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Abstract.  Compact tension (CT) specimen testing is used to compute the fracture toughness parameter J-integral for different materials using load-displacement curve.  In this work, J is investigated for compact tension specimen for a strain-hardening material using plastic limit-load analysis.  The hardening effect is accounted for through a simple linear hardening curve using a lower bound approach.  Analytic expression for fracture parameters are derived from basic formulation.  Results illustrated for different cases show that as the material strain hardening increases, the J-Integral increases especially for shallow crack specimens.

Introduction

The linear elastic fracture mechanics (LEFM) theory is utilized for estimation of fracture behavior of materials in the elastic range.  However, once large scale inelastic behavior is encountered, LEFM cannot be used.  To characterize the elastic-plastic fracture behavior, Rice [1, 2] introduced a path-independent line integral around the tip of fracture notch.  From the perspective of energy release rate, the so called J-Integral can be inferred from the experimental load-displacement curves of test specimens. Later on, Begley and Landes [3, 4] demonstrated that it is possible to estimate the J-Integral from the load-displacement curves of various test specimen geometries.  Bucci et al. [5] and Rice et al. [6] proposed the J estimation method for several specimen geometries, including compact tension specimens.

Considering a rigid perfectly-plastic material, Merkle and Corten [7] presented the J-Integral estimation for compact tension specimens using a limit load analysis by considering the effects of the combined loading of axial force and bending moment applied to the remaining ligament of the specimens.  They used a lower-bound approach to derive the -factor for the J-Integral estimation.  The -factor approach has been widely used to estimate J from the area under the load-displacement (P) curve of a test specimen or structure.

Recently, Al-Abduljabbar and Pan [8] considered the effect of pressure sensitivity on the evaluated values of  and J for compact tension specimens with the same assumption of rigid perfectly-plastic material behavior.  

CT testing is usually conducted to characterize the fracture behavior of metallic materials which exhibit strain hardening in various degrees.  Therefore, an account of the effect of strain hardening on displacement under applied load will improve the estimate of fracture toughness in terms of J. 

Numerical analysis of CT specimen has been conducted in numerous works.  Using finite element analysis, Kirk and Dodds [9] considered different equations used for estimating the -factor, and highlighted the  dependency on strain hardening, which is not taken into account in the relevant standard (ASTM E 1290).  More recently, Panontin et al. [10] presented improved expressions for determination of crack-tip opening displacement and  for CT specimens using finite element analysis, and highlighted their dependence on strain hardening.

In this work, we derive analytical expressions for factors of the J-Integral for a material with strain hardening by assuming a simple linear hardening model for the material.  Such approximation, albeit simple, would provide an improvement for the estimation of the fracture response for CT specimens over the rigid perfectly plastic behavior assumed in previous works.  It should be noted that the assumption of negligible elastic strain is still maintained in this analysis.

Plastic Limit Analysis

In this section, we consider the effects of the axial force and the bending moment acting on the upper half of the compact tension specimen by the use of a lower-bound approach in a similar fashion to that of Merkle and Corten [7], whereby a single parameter can be identified to express the effect of the axial force.

First, the material hardening behavior is expressed according to Ludwik's expression [11],
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where  is the stress, 0 is the initial yield stress, H is the hardening constant, is the strain, and n is the hardening exponent.  This expression can be used to describe cold worked metals such as high carbon and alloy steels where there is a high amount of pre-straining (see for example [11, 12]).  We simplify this expression by assuming linear hardening case where n =1, in order to handle analytical relations for different variables in the derivation.

Figure 1 shows three different cases of the stress-strain curve.  The first on is for an idealized rigid perfectly-plastic material, where stress remains at a constant value of the yield stress 0.  The second curve is for a rigid linearly hardening material as described by Equation (1) with n =1.  The third one is a typical stress-strain curve of a ductile material. For metals, the elastic strain is usually very small compared to the plastic strain, especially at high loading level as considered here, which permits neglecting the elastic contribution to strain in this analysis. 
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Fig. 1. Stress-strain curve for: a) an idealized rigid perfectly plastic material, b) an idealized linearly hardening material, and c) a typical ductile metal.

Considering a compact tension specimen of perfectly plastic material as shown in Fig. 2, we analyze only the upper half of the specimen due to symmetry along the horizontal axis.  The specimen has a total width W, a crack length a, a remaining ligament size b=2c, and unit thickness.  The specimen is loaded up to a fully-plastic limit load P0.  The stress distribution in the remaining ligament of the specimen is assumed as shown in the figure where the portion of the ligament near the tip is under tensile stress starting from the initial uniaxial tensile yield stress 0 and increasing linearly up to a value of B at the inner edge of the specimen due to the hardening behavior. The other portion is under compressive stress starting from the uniaxial yield stress 0 and increasing linearly up to a value of A at the outer edge of the specimen.  

The dimensionless parameter, , is used as an indicator of the deviation of stress reversal point (or neutral axis) from the center of the remaining ligament b.  It will be shown later that  is a function of both geometry (the crack depth) and material properties (the hardening behavior).
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Fig. 2. The compact tension specimen and the stress distribution in the remaining ligament.

Another dimensionless parameter, , is used to account for the hardening effect in the material.  Assuming that the slope of the linear hardening curve on the stress diagram is 0 / c, the values of the two end stresses A and B are determined, respectively, as
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In order to get the plastic limit load P0, we consider the force equilibrium in the vertical direction and the moment balance due to the in-plane force and stresses. The force equilibrium in the vertical direction requires
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This, with the use of Equation (2) and (3) produces a relation for P0 as follows
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The moment balance around stress reversal point requires that the internal resisting moment, which is composed of two portions: Mt due to the tensile stress, and Mc due to the compressive stress on the ligament, balances the moment generated from the applied load MP.  That is
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The values of these moment components are determined, again with the help of Equations (2) and (3), as follows:






[image: image9.wmf]0

2

3

0

2

2

)

1

(

3

1

)

1

(

2

1

s

b

a

s

a

c

c

M

t

-

+

-

=

;  
 
(7)






[image: image10.wmf]0

2

3

0

2

2

)

1

(

3

1

)

1

(

2

1

s

b

a

s

a

c

c

M

c

+

+

+

=

;  
 
(8)



   
   

[image: image11.wmf]]

)

1

(

[

0

c

a

P

M

P

a

+

+

=

.   


(9)

Substituting these values into Equation (6), and also using Equation (5), a quadratic expression for the parameter  is obtained
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Solving for  gives 
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For a perfectly-plastic material, the parameter  vanishes; in which case Equations (10) and (11) will, respectively, reduce to the following





   
[image: image14.wmf]0

1

1

2

2

=

-

÷

ø

ö

ç

è

æ

+

+

a

a

c

a

.   


(12)






[image: image15.wmf]÷

ø

ö

ç

è

æ

+

-

ú

ú

û

ù

ê

ê

ë

é

-

+

÷

ø

ö

ç

è

æ

+

=

1

1

1

2

/

1

2

c

a

c

a

a

.   

(13)

Results of Equations (12) and (13) are exactly the same as those obtained by Merkle and Corten [7] for a perfectly-plastic material.  This result serves as a check for the validity of the expression obtained for  above. 

Figure 3 shows the displacement diagram for the compact tension specimen at fully plastic loading (see Merkle and Corten [7]).  Assuming a negligibly small elastic contribution to the displacement, the angle of rotation, , can be defined by using the relation between applied displacement  and the crack-tip opening displacement  :
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Therefore, the applied displacement,  is obtained as
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Fig. 3. The displacement diagram for the compact tension specimen at fully plastic loading.
J-Integral Analysis
An expression for the J-Integral in terms of the load-displacement (P-) curve for deeply-cracked specimens was introduced by Rice and his coworkers [6] as follows
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For compact tension specimens, this relation underestimates the value of J as it neglects the effect of the axial force.  An improved expression was presented by Merkle and Corten [7].  Since the elastic strain is very small compared to the plastic strain, their expression can be rewritten as
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from which, and through an involved derivation, J is determined by namely two parts: the real work and complimentary work done on the specimen due to the applied load, as follows
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The coefficients of the first and second terms in Equation (18) to are assigned two parameters  and *
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As will be shown,  and  are dependent on the geometry of the specimen, loading conditions, as well as material behavior.  The  factor can be determined by first differentiating Equation (5) with respect to b, taking into account that dc/db is obtained from the relation b=2 c.  This will yield
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Then,  can be obtained by substituting Equations (5) and (21) into Equation (19)
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In order to determine the partial derivative in Equation (22), Equation (10) is differentiated with respect to the length c using the relation a = W - 2c:
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which can be manipulated to express the last term in Equation (22) as follows:
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To account for the quotient a/c, Equation (11) is used again where it is helpful to make the expression for a/c + 1:
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Finally,  can be determined using Equations (22, 24) and (25) 
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where  is given by Equation (11), is the hardening coefficient, and is a constant is  given by
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If the material's strain-hardening is ignored by setting  = 0, Equation (26) reduces to
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This is the same expression for  for a perfectly plastic material given by Merkle and Corten in [7].  

We determine  by first recalling the definition of the rotation angle  in Equation (14). Differentiating this relation with respect to the displacement  and c respectively, we get:
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These two derivatives are evaluated in a similar procedure to the one used for .  Equations (24) and (25) are used to determine the partial derivatives in Equations (29) and (30).  The result is then used to get an expression for *
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Applying the same check by setting  = 0, (which is equivalent to  = 1), Equation (31) reverts to the expression given by Merkle and Corten [7] for perfectly plastic materials.  With  and * determined by Equations (26) and (31), J can be evaluated from load-displacement test results.

 Discussion
The forgoing analysis permits an improved estimation of the fracture parameters  and * for a material with strain hardening over the results reported for rigid perfectly plastic materials.  Since most metals exhibit strain-hardening behavior, it is most suited to utilize the relations of the previous section to investigate the change in the fracture parameters due to the material hardening under further loading beyond the yield limit.
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Fig. 4. The  factor as a function of hardening coefficient 
The relations developed for  and * strain hardening materials are given in terms of a/c.  It is appropriate to express them in terms of the normalized crack length a/W. This is achieved by recalling the geometry of the compact tension specimen as shown in Fig. 2; from which we see that
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We first consider the change of  with respect to the strain-hardening coefficient  for different cases of normalized crack length as depicted in Fig. 4. The figure shows that for specimens with shallow cracks, an increase in the hardening factor  results in a considerable change in the value of the -factor.  Thus, an increase in the value of  gives an increase in , resulting in a higher value for J. 

Figure 5 shows a plot of the  factor as a function of the normalized crack length a/W for different degrees of the hardening coefficient .  We can see from the plot that the effect of hardening decreases as the crack gets deeper and  converges to the value of 2 because for deeply cracked specimens,  approaches 2 regardless of the material constitutive behavior [6].  
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Fig. 5. The  factor as a function of normalized crack length a/W.

For the effect of hardening on the * factor, consider Fig. 6 which shows a graph of * as a function of the normalized crack length a/W. As shown in the figure, * strongly increases when the hardening behavior is introduced.  The increase is highest at lower values of crack extension; and as the crack length becomes higher, the effect becomes smaller for the same reason discussed above.

It is clear from Figs. 5 and 6 that the effect of hardening on * is sharper than on .  For a change of  from zero to 0.6, the change in  is only 10 %, while the value of* almost triples. In both cases, though, the change is to increase the value of the fracture toughness as measured by J.  It should be noted that the values of the integrals in Equation (18) are the ones that determine the contributions of the real work and the complementary work that can be exerted on the specimen prior to failure.  Also, it is expected that the more strain-hardening the material has, the higher contribution of h* to the total J value.

The results obtained here for the -factor illustrate the dependence of the J-Integral on the material's strain-hardening, which is corroborated by the finite element analysis of single notch specimens performed by  Kirk and Dodds [9].  Furthermore, the higher
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Fig. 6. The  factor as a function of normalized crack length a/W for variable hardening coefficient .

dependence of  on strain hardening for shallow cracks is highlighted by finite element work of Panontin et al. [10].

Conclusion

In this work, we worked on improving the parameters  and * involved in the evaluation of the J-Integral for materials with strain hardening.  The merit of the work relied on assigning a linear strain hardening behavior to the specimen material, thus allowing analytical expressions of the parameters to be obtained.

The numerical results for different cases of crack depth and hardening intensity provide a quantification of expected increase in J-Integral of the material due to strain hardening behavior when compared with perfectly plastic behavior.  Although the assumed linear hardening relation applies relatively on a specific class of materials, it might serve as an indication of the fracture behavior for hardening materials in general.
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تأثير التصلد الانفعالي على معيار الانكسار "J"

في عينات الشد المكتـنـزة

عبدالحميد العبدالجبار

قسم التقنية الميكانيكية، الكلية التقنية بالرياض ، ص. ب 20129،

الرياض 11455، المملكة العربية السعودية

( قدم للنشر في 15/7/2002م ؛ وقبل للنشر في 2/3/2003م)

ملخص البحث.  تستخدم اختبارات عينات الشد المكتنزة في حساب معامل متانة الانكسار، المعروف بتكامل J ، لمختلف المواد باستخدام منحنى التحميل والإزاحة. و تم في أعمال سابقة حساب التكامل رياضيا بافتراض عدم وجود تصلد للمادة نتيجة الانفعال.  وفي هذا العمـل  يتم بحث التكامل   Jلمادة تتميز بالتصلد الانفعالي باستخدام أسلوب التحميل الأقصى البلاستيكي،  وذلك بافتراض منحنى تصلد خطي لوصف تصلد المادة.  وباستخدام أسلوب اشتقاق بسيط أمكن الحصول على تعبيرات رياضية لمتغيرات الانكسار.  وتوضح النتائج لحالات مختلفة أن ارتفاع مقدار التصلد الانفعالي ينتج ارتفاعا في مقدار التكامل J خاصة لحالات العينات ذات الشقوق الضحلة.
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