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Abstraet. This paper details the numerical solution of the heat cenduction problem in a twe-dimensional
anisotropic cylinder subject to asymmetric and periodic temperature distribution on the outer wall. The
dimensiona!l anatysis ol the problem reveals that the heat conduction is & function of five nen-dimensional
parameters. The parameters are: non-dimensional frequency (), cylinder outer to inner radius ratie (R,),
Biot number (Bi), orthotropicity factor (K,,), and anisotropicity factor (K ;). The study details the effect of
each parameter on the, maximum radial heat conduction to the cylinder inner and outer walls, q, and q,
respectively, as well as the phase shilt between q, and q,. Depending on the combination of the parameters,
the magnitude and/or phase of heat conduction in an anisotrapic cylinder can he significantly different from
those of an orthotropic and isotropic cylinder subject to the same externally imposed temperaturc distribution.

Nomenclature
Bi = Biot number, Bi=hr /k,
Cp = Specific heat of cylinder material
h = Convection heat transfer coefficient
Kij = Non-dimensional cross direction conduction coefficient
K¥, = Non-dimensional cross direction conduction coefficient normalized using K,,
k; = Cross direction conduction coefficient
m = Number of nodes in the tangential direction
n = Number of nodes in the radial direction
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Q = Maximum magnitude of dimensional radial heat conduction irrespective of
tangential location; Q(1)

q = Maximum magnitude of the non-dimensional radial heat conduction
irrespective of tangentizl location; q(R) = max [q, (R,0) ¥ 8)] X

q, Local non-dimensional radial heat conduction; q,(R, 8)

R = Non-dimensional radius, R =1/ 1,

r = Radius

T = Temperature

T = Average value of imposed temperature on cylinder cuter surface

T, = Coefficient in the fluctuating temperature distribution of the cylinder ounter
surface

Tew = Temperature at which convection occurs at the cylinder inner radins

t = Time

Greek symbols

o = Non-dimensional frequency, o. = p C,a £k,

¥ = Non-dimensional time

€ = Tolerance parameter used to test for numerical convergence

£ = Auxiliary non-dimenstonal temperature

4 = Spatial part of the complex non-dimensional temperature

9 = Tangential angle

p = Density of cylinder material

$ = Non-dimensional temperature

W = Complex non-dimensional temperature

@ = Frequency of imposed periedic heat flux,

Subseripts

1 = Relates to cylinder inner radius

2 Relates to cylinder outer radius

1t = Radial direction

12 = Cross term between radial and tangential directions

22 Tangential direction

Introduction

Several materials exhibit thermal anisotropic behavior. These include natural materials
such as wood, crystals, and sedimentary rocks. More important is the anisotropic behavior
of composite materials and alloys made usiug uni-directional erystal solidification
techmiques. Interest in anisotropic materials dates back to the late nineteenth and early
twenticth centuries. Earlier work in this field focused on one-dimensional heat conduction
in erystals [1,2]. Carslaw and Jaeger [3] discussed the general anisotropic heat conduction
problem with emphasis on orthotropic materials. Analytical solutions to unsteady
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anisotropic heat conduction problems relied on the use of Green's function but still proved
extremely difficult [4].

With the increased use of composite materials in all engineering applications, the
study of the effect of the anisotropic nature of such materials became more critical. Still
researchers tended to concentrate their work on isotropic materials due in part to their
predominant use. Researchers also tended to shy away from tackling anisotropic problems
due to their more involved and complex mathematical nature. The analytical solution of
a fully anisotropic problem is extremely difficult due to the cross direction conduction
coefficient, kij'

The use of composite materials has increased exponentially in the last two decades.
The main advantage of composite materials is the ability to tailor its properties as needed.
For the most part, engineers are interested in the mechanical properties of composite
materials to achieve the required tensile strength and bending moment chatacteristics.
But tailoring the thermal properties of composite materials could prove as important when
used as insulation materials. The diference in conduction coefticients beween the different
directions can also give rise to uneven material expansion and contraction. This gives

rise to what is known as thermal stresses [3].

Such stresses add to the stresses imposed by external loads and could result in faifure
if not taken into account. Such a situation will be encountered in the proposed space
station which will be fabricated mainly using composite materials. The uneven and periodic
exposure of the station’s outer surface to the sun could be modeled by the problem presented
herein. The same situation can also be encountered in several other situations on earth
where structures made from composite materials are exposed to uneven heat energy sources.
To the best of the author’s knowledge, all recent papers relevant to this field dealt with
either steady [6-10] or transient [11-15] heat transfer. Most of these papers focused on
orthotropic materials [6,10-15] with little work on anisotropic materials [7-9]. A recent
paper by the auther presented an analytical solution of periodic heat transfer across an
orthotropic cylinder [16]. The analytical solution is used to validate the accuracy of the
numerical sofution presented herein.

This paper will discuss the effect of five parameters on the heat conduction and phase
shift in a two dimensional anisotropic cylinder subject to a steady periodic and asymmetric
temperature distribution. It is of great importance to be able to determine the amount of
heat being conducted to the cylinder inner wall under different conditions. As will the
tesults show, a cylinder with high degree of orthotropicity exhibits superior insulation
characteristics compared to an isotropic cylinder of similar dimensions. A c¢ylinder with
high degree of anisotropicity exhibits high and relatively constant radial heat conduction
to the inner wall regardless of the imposed conditiens. The phase shift is important when
designing a measurement and/or feedback control system-where such a cylinder is used
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as a by-product of the solution, the time dependent temperature distribution is calculated
across the cylinder. This can be used to study the thermal fatigue problem due to the
dynamic thermal sircsses in an anisotropic cylinder subject to an asymmetric and cyclic
imposed temperature distribution.

Mathematical Model

Figure 1 shows a schematic of the cylinder physical parameters as well as the imposed
temperature and convective boundary conditions. The two dimensional unsteady heat
conduction equation in an anisotropic cylinder can be written as follows {17

& . 18 ar 18T 18°T
Ty Toe | oer M

- Tir,.0.t )=T;WQ+T0 cos{@) cos{{w t)

Fig. 1. Schematic of the cylinder and boundary conditions,
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The equation will be solved in conjunction with the following boundary conditions:

i T sy, L TR0 10,00 ) @)
T(1,,0,t) = T,,, + T, cos(8) cos{wt) &)
T(z,0,t) = T(r,0 +2m,t) (Y]

Since we are looking for the steady state periodic temperature distribution, no initial
condition is required. This point will become evident later on in the derivation.

To simplify the analysis, define the following non-dimensional groups:

T[L,B,w*tJ
rl

T,

a

$(R,0,7) =

¥ =0t
k
K, =1
ky

Q[L,B,m*t}
I

g (R 8:) = —

5

Using these groups, Eq. (1) can be rewritten as:

14 é&] 1 7' 18 _ %
RBR(RBR e e T R My ®)
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The focus of this work is on the periodic heat conduction through the cylinder. Thus
the values of Ty, and T, were set to zero. These comprise the DC component of the heat
conduction. Their effect can easily be incorporated using superposition. Equations 2 and
3 can now be written, respectively, as:

Aok, A5 pigar0.7) ©
M{R,,8,y) = cos(B)cos(y); R, = Ir._z 7}

1
The insulation effect of the symmetry plane passing through®=0and 0 = n can be
used to replace Eq. (4) as the boundary conditions in the tangential direction. The new
conditions ¢an be written as follows:

(R, 0,v) -0 {8)
9

R.m )

~—» 0 )

The solution of ¢ (R, 8, ¥) can be found indirectly by defining an auxiliary problem £
(R, 8,7). The two problems aze then combined to form & complex heat conduction problem
y (R, 8, v} as follows:

W(R,8,v)=¢(R, 9,7} +i(R.0,y)ii= -1 (10
The solution required, ¢ (R, 0, ¥}, is just the real part of y (R, 0, y). The solution y (R,
8, v) can be written as:
w(R,6,v) = E(R,B) exp(ir} (1)
The exp (i y) term satisfies the periodic time condition without the need for an initial
condition. Afier some mathematical manipulation, the governing equation for the complex
heat condition problem can be written as:

ii[RﬁJ.,_zKul &' +K 1 5% =iak (12)

RAR\ AR RARM® 2 R? o8
Equation (12) is subject to the following boundary conditions:
8E(1,0 BE(1,6 .
EéR ) 1Ky ‘5;9 ) - Big(LB):R, =1 (13
E(R.,.B) = cos(B) (14}
HRO &R _, (15)

o0 o0
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The maximum value of the cross direction heat conduction coefficient, K, is limited
according to the following Eq. (15}

kk;-ki>0forizj (16)

i
Fori~1 and j=2, and after dividing the equation by (k, l)2, equation ( 16) can be written
in the following non-dimensional form:
K, -K,>0 17)
In order to better study the effect of the anisotropicity factor, K,,, it is convenient to

normalize K, using K,,. The equation for the normalized non-dirmentsional cross direction
conduction cocfficient, K¥,, can be written as follows:

0<K, <10 K, = (18)
12 12 f_Ku .

The equal signs on beth sides represent the limiting values of K* ,

Numerical Procedure

The system of Egs. (12-15) was solved using the finite difference method. All terms
in Eq. (12) were discretized using second order accurate centrat difference formulas. The
chain rule was used for the first term in Eq. (12). Thus the finite difference form of Eq.
(12) become:

1 Sisnj=8icj E.H,J 251,J+E| 1 1 §i+1,j+1—~’ii+1,j-1-éi-l,j+1+€i-1,j—1

+2K.
R, 2AR (AR)> 27, 4ARAG
V& =28 +8, .
Kagm T @

(19)

The boundary condition on the ¢ylinder inner surface was discretized using second
order accurate forward difference formula for the radial term and second order accurate
central difference formula for the tangential term. Thus the finite difference form of Eq,
(13) was written as follows:

~E2j+48;— 3 €oir1 ~Eoj
+K =Bi 20
2AR YT Sy (20)

At the inner radius, R=1.0, by definition, and i=0. The finite difterence form of Eqs
(14) and (15) respectively, become

&y.j = cos(j*AB) (21)

L =Eiim = Lim . (22)
The system of algebraic Eqs. (19-22) was solved using the Gauss-Seidel explicit iterative
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method [18]. The large size of the complex matrix generated by the finite difference method
made more practical to use the Gauss-Seidel explicit iterative method than the analytical
matrix algebra. The solution domain was divided into (n+1)* (m+1) equally spaced grid
points in the radial and tangential directions, respectively, as shown in Fig. 2.

j=0
B
n(B.C)

n-1
2
1
i=0

m-1

m

Fig. 2. Schematic of the finite difference grid used

In search of the optimal compromise between speed and accuracy, several grid sizes
were tested. The number of prid points in the radial direction, N+1, was varied from 15
up to 120. The number of grid points in the tangential direction, M+1, was varied from 6
up to 50. The results reported in this paper are based on a 41*16 gird. The use of 2 finer
grid size did not result in any naticeable change in the results, Fig: 3.

The iterative procedure was tepeated until each of the cumulative absolute values of
the real and imaginary errors became less than 2 predefined tolerance parameter, . After
several test runs, the value of & was set at 10°. Smaller values of & did not change the
results of the numerical solution, Thus the convergence condition can be written as:

Z:?-.o m_o”Re[E.Eenvav} Re[£39) ]|]<a 23)
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Fig. 3. Change in maximum radial heat conduction to the cylinder inoer wall as a functlon ef grid size

Toto T imtz - izl < 24)

The final combination used for the remainder of this paper was a grid made from 41*16
points and a tolerance value of 10°, The solution converged after 1200 to 1600 iterations.
Bigher K*,, values resulted in an increase in the number of iterations required for convergence.

Results and Discussion

This section will report on the influence of the non-dimensional parameters on the
periedic radial heat conduction in the cylinder. The parameters studied are: non-dimensional
frequency (ct), non-dimensional outer radius (R,), Biot number (Bi), the ratio of the tangential
to the radial heat conduction coefficient, referred to herein as the orthotropicity factor (K,,),
and the ratio of the cross directional to the tangential heat conduction coefficient, referred to
herein as the anisotropicity factor (KK* ). The results include the effect of each parameter
on the maximum value of the non-dimensional radial periodic heat conduction to the cylinder
inner and outer walls, q, and g, respectively, as well as the phase shift between q, referenced
t0 g,. The value of each parameter was varied separately over the range in which it exhibited
a noticeable effect on the value of q,. A reference value for each parameter was used for all
cases except when the effect of the parameter was being investigated.

Since the main focus of this paper is the effect of anisotropicity, ten values of X, and -
five values of K* , at each K,, value were used while studying the effect of each of the
other three parameters. The K, values used were 0.2, 0.5, 0.7, 1.0, 2.0, 5.0, 10.0, 20.0,
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50.0 and 100.0. Due to space constraints selective results will be included herein. These
values span the range of K, values studied and give a clear idea as to the general trend for
the rest of the data. The five K* |, values used were 0.0, 0.25, 0.5, 0.75, 1.0. The value of
K* , = 0.0 represents the orthotropic case and is included for comparison with the analytical
solution [14] for the case of K, =2.C. The comparisen served to validate the accuracy of
the numerical solution. The reference values for the other three parameters were: &= 3.0,
Bi = 0.7, and R, = 1.5. These values were chosen a priori in order to facilitate direct
comparison with the analytical results reported [14] and have no other special meaning,

Figure 4 shows the change of the maximum non-dimensional radial heat conduction
at the inner radius, q,, across the effective range of the non-dimensional frequency (ce).
The figure includes two K, values, 2.0 and 10.0. Figure 4.a also includes the analytical
solution for the case of K*,, = 0.0, This figure shows a good agreement between the
mumerical and analytical results. For the orthotropic curves, K*, = 0.0, the value of g,
decreased as K,, increased. This is expected as a higher K, value indicates a lower
relative tangential to radial heat conduction resistance. Thus more of the heat energy
input at the outer wall is conducted in the tangential direction. For the same values of K,
an increase in the value of K* , results in an increase in q,. This indicated that part of the
heat energy conducted in the tangential direction is transferred to the radial direction
through the effect of the cross direction conduction coefficient. The effect of K*, 0n q,
is minimal for low values of K,,. This is due to the fact that a small K,, value wounld result
ina small value of K,;. The change in q, became more significant as K, values increase.
This can be seen clearly in the case of K, = 10.0, Fig. 4.b. For all values of K,,, the slope
of the q, versus a curve increased as the K* , value increased. This trend became more
apparent at higher values of K,,, Fig. 4.b.

Figure 5 shows the effect of ¢ on the maximum non-dimensional radial heat conduction
to the cylinder outer wall, q,. Figure 5.a also includes the analytical solution for the case
of K*,, =0.0. This figure shows a good agreement between the numerical and analytical
results. Comparing the different orthotropic curves, K* |, = 0.0, shows that as the K,
value increased the value of q, increased, This is expected as a higher K,, value would
result in a lower overall heat conduction resistance. This is reflected as an increase in the
heat energy conducted to the cylinder's outer wall, For the same K, value, an increase in
the K*,, value resulted in an increase in q,. Higher K*,, values result in lower overall
radial heat conduction resistance and thus higher g, values. The effect of K* |, on g, was
visible for all values of K,,, but became more evident at higher K, values, Fig. 5.b. For
all K,, values, the slope of q, versus o decreased as K* , increased. For all values of K,
in Fig. 5, an equal increase in K* ; resulted in an equal increase in q,. For the same K,
value, changing the K* |, value did not result in any noticeable change in the steady state
value of o The steady state o is defined as the maximum a value below which the value
of g, became insensitive to any further reduction in c.

Figure 6 shows the effect of changing c on the phase shift between the maximum
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Fig. 4. Effect of non-dimensional frequency on maximum radial heat conduction to the eylinder inner
wall.
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radial heat conduction at the cylinder inner radius, q,, reference to the maximum radial
heat conduction at the cylinder outer radius, q,. Fig. 6.a includes the analytical solution
for the case of K, = 2.0 and K*,, = 0.0. The sharp phase transitions seen are due to the
fact that the phase value is limited between -1t and +3t. 'When the value of the phase shift
becomes smaller than -m, the phase is modified by adding 27 to it. This results in a sharp
increase in phase. There is an excellent.agreement between the analytical and numerical
curves. Actually, the two curves collapse and cannot be distinguished over the entire
range of o except at the last o value, o = 600, The difference at this value could be due to
the low g, value at this high « point and/or the error in the analytical solution that starts at
high o values [14]. At low values of o < 0.1, the effect of K*,, was to change the phase

from approximately zero for the orthotropic case, K*, = 0.0, to - for all other anisotropic
cases, K* . #0.0.

There was no noticeable difference among the four anisotropic curves in the range o
< 0.1, For o > 0.1 the phase curves corresponding to the lowest anisotropic case, K* |, =
0.25, started to increase as the orthotropic phase curve started to decrease until both curves
met. The rate at which the K*, = 0.25 curve increased to the point at which it met the
orthotropic curve depended strongly on the value of K,,. This can be seen clearly when
comparing Figs. 6.2 and 6.b. The higher the K,, value the lower the change in the
anisolropic phase curve and the higher the o value at which the two curves met. For the
same K, values, the higher the K*,, value the less sensitive the phase curve became to the
effect of changing o. High K, values which result from the combination of high K*,,
and/or K, values, Eq. (18), tended to stabilize the phase across a wider range of ¢t. The
phase shift indicates the speed at which the beat wave travels across the cylinder. Thus
the heat wave speed became relatively constant at high K., values.

Figure 7 shows the effect of Biot number (Bi} on q,. Although not clear in Fig. 7.a,
the colored output on computer scrcen of the figure showed that the analytical and numerical
orthotropic q, versus Bi curves collapsed over the entire range of Bi. A colored figure
could not be included with this paper for technical considerations. For all cases, as Bi
increased, q, increased up to a maximum value beyond which q, remained constant. This
is expected as higher Bi values result in lower radial heat conduction resistance. For a
given K, value, g, value increased as K* , increased, but the rate of change of q, with
respect to Bi decreased with increasing K* , value. The change in q, was minimal for low
K,, values, K,, = 2.0, but became more evident at higher K, values, K,, = 10.0. This is
expected since 2 higher K,, value would result in higher K , values. For K*,, = 1.0, the
curves of q, versus Bi were similar, in both magnitude and slope, regardless of the value
of K,,. For a given value of K,,, the slope of the q, versus Bi curve increased as K* ,
increased. This was more apparent in the case of K, —~ 10.0. The effective Bi range
remained constant for all K, and K* , values,
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Fig. 6. Effect of non-dimensional frequency on phase shift,
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Figure 8 shows the effect of cylinder outer radius, R, on q,. Logarithmic scale is used
for the x-axis in the figure, i.e. R,. Figure 8.a shows a good agreement between the analytical
and numerical orthotropic solutions. The only exception is around R, =2.0. The effect of
anisotropicity is not apparent in Fig. 8.2. This could be atiributed to the low vahues of K.
Higher K* , values resulted in higher g, values at the same R,. The q, curves corresponding
to higher K*,, values exhibited more gradual decline at higher R, values, This effect became
more visible as K,, value increased, Figs. 9.c and 9.d. In all figures, the difference in q, due
to K¥,, is limited to the R, range of 1.2 t0 5.0. At the low end of the R, range the q, value is
approximately the same irrespective of the K, and K*, values.

Figure 9 shows the effect of R, on q,. Figure 9.b includes the analytical solution of q,
versus R, at K, = 2.0. There is good agreement between the analytical and numerical
values of g, over the entire range of R,. For all K, values, higher K* ; values resulted in
higher g, values. This effect is clear for all values of K., and continues even at the asymptotic
value of q,. In the range R, < 2.0, the behavior of q, versus R, is different among the four
K., values specially at low K* ; values. Fig. 9.a, shows that q, tends to decrease then
increase in the range of R, < 2.0. This can be seen to different extents for all values of K* -
While on the other extreme, Fig, 9.d at K, = 100.0, g, tends to increase then decreases in
the range of R, <2.0. Again, this behavior is more evident at lower K* 1z alues. Comparing
the different curves in Fig. 9, a higher value of K, results in higher q, values, This is
attributed mainly to the reduction in the cylinder overall heat conduction resistance.

Figures 10.a, 10.b and 10.c show the effect of K, on q,, g, and phase shift, respectively.
Each figure also contains the curves of the analytical and numerical orthotropic solutions.
The agreement between the two curves is excellent in all three figures across the range of
K,,. The only exception is the phase shift at high values of K, Fig. 10.¢. The cause of
this has been mentioned when discussing Figure 6.a. Figure 10.a shows that as K+,
increases, g, increases. The effect of K* , is not clear at low values of K,,. which results
in lower K, values, but becomes more significant as K, increases. Higher K* , values
tend to stabilize the change in q, over the range of K.,. There are no surprises in Figure
10.b where higher K,, values resulted in higher g, value. Alsoa higher K* | values resulted
In higher g, values. The effect of K* ; increased as K., value increased dug to the resulting
higher K,, value. Figure 10.c shows the stabilizing effect of K,, on the phase shift. As
K,, and K* ; increased, the phase shift tended to remain constant at around -3 radians.
The closest anisotropic curve to the orthotropic curve was that of K*,=0.25 at the low
end of the K,, range, This is expected as the K, value at this combination is small,

Figure 11 shows the tangential variation in the local radial heat conduction at the
cylinder inner wall, g, at the reference conditions of o, Bi, and R,. The comparison
between the orthotropic analytical and numerical solutions in Fig. 11.b shows excellent
agreement between the two curves, AsK* ; increases, the q,, curves start to deviate from
the orthotropic cosine cutve. This deviation includes a reduction in the average value of
the q;, as well as a lower magnitude change across the cylinder tangential direction. This
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deviation includes a reduction in the average value of the g, , as well as a lower magnitude
change across the cylinder tangential direction. This deviation increases as K, increases
mainly due to the increase in the K, value. Figure 11.d shows the extent to which the
value of K*, can affect the q; , curves. Interestingly, the curve of K), =100.0 and K*, =
1.0 shows an almost constant yet definitely inverted cosine g, , curve.

Figure 12 shows the tangential vaniation in the local radial heat conduction at the cylinder
outer wall, g ,, at the reference conditions of o, Bi, and R, Figure 12.b shows the excellent
agreement between the numerical and analytical orthotropic q;, curves. The effect of K* ,
on the q,, curves is most visible at 8 values of 0 and 180 degrees. At these points, the
anisotropic curves deviate significantly from the cosine curve of the orthotropic solution.
For the orthotropic case, the plane of symmetry passing through 8 = 0 and 180 degrees did
not influence the q,, values at those points. In the anisotropic cases, the coupling between
the radial and tangential conduction terms resulted in significant deviation in the q,, values
at the same points. The effect of this boundary condition penetrated further into the tangential
direction as K, value increased. This could be seen clearly in Fig. 12.4, K, = 100.0. The
effect of K* , was to increase the magnitude of q , significantly around the plane of symmetry,
specially at © = 180 degrees. This effect increased as K, increased.

Figure 13 shows the tangential variation in the local phase shift at the reference
conditions of «, Bi, and R,. Figurc 13.b shows the excellent agreement between the
numerical and analytical orthotropic phase shift curves. The anisotropic phase shift curves
deviated from the constant phase curve of the orthotropic curves. At the low K, value of
0.5, the deivation was concentrated in a small region, 0 = 85 to 120 degrecs in figure 13.a.
The deviation increased to cover most of the tangential range at K, = 100.0, Fig. 13.d. In
cach case, higher K* , values resulted in greater deviation from the orthotropic curves.

Conelusions

The problem of heat conductien in an anisotropic cylinder subjected to an asymmetric
and periodic temperature distribution on its outer wall was solved numerically. The non-
dimensional form of the equation showed that the heat conduction across the cylinder as
dependent on five parameters: non-dimensional frequency (@), Biot number (Bi),
nondimensional outer radius (R,), orthotropicity factor (K,,), and normalized anisotropicity
factory (K*,,). The study reports on the effect of each parameter on the maximum radial
heat conduction to the cylinder inner and outer walls, q, and q,, and the phase shift
between 4, and q,. The results showed that the magnitude of the radial heat conducted to
the inner and outer walls can be altered to different degrees based on the combination of
the aforementioned parameters. A cylinder made from a material with a high K, and low
K, values would exhibit excellent insulation characteristics subjected to an asymmetric
and cyclic temperature distribution on the cylinder outer wall. Such a cylinder could be
made using circumferentially wound high thermal conductivity fibers. While a cylinder
with a high K, and K, values would exhibit high radial heat conduction characteristics
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when subjected to an asymmetric and cyclic temperature distribution on the cylinder outer
wall.

References

[1]  Coalesce, W.A. A Textbook in Crystal Physics. London: Cambridge University Press, 1938.

[2]  Nye,lF. Physical Properiies of Crystals. London; Clarenden Press, 1957.

{3] Carslaw, H.A. and Jaeger, J.C. Conduction of Heat in Solids. London: Clarendon Press, 1957,

[4] Chang, Y.P. and Tsouw, R.CH. “Heat Conduction in an Anisotropic Medium Homogeneous in
Cylindrical Regions - Unsteady State." Journal of Hea! Trangfer. 99, No.2 (1977), 41-46,

[5]  Beoley, B.A. and Weiner, LH. Theory af Thermal Stress. New York: Wiley, 1960

[6] Hyer, MW, Coper, D.E. and Cohen, D. "Stresses and Deformations in Cross-Ply Composite Tubes
Subjected 1o a Uniform Temperature Change”. Journal of Thermal Stresses, 9, No. 9 (1986), 97-117.

[7]1  Thangjithem, S. and Choi, H.J. "Thermal Stresses in Asymmetrically Heat Radiated Tubes." Journal
of Applied Mechanics, 58, No. 12 (1991), 1021-1027.

{8] Xianghou, Z. "Steady-State Tempeatures in an Anisotropic Strip." Journal of Heat Transfer, 1112,
No. 2 (1990), 16-20.

[9]1 Chao, C.K. and Chang, R.C. "Steady-Statc Heat Conduction Problem of the Interface Crack Between
Dissimilar Anisotropic Media." Internafiona! Journal of Heat and Mass Transfer., 36, No.& (1493),
2021-2026.

[10] Zibdeh, H.S. and Farran, J. M. "Stress Analysis in Composite Hollow Cylinders due to an Asymmetric
Temperature Distribution. Journal of Pressure Vessel Techrology. 117, No. 2 {1995), 53-635.

[t1] Fett, I'. "Temperature Distribution and Thermal Stresses in Asymmetrically Heat Radiated Tubes.”
Journal of Applied Mechanics, 53, No.3 (1986), 116-120. ]

[12} Kardomateas, G.A. "Transient Thermal Stresses in Cylindrically Orthotropic Composite Tubes.”
Journal of Applied Mechanics, 56, No. 6 (1989), 411-417.

[13] Chen, L.S. and Chu, H.S. "Transient Thermal Stresses of a Composite Hollow Cylinder Heated by a
Moving Line Source." Computers & Structures, 33, No. 5 (1989), 12051214,

[14] Kardomateas, G.A. "The Initial Phase of Transient Thermal Stresses due to General Boundary Thermal
Loads in Orthatropic Hollow Cylinders.” Journal of Applied Mecharics, 57, No. 9 (1990}, 719-724.

[15] Ootao, Y., Tanigaws, Y. and Fukuda, T. "Axisymmetric Transient Thermal Stress Analysis of a
Multilayered Composile Hollow Cylinder." Journal of Thermal Stresses, 14, No. 14 {1991}, 201-213.

[16] Abu-Hijleh, B. "Enhanced Thermal Insulation Characteristics of a Cylinder Using Orthotropic Material.”
The nternarional Jowrnel of Energy, 22, No.5 (1997), 471-476.

[17] Ozisik, M.N, Heat Conduction. New York: John Wiley and Sons, 1980.

[18] Gerald, C.F. and Wheatley, P.O. Appiied Numerical Analysis. New York: Addison Wesley, 1984.



Numerical Solution of ..... 203

Wlase pb 31 JUESH Cbea old Wt glal B 81 30 JUSY (s3us o
Flazs pd 35593 )7 i dniols

Amr ol 00 SU Lt plwy
PP e o i, Y L S g p el Bl ¢ LS L) i
DM e P e

(PV48/4/T8 3 3l by ¢ pVSR0/1 /T 3 i)

A3 S S Byl o) 3 551, JUEY ou ) JH 35, oda mlo g Sl anle
phl e Bl b 5 6000 ol gy Taiols LBl 2 ) JUiS! S Ybae
g e o Tl gty 5y A Sl s OF ol 1 b glol L &1 plah o U
¢ () Jalna ¢ ol Sladl ¢ N GI : a i H ALde e gkt -
LA oy Tl oo 0 ol g purald SnH 3 gl (551 0 oo 0 Jalna
ot hayl, a8 e i padt s e 38 22l il Jlais. oLy elasl
e U o ) gyl Tt ) B M B gla B LTy A e
JU1 @ holxn A3 Bl glas] 335800 JUSY yhalt Tmt3) 51/ 5 e DU diledt wle padl
ilane 3 m JUAS1 S Salinn 5 B gla) 3 LSt o 5510 (26 ClE 2o i 3,1~

Bl B el e Bl s g0 g0l i S0 o



