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Abstract. For systems with exponential life formed from independent NBATR components it is shown
that {i) if the system is monetene then the system must be a series system of exponential components and
(ii) if the system life is the sum of component lives then (n—1} components are degenerate at zero and the
remaining one is exponential.

Introduction

A nonnegative random variable X having distribution function F (x) has an increas-
ing failure rate on the average (IFRA) it -(1/0)logF(t) is nondecreasing in t=o where
F(t) = 1-F(1). The IFRA class of probability distributions is of a great impartance in
refiability theory becausc of the IFRA closure theorem [1]. Recently, Leh [2] intro-
duced the new better than used average failure rate (NBAFR) class of distributions.
This class is delined as: F ‘f NBATR if and only if L = ’!‘_I)Ig;l [(ogf(x))/x] cxists
(possibly infinile) and —logF(x)=Lx. The NBAFR does not only contain the IFRA
distributions but also the new better than used (NBU) class of life distributions (The
random variable X has a NBU distribution if F(x+y) £ F(x) F(y)). For some closure
properties of the NBAFR class one may consult Lok [2] and Alzaid et al. [3].

Remark 1

In his definition for the NBAFR distributions Loh |2] assumed that F(o) = o
which excludes those distributions with mass at zero. This assumption will not be
made hete since we need to include distributions which have a prabability mass at
7610, A similar delinition is used by Barlow and Proschan [ 1. p. 87] when considering
the IFRA class of distributions.

Block and Savits [4] studicd systems with exponential life formed from indepen-
dent IFRA components. They showed that in the case ol monotonic systems [ 1, p.
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84], the system must be essentially (except for degenerate) a series system of expo-
nential cmponents. They also proved that in the case of systems whose life is the sum
of component lives, all but une of the components arc degencrate at zero while the
remaining one is exponential. Shaked [$] improved their result by requiring NBU
components instead of TFR A compenents. In this paper it is shown that these results
still hold under the weaker assumption that the components are NBAFR.

Main Result

Theorem 1

Let F(t) be the life distribution of a monotonic system of order n formed of inde-
pendent NBAFR components having life distributions F, (t}, ....., F {t) respectively
and assume F(t) is cxponential. Then there exists a subcollection 1<£1, <. <, <n
such that for all 10

(1 F(t) = F,l(t) Fak(‘-)
wherc cach Fij(t)j = 1.2, ..., k is exponential.

Proof
Observe that F(t) = ¢™ = h (F(t), ...,F,(t)) where h is the reliability function
of a structure system 3 of order n and F(t) are NBAFR [ori=1,...,n. Further, & has
representation
o) = X
where p is the number of cut sets of the system, x; is the state of the itk relevant com-
ponent and k; is the jth minimat cut set.

Therefore, if X,,..., X, are the lifetimes, then

e™ = P{ min max x. >x}
or 1<jgp ieki Y
. P
2) e = ¢ P{myx X, >x}

j=i 1tk
Taking the derivative we get
P
Aot = e I {:} P[T:ﬁ X, >x}|/P{max X, > x}
= l

Now by setting x = (J, we obtain P
(3) L= I I, {o)
j=i
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where vy, is the failure rate function of T X,. On the other hand if the X/’s are
independent NBAFR then max X,isalso NBAFR [2, p. 42]. Therefore (2) implies
1 EKj P

S Ok

e
p

or equivalently A< & rkj(o). But this contradicts (3) unkess
=1

T (0 .
PmXX >x}=e O foralij=1.2,.,p
g
Now Ty, (0} = o for k; with more than one element. Also since

P
A=k {0), we should have at least one k; with only one element. Therefore, we
j=i

should have (1) to be valid.

The above theorem impraves Theorem 1 of Block and Savits in the sense that
the assumption that the components are IFRA is replaced by the weaker assumption
that the components are NBAFR. Also, as the NBU class of life distributions is con-
tained in the class of NBAFR life distributions, it follows that if one replaces the
assumption that the components are NBAFR with that they are NBU then the result
still holds. This gives the nhservation of Block and Savits [4].

Theorem 2

If the convolution of n NBAFR distributions is exponential then {n—1) of the dis-
tributions are degenerate at zero and the other distribution is exponential.
Proof

It is obvious that if the result is true for n=2 then it is truc for any positive integer
n. Now supposc that F and G arc two NBAFR distributions and their convolution is
expunential. Then at least one of them is absolutely continuous. Let F be absolutely
continuous. Suppose G has mass p > o at zera then this implies G is degenerate at
zero. This is so since G is NBAFR implies -logG(x) = Lx where L. =— lim [togG(x)/

=0

x] = *. Thus —logG(x) = = for all x > o which is true only when G(x) = o for ali x.
Thus G is degenerate at zero. Now if (i has a mass at zero then the theorem is obvi-
ous. Suppose that G (o) = o. The fact that F is absolutely continuous and it is
NBAFR imply that density f of F exists and is bounded near zero. Therefore if F* G
{(x) = 1 -c ** then we have

X
re = [f (x-y) dG (y) £bG (x)
4]
for all x sufficiently small, Taking the limit as x tends to zero, we get } = o which is

impossible unless the exponential is degenerate, This implies that G should have a
mass at zero which in turn yields G is degenerate at zero.
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Remark 2

Theorem 2 is an improved version of Theorem 2.8 of Block and Savits [4]. A
generalization of their result can also be found in Kitchen and Proschan [6]. We may
mention here that Amed and Alzaid [7] proved similar result for the class of har-
monic new better than used in expectation (HNBUE). However their result docs not
cover the NBAFR casc since the NBATR (HNBUE) class of distributions is not con-
tained in the class of HNBUE (NBAFR) distribution,

Remark 3

It is obvious from the proof of the Theorem 2 that the following two statements
are true;: If the convolution of n NBAFR distributions is absolutely continuous with
positive density at zero, then {n—1) of the distributions are degenerate at zero and the
remaining distribution is the same as the convolution. Also the assumption that [ is
NBAFR can be replaced with F has a bounded density at zero.
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