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Abstract. Analyfical sclutions of the dynamic response of the classical, first-order and third-order theories of
cross-ply laminated shallow shells are developed for various boundary conditions. The solutions are applicable to
laminated shells with two opposite edges simply supporied and the remaining ones can have arbitrary
combinations of free, clamped and simply supported boundary conditions. A Levy type methed in conjunction
with generalized modal approach is used to cbtain these solutions. For thick shells, the classical shell theory
predicts deflections and stresses significantly different from those of the third-crder theory. The third-order theory
and first-order theory results are very close to each other for response and normal stress. However, the third-order
theory does not require the use of shear correction factors.

Introduction

The analysis of laminated composite shells has been the subject of significant research
interest in recent years. The classical lamination shell theories based on the Love-Kirchhoff
assumptions are adequate to predict the gross behavior of thin laminates. A survey of
different classical larnination theories can be found in [1-2]. When the structures are rather
thick or when they exhibit high anisotropy ratios, the transverse shear deformation effect
has to be incorporated. In such cases more refined theories are needed. Numerous first-
order and higher-order shear deformation theories of laminated composite shells arc
presented in the literature [3-11]. The third-order theory used in the present study is
proposed by Reddy and Liu [5], in which the surface displacements are expanded up to the
cubic term in thickness coordinate while the transverse deflection is assumed to be constant
through the thickness. The nine undetermined functions are reduced to five by imposing
stress-free boundary conditions on the transverse shear stress on the bounding surfaces of
the shell. Since the theory accounts for parabolic distribution of the transverse shear
stresses, no shear correction coefficients are required.
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Closed-form solutions for the dynamic response of laminated plates and shells have
been developed mainly for the case of simply supported boundary condition [12-19].
Analytical solutions for the dynamic response of composite laminates for a variety of
boundary conditions are developed in [20-24], where in [24], a brief note is introduced
about shallow shells. Ritz, Galerkin and other approximate methods are used for general
boundary conditions and lamination schemes.

In the present work, a generalized modal approach in conjunction with Levy method is
presented to solve for the transient response of cross-ply laminated shallow shells with
various boundary conditions and for arbitrary loadings. The equations of motions of the
classical, first-order and third-order theories are converted into a single-order system of
equation by using state variables. The biorthogonality conditions of principal modes of the
original and adjoint eigenfunctions are used to decouple the state space equation. To
demonstrate the method, numerical results of the three theories for center deflections and
stresses of spherical shells subjected to sinusoidal loading in spatial domain and sine pulse
loading in time domain are presented.

Equations of Motion

The higher-order shear deformation theory (HSDT) used in the present study is based
on the following displacement field ( sce Reddy and Liu [5] ):

u= (1+%)u+§¢,-n2c3(¢l+i—a-“4)

Otla{:q
V= (1+——C—)v+§¢ -n2C3(¢ +Li’i_
R» 2 2 Otzaiz

;= w (1)

where Q};T‘W_ are the displacements along the orthogonal curvilinear coordinates such
that the §; and &, -curves are lines of principal curvature on the midsurface £=0, and
C-curves are straight lines perpendicular to the surface { = 0, (u,v,w) are the
displacements of a point on the middle surface, and ¢, and ¢, are the rotations atf =0
of normals to the mid surface with respect to the £, and & -axes, respectively, The

parameters R; and R; denote the values of the principal radii of curvature of the
middle surface (see Fig. 1), and oy and g are the surface metrics. All displacement

components {(u, v, w, ¢, ¢,) are functions of (&,,£,) and time t.
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Fig. 1. Geometry and coordinate system of a double curved shell panel.

Substituting Eq. (1} into the linear strain-displacement relations of a shell referred to
an orthogonal curvilinear coordinate system, we obtain

g = 2+ 0GP +7E )

g2 = e3+5 (13 + 787 xd)
€4=£2+7§th
es = 2+ 100
g5 = €9+ 5 (xd+vL7 D), @
where
o_du,w o_9% o9t dPw
£ aXI Rl, K ax]’ K ﬂ2(ax1+ax12)s
_v w0 9% 2 (9% 9w
€9 axz st 3 axz’ LY (axz‘i'ax%)-
PO S ow
€4 ¢2+8X2’ Kq = ll](¢‘2+ax2),
_ d d
55—¢]+§£1 Kg_'nl(¢]+a_‘:l):
0 _ dv , ou 0 _ a¢2+a¢1 2 dd, do, Pw
-5 > == =5 = - 2 -
£6 ax] a)(2 K6 ax] axz K6 n2 ax1+ax2 ax1aX2)
(3)

Here x; denote the cartesian coordinates (dx; = (x'.df;i ,i=1,2),and n; = 4/h® and ny =
I'I]/3.
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The stress-strain relations for the kth lamina are given by

o [Qn Q2 Q¢ 0 O £l
o2 Qp Qp 0 0 £2
o6 = Qs O 0 yeo
o4 symm. Qua 0 €4
oslw | Qss Jy, L &5 @

Where @, ,0, are normal components; and G, 64,05 are shear stress components (see

Fig.2}; and Qij‘k) are the material constants of the kth lamina in the laminate coordinate
system.

Fig. 2. Stress components in shell coordinates.

Using Hamilton's principle, the equations of motion appropriate for the displacement
field (1) and the constitutive equations (4) are derived in [5] as:

S —v»ﬂ
ot

11W+Y{I3 +Isa¢l+l'aa:2 l_s'g;iiz-n%h(%NL%ZE
aal::[ll %1\:6 -Qi+YniKi- Ynz(apl+apﬁ)- i+ 16, - Ylsg

aMa dM2

3P
F ax “Qa+Ym Kz~ Y2 (57> L3 &)

6 8p2  Tam T
2)—12 VEI4a;- YIs 2 %2
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where superposed dot denotes differentiation with respect to time, q is the distributed
transverse load which is the only external load considered in the analysis, and Ni, M, ...
are the stress resultants:

N Gk 3 .
(N M P = 3 | ot(1,8,8)d0 (i=1.2.6)
k=1§k_1

N &
QKD = 3 | o1,
k=18y

N &
(QK2)= X Ikosk)(l,cz)dg. .
k=1g, 4 ©®

The inertias are defined by the equations,

2
I =I+ '_—I 4
1 1 YR] 2

. 1 nz

In = Ix+¥Y—13- I4-v=—15 »
2 2 "IRl 3-Ynals YR] 5
—_ 2

Is = nalg+—1Is5,

3= nala Ri 5

I_4= 13-27n215+7n%17,

Is = nzls-n317

N Gk
(. 12,13. 14, 15,17} = kzl ] P(k)(l,g,gza?aﬁ,cﬁ)dﬁ, O
=l

Where p™ is the mass density of the lamina per unit volume and i; are the same as I;
except that R, is replaced by R; . The resultants are related to the total strains by

Ni = Ajje) + Bijx} + VEijx]
M; = Bije?+Din?+TFij|c]?“

Pi = Ej e? + By K? + Hyj Kf (8)
forij=1.2,6
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Substitution of Eqgs. (13) and (14) into the equations of motion of the three theories
results in the following systems of equations

HSDT

Un" = ciUn*c2Vim +ciWpn'+ca W' +c5 P + cg Do |

i Un+b2 W +bydiy

Vm" = c7Un'+caVm+coWm+cio W' +o11 @' +c12 Bam

+bg Vi +bs Wy + bs o

Wa'"' = c3Un' * o4 Vm+o1s Wm+ 16 W +c17 Dim '+ c15 D2m
+b7 U +he Vi v b W +blo W '+ bir i + b2 @om + 20 f 1o
®1m" = croUm+c20 Vi +021 Wi ' +c22 W'+ 023 @1 + c24 Bom
+b13 U +bia W' +b1sdim

@'’ = c25Um'+c26 Vi +c27 Win+c28 W'+ 029 B1n '+ 30 ©om

+b16 Vi + 517 Wen T big o (15)

FSDT

Un" = Um+c2 V' +c3 W' +ca®im +cs @'+ by Uy + b2 By

Vm' = c6Un'+c7Vm+cs Wi+ co ®1m ' +c10 @2m + b3 Vi + ba oy,

Wm'" = ctiUm'te12Vmt a3 W 14 @' + 15 Pam +bs Wi+ a0 fm

Dim'" = ci6 Un+e17 V' c18 W'+ 19 ®1m + c20 ®om ' + b Up + b7 P

Dom" = 21 Um'+ 22 Vi + €23 W +c24 ®im "+ €25 D2m + b Vi + by By (16)

CST

LT

Un' = ctUn+caVm +e3Wm' +caWn' ' +b Up+b2 W'

V' = csUn'+c6 Vim+c7 WintegWm' ' +bs Vi +ba Wiy

Wmn''"' = coUn'+cloVm+cnWm+ci2Wm' +bs U '+ b Vi
+b7Wm+bs W' +aofm (17

where a prime and dot on a quantity denote the derivative with respect to x; and
time t, respectively. The coefficients in Egs. (15), (16) and (17) are presented in
Appendix A.

In order to reduce the system of Egs. (15), (16) and (17) to a state form, the
components of the state vector { y(x;,t) } associated with each theory are defined as
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HSDT

Yim=Wms¥Yon = Wm'v}’3m=wm”’Y4m=UmaY5m=Vm,Y6m=¢Dlm-

Ym = DP2m: Yam :wmm’YQm:Um"YI()m:VmI’YIlm'_'chml’YDm:q)zml 18
FSDT

Yim = Wm>Yom = Um+Y3m = VYm: Y4m = @Plm>¥sm = Dom

Yom = Win'»¥7m = Um'sYgm = Vin'»Yom = @Im"» Yiom = P2m’ (19)
CST

Yim = Wm:Yom = Wm' Y3m = Wn' Yam = Um

Ysm = VmsYem = Wm' " ¥7m = Um's Ygm = Vm' (20)

Using (18), (19) and (20), the system of equations (15, (16) and (17) may be expressed in
the form

{y} = [MU¥FI+[KI{y)+{r} 21

where the matrices [M] and [K] are defined in Appendix B for HSDT, FSDT and CST as
(12%12), {10x10) and (8x8) matrices, respectively. The elements of the load vector {r} are

()T ={0,0,0,0,0,0,0,a9 frm,0.0,0,0} for HSDT (22)
tr)T =1{0,0,0,0,0,a0 £,,0,0,0,0) for FSDT (23)
)7 ={0,0,0,0,0,20 fm,0,0) for CST (24)

Free Vibration Problem

In the case of free vibration problem, the vector { y } will be separated into time and
spatial coordinates as :

{y} = {Yu(x1 1 Tm(t) (25)

To obtain the frequencies and the corresponding eigenfunctions, the generalized coordinates
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Tr(t) must satisfy
T+ @05 Tm =0 (26)
and the eigenfunctions { Y, ) will fulfil the following equation
{Y'}=[AI{Y} 27
where
(Al =[K]l-ohiM] (28)

wm 18 the natural frequency corresponding to the mth mode. There are infinite frequencies

for each value of m and the dynamic response is governed mainly by the fundamental
frequency of each mode.

The solution to Eq. (27) is given by:

(Y(x)) = [DIMCx) (1) 29)
where
{1} =[D1'{k) (30)
and
M 0
EEIE | : (31
0 ghnxi

where n =12 for HSDT, n = 10 for FSDT and n = 8 for CST, and ; are the distinct

eigen values of the matrix [A] while [D] denotes the matrix of eigen vectors of [A].
Substitution of (29) into the boundary conditions associated with the edges
x1=%a/?2 results in a set of homogeneous algebraic equations of the form

(B)DT'{k}={0} (32)

For nontrivial solution of Eq. (32), the determinant should be zero
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{BI/IDI=0 (33)

Equations (33) and (29) give the eigen frequencies and the associated eigen functions,
respectively. The boundary conditions for simply supported (S), clamped (C) and free (F) at
the edges x;==xa/2 for the three theories are:

HSDT
Ssvzw=¢,=N=M =P =0
C5U=V=W=¢1=¢2=sﬂ=0
Xt
IPs, _
F:Ni=M; =P = Ng = Mg-n2Ps = Q- my 1+n2(_+axz)—0 (34)
FSDT
SV—W—tbz—-N]—M]-—O
CU=V—W—¢1—¢)2—0
FINy =M =Q; =N¢=Ms=0 (35)
CST
SV=W=N1:M1:0
ow
Cu=zv=w==—"-=90
dx;
1 IMi , ., 9Ms
FN=M:N+‘— =—+2——=0
1 1 6 R2M6 ax1 axo (36)
Adjoint Problem

Equation (21) is not a self-adjoint equation and the eigenfunctions do not form an
orthogonal set, therefore, we must obtain the eigenfunction of the adjoint of Eq. (27) in
order to decouple Eq. (21). Nayfeh in his book [25] showed that the adjoint of Eq. (27) is:

{z'y=-1a1"(7} (37)

with the following associated boundary conditions

T a2
{Zy {Y}y | =¢ (38)
-af2
According to Eq. (38), the following boundary conditions will be defined at the edges
X|= ta/2:
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HSDT

S:Zy=74=2Zs=78=Zio=Zin =0
CZa=Zy=Zo=Zio=2Z11=Zi2 =0
FdiZi+daZ3+d7Zs+27 = 0
d2Z1+dsZ3+dgZs+Zo = 0
d3Z1+deZ3+deZs+Z1 = 0
dioZz+d13Z4+dicZe+Zg = 0
diZz2+diaZa+td17Z6+ 210 = 0

dizZa+di5Za+digZg+Zin = 0 (39

FSDT

S Zy=74=Zs=Zg=710=0
CiZe=27=23=279=210=0

FidiZzz+daZo+7;, =0

d2Z7+dsZg+Z3 = 0

d3Z7+deZo+Zs = 0

Z2-Bzg =0

Z4-Z6-BZ10 = 0 (40)

CST

1l
<

S:22=24=76= 173
Cla=Zs=Z7=2g=0
Fid|Z)+d3Z3+Z5 = 0
d2Zi+dsZ3+7Z7 =0
dsZa+d7Z4+Zs = 0

deZa+dgZs+7Zg = 0 @1

The constants (d;) in equations (39), (40) and (41) are presented in Appendix C,

A formal solution of equation (37) is given by

(Z}) = [CIEx)]{n} (42)
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e MxI 0

[&(x)]= : : (43)

0 e hnxi

where [C] denotes the matrix of eigenvectors of -[A]T.

Substitution of Eq. (42) into the corresponding boundary conditions defined in Eqgs.
(39-41) for the three theories at the edges x;=*a/2 results a homogeneous algebraic

equations of the form

[Elfn}=0 (44)
we have 1o solve for the eigenvector {n} corresponding to each frequency ®.

Dynamic Response

Making use of the following biorthogonality conditions of the natural modes with
respect to the eigenfunctions (Y} and {Z,},

a/2 T
- {Zn}y IMH{ Ym}dxi = Mm&mn (45)
-a/2

a2 T

[ 1z U Ym'} - [K I Y }) dxy = @ Mm Smn (46)

-a/2

and substituting Eq. {25) in Eq. (21) and left multiplication by the adjoint eigenfunction
{Z,)" and integrate over the domain, we obtain

0+ @ T = (2]
Tm Wi Tm () = M Aajz{Zm} {rm}dx (47)

For zero initial conditions, the state vector {y} will be expressed as

t a2
(Yo (31,0} = == { Y (x)} -0 | (Zo)" {rm(E.T)VdEdT (g5
Mm 0 -af2

where hp,( t-1T)1is the impulse response function. To obtain the generalized displacements,
we use Egs. (18), (19), (20) and (48) in conjunction with Eq. (13).
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Numerical Results and Discussion
The numerical applications are carried out for cross-ply spherical shallow shells

whose geometrical and material properties are the same for all layers. The following
material properties of a lamina in its principal coordinates are used:

E; = 1x10° psi, B, = 25E;, Gj3 = Gy3 = 0.5E;, Gy = 0.2E,, v, =0.25

The  transverse deflection presented in the figures is evaluated at
(x1,x2,6)=(0,b/2,£). The stresses are nondimensionalized as follows:

o2 = 62(0,b/2,h/2)/q,

64 = 64(0,0,0)/q,
In all calculations, unless otherwise stated, the following parameters are used (see Fig. 1)
a=b=20in, h=2in, R, =R, = 5a,
Qo = 500 psi, t; = 0.003 sec, p =0.00012 Ib-s%in*

In all cases sinusoidal distribution of loading in spatial domain and sine pulse in time
domain is used, q( x1,x3,t)= qgcos (T xy/a)sin(mx,/ b)F(t), where

sin(®)  0<t<y
F(t) = t1

0 [>t1

Zero initial conditions are assumed and for the first-order theory (FSDT), the shear
correction coefficients are taken to be Ky = Kss* = 5/6. For the explanation of §, C, and F
in the figures, for example, SSFC means : the shell is simply supported (SS) at x, = 0 and x,
=b, free (F) at x; = a/2 and clamped (C) at x; = - a/2.

The effect of shallowness of the shell on the center deflection of antisymmetric and
symmetric cross-ply spherical caps are displaced in Fig. 4 and Fig. 5 respectively for
various boundary conditions. All the results are obtained using the third-order theory. It is
clear that the plate is relatively flexible when compared to the shell.
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Fig.4. Effect of shallowness of the shell dn the center deflection of antisymmetric cross-ply spherical caps
for various boundary conditions (a) S§58, SSCS and SSCC. (b) S5FF, S5FS and SSFC.



100 A.A. Khdeir

rFrTTT T T T X T T T T T T T T T T
s

0.060

0.035

W(in.)

0.010

=0.015

r 0/90/0

_0.040_5_11|I;|1|I||||I1;41|,,,,

0.000 0.601 0.002 0.003 0.004 0.005
Time(sec.)

@
l . 000 T T T T T T T T T T T T T T T T T T T T T T T T

SSFF
0.750

0.500

I I B O O O O O N OO O

0.250

LENLINL LN B O I 0 O

0.000

W(in.)

—0.250

-0.500 R=5a
- R=100 ",
-~ R=o0 e

0/90/0

£

=0.750

LI O B O B
Lid vt

__1_000||11l||||j]|1||»||||||1|
0.000 0.001 0.002 0.003 0.004 0.005

Time(sec.)

®

Fig. 5. Effect of shallowness of the shell on the center deflection of symmetric cross-ply spherical caps
for various boundary cenditions (a} S8S5, SSCS and SSCC. (b) SSFF, SSFS and SSFC.



Analysis of the Dynamic Response of Cross-ply ... 101

100 —r—T—rTt+ T T T r T T T
C S588 3
75 [ ]
50 F 1
25 |- ]
1= 0 =
-z5 ]
- _——HSDT i
C ~FSDT -
-50F ---csT 0/30 -
-5 T U T N T S ST O VNN WY YA TS T NS O O 4 L]
0.000 0.001 0.002 0.003 0.004 0.005
Time (sec.)
Y
200 [T T oo T T T T ]
r SSFF ]
150 [
100 -
50 | 1
~ -
b o N
~50 L E
- ——HSDT 1
L —FSOT 1
—100 - - - _CST 0/90 4
-1 SPIES WO TR T N SN SPU WA AN T T WO NN [N TNV N T Y S S | T
0.000 0.001 0.002 0.003 0.004 0.005
Time (sec.)
{b)
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The variation of the normal stress G, and the transverse shear stress G4 with time are
presented in Fig. 6 and Fig. 7 respectively. The normal stress G, obtained using the third-

order and first-order theories are close and differ from the classical theory for all boundary
conditions. Unlike the normal stress, the transverse shear stress G4 predicted by the first-

order theory differs significantly from that predicted by the third-order theory for all
boundary conditions.

Conclusions

A generalized modal analysis approach is presented for forced vibration analysis of .
cross-ply laminated shallow shells. The equations of motion of the classical, first- and
third-order theories are converted into a single-order system of equations by using state
variables. The biorthogonality conditions of principal modes of the original and adjoint
eigenfunctions are used to decouple the state space equations. An approach to utilize these
modal quantities to obtain the forced response of shallow shells subjected to arbitrary loads
is presented.

The numerical results for the deflection and stress responses are presented for shells
with several different boundary conditions. To demenstrate the effect of shear deformation,
the numerical results for the normal stress of antisymmetric cross-ply shells obtained by the
third- and first- order theories are compared with the results obtained by the classical shell
theory. It is noted that the first- and third- order theories seem to give very close results
different than those of the classical theory because the classical theory ignoies the effect of
shear deformation. The normal stresses of shells with more end constraints { such as SSCC
and SSCS shells) are seen to be more affected by the shear deformation than the shells with
less end constraints ( such as SSSS, SSFF, SSFS, SSEC) shells. As expected, difference is
observed in the transverse shear stress calculated by the third-order and first-order theory
because the third-order theory accounts for a layer-wise parabolic distribution of transverse

shear stress whereas the first-order theory accounts for layer-wise constant states of
transverse shear stress.
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Appendix A

The coefficients appearing in Eq. (15) are :

¢ = (e7e30-e3e34)/eorc2 = (ezesn-eaeas)/eo-c3 = {egero-ezeas)/ep.

cs = (esesp-esesz) ep cs = (egeso-ezess)/eo-ce = (eacso-esenn)/eos

cr = (egesn-e12e36)/ co-<a = (er1ae39-e12e41)/ corco = (ereas-eizeas)/ co.
cro = (e13e3o-enzean)/ co.ci1 = (er1esg-erzesg)/ corciz = (erseso-eizeaz)/ co.
(ejesn-eres)/en.cao = (e1eza-ezeag)/ eo-ca1 = (eress-egezs}eos

c19
cog = (eresa-esezg)/eg cas = {eje3s-egezs)/ep.coa = {ejesr-eqezs)/ ens

c2s = (erpeig-eaesr)/co-co6 = (el0ea1-eraesr)/corcar = (er0eas-er6e3r)/ o
cas = (eloeq0-e13e37)/ corcoo = (eroesg-errear)/co-cao = (eroeaz-eisesr)/co.

ag(ciez1+c7aj+casaz+cigezatezs ) c1a = ap(cgar +eagaztezr),

€13
ap(coay+earaztenn) e = ap(cipar+cagar+eaea +ezreyters)s

c1s
c17 = ap(crrai +eagaz +eseg +easensterr) g = aplcizar+cpaz+eio),

by = (e3mis-espmi)/eg.b2 = (e3mi4-esoms)/ep:bs = (e3mz-esoma)/eo.

ba = (e12m1s“c39m4)/co.b5 = (612m17'e3gm6)’cc,b6 = (elzmlﬁ-e39m5)1co,
“bra = (ezsmy-ermis)/eo-bis = (ezsm3-ermia)/eo.bis = (ezgmz-ermy3)/eq,

bis = (e37 ma-esomig)/ cosbi7 = (ezymg-eromi7)/ co.big = (e37 ms-eioms )/ co.
b7 = ag(e21bi+ezabiz-myy).bg = ag(bsar+bigaz-mi2). by = ag(bsa;+bi7az-m7),
bio = aplez1ba+e23bra-ms).bi1 = ap(ez1bs+ezzbis-mo),

biz = ap(bgai+bigaz-mio).co = e3e28-€1€30,C0 = €12€37"€10€39+

ag = -1/ {cqerteameasters).a) = cpentenpenatenn.az = coeatooqeast ey,
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where

A A, Khdeir

el = Al1.e2 = -B(A12+Aess).e3 = Bi1-n2En»

e4 =

€6

It

€8
et =

el5 =

e7 =

n2 Bl

€18 =

Blny (Eij2+Ees)-B12-Besls es = -n2Eil,

nal B2 (E12+2Ees )1+ A1/ R+ A/ Ra.e7 = - B2 Ass.

B%(n2Ees-Be6)se9 = -€2.€10 = Acs

_ _ _ n2
-e4,e12 = Beg-n2Ess.€13 = -Bna(Ei2+2Ees).e1a = -B~ Az,

B2 (n2Ez2-B22)sers = naB Ega +B(A12/Ri+ A2/ Ra).
Ass-n1Dss-ni(Dss-nyFss) +

n2 (Hi2 +2Hes }-(Fia+2Fgs ) ]- (Bi1-n2E11)/ Ri-(Biz-n2Ei2 )/ Rz,
Ass-ng Dss - n { Dss - n1 Fss) +n3 B2 [ 2 Hya + 4 Heg )

+2n3(Ei1/R1+E12/R2),

€19 =

-Bl A44-n1Dag- n1{ Dag- 1 Fag) 1+ n2 8 (Faz-nz Hzz)

+B(Bj2-n2E12)/R1+B(Bz-n2Exn )}/ Ra2,

€20 =

-BZ[A44-n1D44-n1(D44“n1F44)]"n%ﬁ4H22

-2n3B%(Ei2/Ri+E22/R2)- A/ R} -2 A1/ (R1R2) - A2a /R,

e =

€24

€27 =

€3]

€34 =

€16
e42 =
my =

mg =

-es.e22 = e13,e23 = na(Fri-n2Hn),
Bnalna(2Hes+Hi2)-(Fiz+2Fe6) l.eas = -n3Hit.e26 = -e6
e16,e28 = €3,€20 = e4,e30 = Di1-2n2Fii+n3Hit.

Bl2n2 (Fia+ Fes)-n5(Hi2+Hes)-Di2-Desloe3n = -ez3.e33 = “e17.

2
eg+e3s = m (Dss-n1Fss)-( Ass-nDss) +B~[2n2Fes- Des-n3 Hes 1>

- — — 2 —
-e4.€37=€12,€38 = -€31,e39 = Des-2n2Fes + n3 Hee:e40 = €24,€41 = €15,

n1(Das-n1Faa)-(Aga-n1Dag) +B*[2n2F2- Doa-nfHao l eas = erss
T - I. 1 T T 2
I.m2 = I2,m3=-Ti,m4 = 'yms = I, mg = -BIs’,m7 = 1 +B n%lv.

2 = 7. = -BTe = = = =
-n5I7,mo = Is.mio = -Pls,mi1 = -m3,my2 = mg,mj3 = I4,mj4 = -mg.

mj5 = mz.mi6 = mi3.-mj7 = mio.mig = ms,
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The coefficients appearing in Eq. (16) are:

¢ = (ezear-esers)/ep.c2 = (e3e1g-c2e19)/en-ca = (ezex3-elges) ! eos
ca = (ezenz-eser9)/ep,cs = {e3en0-ese19)/ en-co = (ege27-et0e2s)/ co
¢7 = (ejrez7-eoezs)/corc = (e27e32-ej0€30)/ cos 09 = (egea7-elne26)! o
ci0 = (erze7-e10e29)/ co-c11 = ~eza/ 13 ciz = -eaal e13,¢13 = -e1s/ e13.

-e1afe13.c15 = -e16/ €13.¢16 = (eser7-e1e21)/ e0-c17 = (eze17-e1e18)/ eos

cl4
cig = (er7ear-erexs)/eqrci9 = (ege17-e1e22)/e-c20 = (e4e17-e1e20)/ €0

a1 = (e7exs-eseas)/corc2 = (e7eng-e11e2a}/ cosc23 = (e7e30-e24e32)/ cos

ik

c2a = (e7e26-e9€24)/ cosC25 = (e7ea9-e12e24)/ cosb1 = (e19]j-e312)/eos

by = (ej9l2-e3l3)/ep:b3 = (eolz-e2711)/ corba = (erol3-e2712)/ co>
bs = ifei3:bg = (e1lz-errli)/eo b7 = (e113-e1712)/eo-bg = (e2aTi-e7l2) cos
bo = (exal2-e713)/ core0 = e1e19-€3e17,Co = €10€24°€7€27- 20 = -1/e3-

where

ol = Alrez = -B(Ar2+Aes).e3 = Birnes = -B(Bi2+Bes)es = -B% Ase
ce = -B* Bes-e7 = Ag6reg = -€2.€9 = ~€4,€10 = Be6se11 = -B* Az

er2 = -B?Baz.e13 = K¥sAss.eis = KisAss-Bui/Ri-Bi2/ R,

e15 = -BzKiAM-A“lR%-ZAn/(Rle)'Azz"R%a

elg = —BK%4A44+B(B12/R1+1322"R2)1617 = e3,€18 = €4>

e10 = Dir-ezo = -B{(Di2+Des)re21 = e6-€22 = -B*Dgs - Kis Ass:

€23 = -€14-€24 = €105 €25 = -€4,826 = ~€20:€27 = Dés>

— — 2
e = e12,e29 = - P Dzz-Kﬁ4A44,e30 = ¢16:€31 = An/Ri+ AR/ R2,
€2 = B(A12/Ri+A22/R2).e33 = -e31.€34 = €32-
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The coefficients appearing in Eq. {17) are:

cl = -e2fel,c2 = -e3lerc3 = -es/erca = -ealer o5 = -eg/ e,

ce = -eg/e7.¢7 = -er0/e7,c8 = ~e9/e7.co = -ea1/e18.c10 = -e22/ €18,
c11 = -ego/erg-c12 = ~er9/e1g.by = /e, by = -Iz/ e,

b3 = Ii/e7.ba = -Pla/e7.bs = -Tre1s/ (ere18) - 12/ exs.

bs = -Tiei6/{ere1g) +hesea/ (e1e7e1z) +B 12/ erg,

by = -(11+l3213)/els+512616"(e7eis)-ﬁlze3c|4/(61e-rels)a

bg = I3/e18+ ze14/ (ere1g) ap = 1/epg.

where

e1 = Ajl.ez2 = 'BZA66v33 = -B(A12+Ags)-ea = -Byy.

es = B’ (Bi2+2Bgs) + A11/Ri+A12/ Ra, o6 = -e3.e7 = Aco-es = -BY Az,
eo = -B(Bi2+2Bgs).¢10 = B B2 +B(A12/Ri+A22/R2)-e11 = Dis.

e12 = -2B”(Di2+2Des)-2(B11/Ri+Bi2/R2).

ey = B4D22+All/R12"‘2Al2/(RlR2)+A22IR%+2ﬂz(Bllel+B22/R2),
€14 = e4.€15 = 5,816 = -eg.€17 = -€10.e18 = el1-e4e1a/ e,

e19 = eiz-eseia’ e1-egeis/ e7 tezesers/ (erer),

e20 = e13-ejoeis/ e7 +ezeroels/ (erer),

e21 = ejs-e2e14/ e1-ese16/ er +eszesera’ (erer ),

€22 = c17-egels/ e7+esegers’/ (erer).
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Appendix B
The matrices [K] and [M] in Eq. (21)
HSDT

¢ 1T 0 0 o 0o O O O O 0
o ¢ 1 0 0 0 0o 0 O 0 0O
o ¢ 0 0 © 0 0 1 0 0 O
o 0 0 0 0 0 0 O 1 0o 0
o o 0o 0o o0 O 0 0 O 1 0
o 0 0 0 0 0 0 0 0 0 1
[K1=| 9 0 0 0 0 0 0O O O O O
cs O ce O cs Ocg 0z O g
0 ¢35 0 ¢ 0 ¢5 0 cg 0 ¢ O
cg Ocog 0 g Oz 0 ¢c7 9 cni
0cy Ceag Ocaz Ocp Oy O
L c7 O cag Oz Ocip 0 cas 0 oo

o oo o o Q

C6

c24
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FSDT

[M]=

[ K]=

o 0 o o o c o

bg

bs

b7

- e R e N - T o

€13

c8

c23

== R o B e B e T o S o B )
o o o o o o

bio

o I

bi4

- R o T e N

o o o o o ©
o o o o @

c12

0 C-_,v
ceg O

0 ¢
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o 00 o o 9o o
o o o o o o

o
& o g
s £ o

0 g

=R R e N o T o T
o o o o 2

c1s
cg O
0 o
cg O

0 cos

o oo o o o o

(== - R o e D o T = B S
(=l = I = O v T o I o R T o T = R e

b1z

=
w
o

bis O
0 g

=3

(== - R o B N |
o= o T e B S

€11

cg O

cig O

0 ¢

o o B v B e N o T o T

(== =T o D = N o B o T o T v S e S s B e S oo

b7

0

[ - T e B o
S = O

Cl4

cz O

c7 O

0 co4

== - R e S e B o H = B

oo O o O C Qo o0 o o oo

b

_—
—_

o S o <o

S o o O

—

C5

20
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[M]=

[K}=

o O o o ©
o o o o o O

0,
0 0
0 bg
0 0

o o o o O
o o O o O -

Cil

c7 O

o o O o o o ©

b3

bs

(=B = -

Ci2

C8

b2

o o o o o o

o oo o o o
o o o o o o o o o O
o o o o o o o o o O
o o o & 0 o o 0 o o
o o O o O o O O o O
o o o o o o o o o o

Obg

o o o o o O
o T e B o R v S e

Cl10

0 c¢

SO - o 2
o = o O O
[T o B o B o R )

ca O c2

0cs 0|
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[M]

o e B o B o S
e o o o o o
(== T - B e B e

b7

b4000b3

Appendix C

The coefficients d; appearing in Eq. (39) are:

dy d2 d3 53 sS4 S22
ds ds de |=-] s9 sio ss
dy dg do S15 S16 514
dig dir di2 521 819 S22
diz di4 dis |=-| s26 s24 s27

dig di7 dig 8§39 $37 S40

0 00
0 00
0 00
0 00
0 00
0 bs 0
0 00
0 00 |
56 51 85
s12 87 s{1
SI18 S13 SI7
0 s sy
0 s25 so
s42 $38 S4l
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51 = Albsz = -BA2.s3 = n2B Eiz+ At/ Ri+ A2/ Ra2osa = -n2B1
ss = Bi1-n2E11-56 = B(n2E12-B12).s7 = Bit.sg = -BBi2s

s9 = B2naFi2+ Bi1/Ri+Bi2/ R2.s10 = -m2 it

si1 = Di-n2Fip.s12 = B(n2Fi2-Di2),s13 = Eissia = -PEizs

s15
S18
$22
$26
528
530
531
$34
537
§39

840

$4j

n2 B2 Hio +E11/ Ry +E12/ R2,s16 = -n2Hi»s17 = Fir-n2 Hins
B(n2Hi2-Fi2).s19 = B Ass520 = Aesos21 = -2Pn2Ess>
B(Bes-n2Ee6)-523 = Be6-n2Egs»524 = 522,825 = 523

2B n2 (n2 Hes - Fes ) 527 = B(Des- 2 n2 Fes +n3 Hee )

2
s77/B.s29 = Ass-niDss-ni(Dss-niFss)+B n2(n2Hes- Fos):

113

Ass-n1 Dss-ni{ Dss-ni Fss) +B”n3 (Hiz+2Hee) + n2(Eni/ Ri+ Er2/ R2),

n2Ei11,832 = -Bna(Bi2+Ees)»s33 = n2(Fur-n2Hu)»

-2 _ 2
Bny(n2Hi2+n2Hes-Fi2-Fes)s35 = -n3Hi1.s36 = ~n2B" Ees>
SSI(CI'(Dlznbl)+833(019“ﬂ)?nb13)+536v338 = s31c2ts3zc2pts3ns

2
s30+s31(c3- i b2) +s33(c21- W bra) s
529+ 531 (05 - 0% b3) +s33(c23- wha bus) »

53106 +533C24 +534,542 = $31¢c4+ 833022 835

The coefficients d; appearing in Eq. (40) are:

di = [B11(B1t/R1+Bi2/R2)-Dii( A/ Ri+ A2/ R2) 1/ eos

d2 = B{A12D11-B11B12)/ eo>

d3 = B(B12D11-B11D12)/eo.ds = (A12Bii- AnnBi2)/(eoR2),
ds = B(A11Bi2- A12B11)/ eo.ds = B(A11 D12-BriBiz2)/ co-
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The coefficients d; appearing in Eq. (41) are:

d) = (s486-5288)/sg.dy = (s4ss-sisg)/so,d3 = (s287-8386) 50,
ds = (s187-s385)/s0.ds = s9s15/dp.de = (sgsy3-sinsi2)/ do,

d7 = -siisis/do»dg = (sjos14-s11s13)/ do.

S0 = $388-5487.d0 = 511812~ 59514

where

_ 2
st = A11-s2 = -BA12.s3 = B"Bia+ A1/ Ri+ A12/R2,54 = - Bi1.ss = By1»
2
s¢ = -BBi2.s7 = B"Di2+B11/Ri+B12/R2.s5 = -Dy1.59 = B(Ags+Bes/R2).
si0 = s9/B.si; = -2B(Bes+Des/ R2 ),
2
s12 = -Birea/ e1- a1 Br1/ e1- 2B° Bes.s13 = - Biies/e1 -BBia- 2P Beg.

2
st4 = P (D12+4 Dgs) +Bi1/ Ri+Bi2/R2-Bites/ e;+ ol Biilz/ e »
-Biiesa/ e1- Dy

515
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