig. 4),

where
0, = M, . L/EI,

0 = My + M) . x/2EI,

Here, M, = M, . L/A' sothat,

y
o - M, L2 N M,[(1+L)/L']x, )
¥ 6L . EL, 2EI,
where
8, = springrotation at yield,
M, = yield moment capacity of the section,
X, = distance between the assumed location of the beam plastic hinge
and the column face,
L = length of the elastic element,

L' = distance between the beam hinging zone (L - pr),
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and
I; = cracked moment of inertia associated with the current direction of
6, and M,.
Then, the corresponding initial stiffness of the spring is,
K, = Mo, ©)
The strain hardening stiffness is specified as a ratio of the initial elastic stiffness
as,
K, = pK, ™
The ratio p is specified by the program user.

The original Clough model provided for stiffness degradation only during the
reloading stages. However, by virtue of its simple yet realistic representation, the
Clough model has been widely used for inelastic analysis. Pursuant to this study, a
basic modification to the original Clough model is made to provide for the softening
of the stiffness in the unloading stages as well. The slope of the unloading branch, in
Fig. 3, is defined as

Ky = Ki (0/8ms)" ®

where

K . .

1 = slope of the elastic branch (Fig. 5)

Oy = end rotation at yield level

Opnax = maximum end rotation during loading and,

y = constant, assumed = 0.2 [12]
Rigid Zones

An infinitely rigid link was assumed at each end of the beam model. The func-
tion of this rigid zone is to simulate the beam-column joint core which is normally so
designed to avoid formation of a plastic hinge within it. The method which was used
to specify the rigid zone lengths, shown in fig.5, and to account for their effect in the
analysis was exactly the same as for the beam-column element in DRAIN-2D. The
displacement transformation relating the node displacements {dr,} with those at the
ends of the elastic portion of the elements {d,} (Fig. 2b) is given in the DRAIN-2D
user’s guide as follows:
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dry 1 0 -Y; 0 O dry,
dr, 0 1 X 0 o0 dry,
dry 0 0 1 o0 o drs,
a, | T 0 0 0 1 0 -y || a ©)
drs 0 0 0 0 1 X drs,
drg 0 0 o0 o0 0 1 drg,

where X and Y are horizontal and vertical distances from the node to extremity of a
rigid zone at i or j node as shown in Fig. 5. This transformation matrix is incorporated
into the calculation of the element stiffnesses and deformations.

Beam Hinging
Zone

Fig. 5. Definition of rigid zone and locations of beam hinging zones

Member Stiffness

The new beam element possesses axial and flexural stiffness. The axial stiffness
is represented by the elastic line element (Eq. 3). This axial stiffness remains
unchanged. The flexural stiffness changes according to the loading status of the rota-
tional springs. The current beam flexural stiffness is obtained by calculating and
inverting its flexibility matrix. The member flexibility matrix is a combination of the
elastic element flexibility matrix and the instantaneous flexibilities of the rotational
springs. The elastic element flexibility matrix accounts for the member elastic
flexural deformation and is obtained by inverting its stiffness matrix, given in Eq. 4,
to get:
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Fig. 6. Illustration for calculating the instantaneous flexibility
of the rotational spring (f,)-
The instantaneous flexibilities of the rotational springs, which represent the
member flexural inelastic action as illustrated in Fig. 6, is given by:

= f - fy (n
which
f; = instantaneous flexibility of the rotational spring,
f, = total flexibility of the spring which is defined by the hysteretic
model,
fos = elastic flexibility of the spring.

The components of the total member flexibility matrix are obtained by applying
a unit moment separately at each end, as shown in Fig. 7, and using the virtual work
concept as follows:
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Fi = fiy + £y [1- DI + £ LY
Fip = fp - (g + fp) (/L) [1 - (x/L)]

Fy = Fpp
2
Fp = fp + fg (/1) + fo[1 - /L))

These equations can be rearranged and rewritten in the form:

(F] = [FR] + [E] (12)

]
]
: M =1-%
]
Unit moment at i node {
£

| Rotation { .

Unit moment at J node
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Fig. 7. Element rotation due to unit moment applied separately at each end
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in which [ F, ]is given by Eq. 10 and [ F; ] is given by

[F] = [A]" [F][A] (13)
where
1~(x,/L) —x,/L
[A] = (14
=x/L  1-x,/L)
and
. g O
[ s] - 0 fsz (15)

in which f;; and f; are calculated from Eq. 11. The incremental moments in the
springs are related to the end moments shown in Fig. 2 as,

d:
Ml LAy | ™ (16)

dM,, dss
The current moment stiffness matrix is obtained as [ k | = [ F ].

The member stiffness matrix in global coordinates, { Kt }, is obtained by the
coordinate transformation as,

[Kr] = [a]' [K][a]
Testing of the Element Model

To verify the accuracy and to check the logical mathematical formulation of the
developed subroutines, two particular points needed verification. The first point was
the ability of the subroutines to represent the desired hysteretic behavior of the rota-
tional springs. The second point was the success of the subroutines in simulating the
movements of the beam hinging zones. Tests of these two points are presented sepa-
rately in the following sections.

Accuracy of the Hysteretic Behavior of the Beam Hinging Zone

During the output of results, five yield codes shown in Fig. 8 can be printed in
order to show the beam end load and deformation level in accordance with the mod-
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ified version of Clough’s hysteretic model adopted here. Many printout statements
were temporarily inserted during the development of the subroutines. These print-
outs were helpful to check whether the current yield code was the correct one for the
current calculated load and deformation of the beam hinging zone. After a consider-
able effort using an example frame with three story, the results indicated that the
printed yield codes correctly matched the calculated load levels at the hinging zone.
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Fig. 8. Definition of output yield codes for the beam element model

During the parametric analysis of frames SDF1 and SDF2 (which are five story,
two bay frames of 15 and 25 ft. span respectively) of the study described in references
12 and 13, computed hysteresis behavior of some selected beams was drawn in Figs.
9 and 10. It can be seen that the computed hysteretic behavior of the beam hinging
zone closely matched the assumed hysteretic behavior shown in Fig. 8.

Accuracy of Simulating the Relocated Beam Hinging Zone

As explained previously, the new beam analytical model was intended to analyt-
ically move the beam hinging zone is the analysis. In other words, the beam can be
idealized as one segment and the location of the hinging zone can be specified by the
distance x;, shown in Fig. 5.

Moving the beam hinging zone, however, involved a difficuit analytical model-
ing as explained by Eqs. 5-15. The accuracy of the model in simulating the movement
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Fig. 9. Hysteretic responses of an interior beam hinging zone at level one of frame SDF1
(@) Beam which yielded at column face ,
(b) Beam which yielded at one beam depth away from the column face -
g
81
8
8
8
£
B
o
%
- 8
£° /
=3
=g
g8
=]
B
|
g
=]
'f-o.zs -0.13 -0.00 012 0.25 -0.13 ~0.00 0.12 0.25
Rotation rad. x 10!
Fig. 10. Hysteretic response of an exterior beam hinging zone at level one of frame SDF2

(@) Beam which yielded at column face
(b) Beam which yielded at one beam depth away from the column face -
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of hinging zone was verified by comparing its results to that of a beam which was
essentially idealized by three segments as shown in Fig. 11. In particular, two test
runs were performed using the first study frame SDF1 [13]. In the first run, the nodes
were located at the joint centers and the beam was idealized as one segment. For this
case, the entire beam was modelled by the new analytical beam model and the loca-
tions of the beam hinging zones were specified at one beam depth away from the col-
umn face (i.e., Xp= h). For the other run, two more intermediate nodes were located
at the moved hinging zones and the beam was idealized as three segments (Fig. 11).
The parts between the column face and the moved hinging zones of segments 1 and
3 were modeled as perfectly elastic. Segment 2 was modeled by the new analytical
model with hinging zones at its ends with X, = 0.0, as explained in Fig. 11. The results
of these two test runs are summarized in Table 1. It can be seen that the results for
the two models were very similar.

h
Moved hinging zone

_a_
|"'/ ]
&

|
Inelastic flexural spring (x, = 0.0) (2) Rigid zone
(1) re A (3
\ \r
Elastic element

Elastic element
Fig. 11. Three segment beam ideali:

Conclusions

The results of analysis using two models are essentially similar and historically
the events of maximum responses occur at the same time in both models.

The time and cost of the calculation for the proposed one segment idealization
of the beam (first run) was only about 40% of that for the three segments idealization
(second run). It is, therefore, believed that the proposed beam element model is
accurate and economical enough to simulate the effect of moving the beam hinging
zone away from the column face during the dynamic response of a reinforced con-
crete building under earthquake motion.
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Table 1. Comparison between the test runs for frame SDF1 with moved hinging zones*

R eter Usingthenew  Using three segments
€sponse param beam model beam model
Maximum top floor displacement (in.) 6.8 (2.8)** 6.7 [2.8]
Maximum beam moment (k-ft.) 750 (2.89) 745 (2.89)
Maximum column moment (k-ft.) 937 (2.9) 937 (2.9)
Maximum beam rotational ductility 5.5 (2.89) 5.7 (2.89)
Maximum column rotational ductility 33 (29 33 (29
Maximum rotation of a first story interior joint (rad.10%) 11.3 (2.89) 11.6 (2.89)
* See ref. [13] for description ** Values in parentheses are times of occurrence
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