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Abstract. In this paper a new technique is presented to design low order 2-D quadrantally symmetric IIR digital filters. This technique is based on two steps: First, the 2-D impulse response specification (Hankel matrix) is decomposed into k parallel sections, each consists of two cascaded SISO 1-D filters, using the singular value decomposition. Second, a singular perturbational model reduction algorithm is applied to the 1-D filter to approximate the N-dimensional FIR into n-dimensional IIR filters, where 
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. The approximation step is based on computing the eigenspaces associated with the large eigenvalues of the cross-Gramian matrix 
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. Examples are given to illustrate the proposed technique. 
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Introduction

Two-dimensional (2-D) digital filters are used in many applications such as image processing, seismic or geophysical signal processing, ultrasonic data processing and biomedical tomography. The design of two-dimensional (2-D) digital filters has been an active area of research for many years (see [1-6] and the references listed therein). Many techniques have been proposed to design the 2-D digital filters. Some of these techniques are based on transformations of 1-D filters [1-4] and others are based on various methods of optimizations or optimization in conjunction with transformation [5-7]. The technique, that received a considerable attention in the past few years, is based on singular value decomposition (SVD) (see [8-13]). The reason for this interest is because, it offers, as pointed out in [11,12], the following advantages. First, the design can be accomplished by designing a set of 1-D subfilters and, therefore, the well-established algorithms for the design of 1-D filters can be employed. Second, the stability issues of 

the 2-D filter is guaranteed if the 1-D subfilters employed are stable, and third, the 1-D subfilters form a parallel structure that allows extensive parallel processing.

The SVD can be applied to impulse response matrix (input-output data) as in [8-10], or it can be applied to the sampled magnitude response as in [11-13]. In [8,9], a state space model of the separable-denominator transfer is obtained, while in [10], the state space representation is obtained by decomposing the 2-D impulse response matrix into two 1-D digital filters (single-input multi-output and multi-input single-output). Moreover, it was shown that an optimal decomposition could be obtained. In conjunction with the decomposition, in some of the previous work [9,10,12], the balanced model reduction is applied to the decomposed state space representations to obtain computationally efficient filters.

In this paper, we propose a new and computationally efficient algorithm to design 2-D digital filters using the SVD in conjunction with singular perturbation model reduction. This algorithm is different from the others algorithms in two aspects: First, the SVD is applied to the impulse response matrix (Hankel matrix) instead of the sampled amplitude response. This enables us to decompose the Hankel matrix into parallel sections of two 1-D filters in cascaded. Second, the real Schur form decomposition (RSFD) [14,15] is applied to these decomposed 1-D subfilters to convert them from high order FIR filters to reduced order IIR filters in the singular perturbed form. The conversion algorithm is based on finding the orthonormal eigenspaces that correspond to the large eigenvalues of the cross-Gramian matrix 
[image: image4.wmf]co

W

. This algorithm avoids computing the balancing transformation, which tends to have numerical difficulties and ill-conditioning problem [16]. 

In Sections 2 and 3 we formalized the 2-D digital filters and we will show how the SVD is employed to decompose the 2-D filters into parallel branches of two 1-D filters in the 
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 domains. Moreover, we see how we choose the decomposition index, which determines the number of parallel branches in our design. In Section 4 we describe how to use the real Schur form decomposition of 
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to obtain the reduced order singular perturbed IIR digital filters from the decomposed FIR filters obtained in Section 3. Section 5 gives two design examples to illustrate the significance of the proposed technique. Conclusion is given in Section 6.

Design Problem Formulation

A 2-D FIR SISO digital filter with a rectangular support in the region defined by 
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 is assumed to be even), can be characterized by the transfer function
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 EMBED Equation.3  [image: image10.wmf]
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where 
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is the impulse response of the filter. For the quadrantally symmetric filter, the impulse response is real and
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This type of filter has a separable denominator [9,10]. The transfer function 
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where 
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 is called the decomposition index and it is determined by the allowable error, as we will see later in the next section. Moreover, 
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 determines the number of parallel sections. Now, if these subfilters are FIR, then we have
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and
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where
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are the impulse responses of the 1-D FIR filters in the directions 
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Equations (1) to (4) show that a quadrantally symmetric filter can always be realized using a set of 
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 parallel sections where the ith section is characterized by the impulse response 
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Now, having the impulse response specifications 
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, or in a matrix form:


[image: image35.wmf].

r

)

H

(

rank

      

,

)

N

,

N

(

h

.

.

.

)

0

,

N

(

h

.

.

.

.

.

.

.

.

.

.

.

.

.

)

1

,

1

(

h

)

0

,

1

(

h

)

N

,

0

(

h

.

.

)

1

,

0

(

h

)

0

,

0

(

h

H

d

d

=

ú

ú

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ê

ê

ë

é

=


        (5)

The given 2-D specifications 
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 can be decomposed into two 1-D specifications as 
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( row of G) represents the impulse responses of the SISO 1-D FIR filter in the 
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, respectively. The decomposition and the approximation of 1-D FIR by IIR filters steps will be discussed in the following sections

The Singular Value Decomposition (SVD) of the 2-D Impulse Response

In this section, the SVD is applied to the impulse response of the 2-D quadrantally symmetric digital filter 
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 as follows:
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where 
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where
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Where 
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where
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Notice here that, as we mentioned before, each column of 
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) represents the impulse response of an FIR filter. In the next section, we use the singular perturbation technique to convert the high order FIR filters to low order IIR filters

Singular Perturbation Approximation of FIR by IIR Digital Filters

In this section, we use the singular perturbational model reduction [16] to convert the high order nonrecursive (FIR) into much lower order recursive (IIR) digital filters. The similarity transformation matrix 
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 that, converts the FIR to IIR digital filters is computed by finding the eigenspaces that span the large and the small eigenvalues of the cross-Gramian matrix 
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. The eigenspaces are computed by using a very reliable and numerically stable algorithm known as real Schur form decomposition (RSFD). 
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and 
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respectively. Thus, the design of 2-D digital filter can be accomplished through the following steps:

1.
From the transfer functions of the 1-D FIR filters,
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Apply the singular perturbational model reduction to approximate the FIR filters, characterized by
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Before we explain how the first two steps are done, let us introduce the transfer function 
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where            
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The state space 
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in the controllable canonical form is given by
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The purpose of the model reduction is to approximate the Nth order FIR by an 
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Equivalently, 
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 can be computed by solving the Lyapunov equation
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Notice that 
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Notice also that the singular value
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 is different from the singular value of the 2-D Hankel matrix 
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where 
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denotes the maximum absolute value of its frequency response and 
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The state space representation of the singular perturbation reduced order IIR filter (
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Notice that, because of the special structure of the state space of the FIR filter (14), equation (15) is simplified to:
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where
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Notice also that A is nilpotent since 
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Again, notice that the matrix 
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is symmetric and is easily constructed. Therefore, there is no computation involved in finding 
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In the rest of this section, we summarize briefly, the singular perturbational model reduction algorithm in the following steps:

i.
For each branch, design the FIR filter characterized by equation (12). Find the impulse response, 
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ii.
 Construct 
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iii.
Compute the real Schur form decomposition (RSFD) of 
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The desired order of   the IIR filter is determined based on the required error bound 
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vi.
The state space of the reduced model is defined as [16 ]:
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So, the reduced order IIR filter characterized by equation (19) is an approximate to the full order FIR filter characterized by equation (12). Now, 
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if the first row of equation (13) is chosen and 
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if the second row of equation (13) is chosen. Repeat steps (i)-(vi) for 
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. See the parallel realization of the 2-D recursive digital filter in Fig. 1.


Illustrative Examples

Fig. 1.
 Parallel realization of 2-D IIR (Recursive) digital filter.

In this section, a 2-D circularly symmetric low pass and fan digital filters are designed to illustrate the effectiveness of the proposed technique in the decomposition and in the model reduction steps.   

Example 1: Consider the 2-D circularly symmetric low pass digital filter which satisfies the following specifications:
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is the first order Bessel function of the first kind. The desired magnitude response, which will be considered here as an ideal magnitude response is shown in Fig. 2.
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Fig. 2.
Ideal magnitude response of circularly symmetric 2-D low pass digital filter.

Following the procedure of Section 3, we apply the SVD to the resulted 49 x 49 impulse response matrix. The singular values of 
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are displayed. It is found that only 25 of these singular values are nonzero, which means that the actual number of parallel branches is 25, but because of the smallness of some of these singular values, we can only retain 4 of them, i.e., choosing the number of branches
[image: image151.wmf]k

 to be 
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, gives a satisfactory result. So, this is the first approximation, reducing the number of parallel branches from 25 to only 4. The second approximation is to reduce the order of individual 1-D filters. This is achieved by the singular perturbation model reduction. So, if we follow the procedure of Section 4, the filters order is reduced from 48 to the values given in Table 1, where the first element in the bracket is the order of 
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, and the second element is the order of 
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in Fig.1. This choice, of number of parallel branches and the filters orders, gives a maximum passband error of 3.29% and maximum stopband error of 2.95%. The resulted magnitude response of the 2-D IIR filter (reduced) is shown in Fig. 3.

Table 1.  Passband and stopband errors for the reduced order 2-D IIR digital filter
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Fig. 3. Magnitude response of circularly symmetric 2-D IIR low pass filter. 

Example 2. As a second example, consider the design of 
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, using Kaiser window [7].

The ideal magnitude response of this filter is depicted in Fig. 4. Again the SVD of Section 3 is applied and 
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. The exact number of the parallel branches is 22. Applying the singular perturbation model reduction algorithm to the FIR filters of order 62, giving us IIR filters of orders listed in Table 2. The maximum passband and stopband errors are 3.04% and 3.13% respectively. The magnitude response of the reduced order 2-D IIR filter is shown in Fig. 5.
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Fig. 4.
Ideal magnitude response of a fan filter of order 63 x 63.
Table 2. Passband and stopband errors for the reduced order 2-D IIR  fanfilter
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Fig. 5. Magnitude response of reduced order IIR fan filter. 

Notice here in this example, that the reduction in the 
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is less than one third, while the reduction in the 
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is about one half. This is expected because the filter band 
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is extended along the whole band, while the filter band 
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is extended to less than 
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, see Figs 4 and 5. It was noticed in [19] that for the two reduction algorithms, balanced model truncation (BMT) and Hankel-norm optimal approximation (HOA), the wider band we have, the less reduction we obtain. In [20], it was shown that BMT gives relatively smaller error at high frequency compared with the singular perturbation approximation. A comparison of error performance for the truncated model reduction and singular perturbation reduction for different types of filters was given in [16], Moreover, it was shown that, as in the BMT and HOA, the singular perturbation model reduction for the narrow passband filters can be reduced more effectively than the wider passband filters. This explains why the reduction in 
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 directions in this example.

Conclusion

In this paper, a new design technique for quadrantally symmetric 2-D recursive digital filters using SVD and real Schur form decomposition is presented. This technique is based on two steps: decomposing the 2-D impulse matrix, 
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 parallel sections, each comprising two 1-D FIR digital filters connected in cascaded. The FIR subfilters of order 
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are converted to lower order IIR filters of order 
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 using the singular perturbational model reduction algorithm.

The given examples had shown that the recursive magnitude response is very close to the ideal and the maximum errors in the passband and the stopband are relatively small.
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تصميم مرشحات رقمية ثنائية الأبعاد ومتماثلة ربعياً باستخدام تحليل القيمة المفردة واختزال النماذج ذات الاضطراب الشاذ 

رباح واصل الظاهري 

قسم الهندسة الكهربائية وهندسة الحاسبات ، كلية الهندسة ، جامعة الملك عبد العزيز 

ص. ب. 80204 ، جده 21589 ، المملكة العربية السعودية 

( استلم في 07/07/2001م،وقبل للنشر في 22/09/2001م )
ملخص البحث. قدمت في هذه الورقة طريقة مبتكرة لتصميم مرشحات رقمية ثنائية الأبعاد ومتماثلة رُبعياً كما أنها ذات رتبة صغيرة وذات استجابة نبضية لانهائية. تعتمد هذه الطريقة على مرحلتين: في المرحلة  الاولى تحلل مصفوفة الاستجابة النبضية للمرشح الأصلي إلى أعداد صغيرة من الفروع المتوازية ويتكون كل فرع من مرشحين رقميين متعاقبين ذ وي بعد واحد والمرحلة الثانية تتمثل في تبسيط واختزال المرشحات الرقمية ذات البعد الواحد والتي عادة ما تكون ذات رتبة عالية وذات استجابة نبضية نهائية إلى مرشحات ذات رتبة صغيرة وذات استجابة نبضية لا نهائية والغرض من هذه الخطوة هو تبسيط وتقليل العمليات الحسابية وكذلك تقليل الزمن اللازم للإشارات المارة في هذه المرشحات.   في نهاية البحث  قدمت أمثلة لشرح وبيان مزايا الطريقة المقترحة في هذا الورقة .     
113




_1079680472.unknown

_1079681497.unknown

_1079684544.unknown

_1079685229.unknown

_1079689378.unknown

_1079689403.unknown

_1079690092.unknown

_1079690513.unknown

_1079691370.unknown

_1079690511.unknown

_1079690512.unknown

_1079690510.unknown

_1079690509.unknown

_1079689430.unknown

_1079689493.unknown

_1079689500.unknown

_1079689414.unknown

_1079689385.unknown

_1079689389.unknown

_1079689381.unknown

_1079685339.unknown

_1079689323.unknown

_1079689337.unknown

_1079685349.unknown

_1079688774.unknown

_1079685354.unknown

_1079685345.unknown

_1079685237.unknown

_1079685244.unknown

_1079685324.unknown

_1079685233.unknown

_1079684823.unknown

_1079684918.unknown

_1079685172.unknown

_1079685211.unknown

_1079685161.unknown

_1079685155.unknown

_1079684827.unknown

_1079684700.unknown

_1079684705.unknown

_1079684692.unknown

_1079681815.unknown

_1079682223.unknown

_1079682243.unknown

_1079684537.unknown

_1079684540.unknown

_1079684531.unknown

_1079682229.unknown

_1079682209.unknown

_1079682219.unknown

_1079681820.unknown

_1079681564.unknown

_1079681571.unknown

_1079681810.unknown

_1079681568.unknown

_1079681518.unknown

_1079681561.unknown

_1079681515.unknown

_1079680900.unknown

_1079681202.unknown

_1079681425.unknown

_1079681440.unknown

_1079681448.unknown

_1079681435.unknown

_1079681248.unknown

_1079681422.unknown

_1079681209.unknown

_1079681070.unknown

_1079681136.unknown

_1079681152.unknown

_1079681111.unknown

_1079680934.unknown

_1079681031.unknown

_1079680930.unknown

_1079680708.unknown

_1079680815.unknown

_1079680844.unknown

_1079680896.unknown

_1079680834.unknown

_1079680752.unknown

_1079680755.unknown

_1079680721.unknown

_1079680560.unknown

_1079680584.unknown

_1079680619.unknown

_1079680664.unknown

_1079680669.unknown

_1079680661.unknown

_1079680588.unknown

_1079680580.unknown

_1079680545.unknown

_1079680550.unknown

_1079680507.unknown

_1079679946.unknown

_1079680222.unknown

_1079680329.unknown

_1079680348.unknown

_1079680462.unknown

_1079680465.unknown

_1079680424.unknown

_1079680340.unknown

_1079680344.unknown

_1079680337.unknown

_1079680253.unknown

_1079680272.unknown

_1079680276.unknown

_1079680268.unknown

_1079680246.unknown

_1079680250.unknown

_1079680243.unknown

_1079679997.unknown

_1079680132.unknown

_1079680184.unknown

_1079680208.unknown

_1079680138.unknown

_1079680027.unknown

_1079680031.unknown

_1079680001.unknown

_1079679968.unknown

_1079679981.unknown

_1079679994.unknown

_1079679972.unknown

_1079679954.unknown

_1079679962.unknown

_1079679949.unknown

_1079679701.unknown

_1079679834.unknown

_1079679922.unknown

_1079679936.unknown

_1079679942.unknown

_1079679925.unknown

_1079679888.unknown

_1079679892.unknown

_1079679839.unknown

_1079679813.unknown

_1079679822.unknown

_1079679826.unknown

_1079679818.unknown

_1079679761.unknown

_1079679801.unknown

_1079679746.unknown

_1079679585.unknown

_1079679672.unknown

_1079679686.unknown

_1079679697.unknown

_1079679683.unknown

_1079679604.unknown

_1079679668.unknown

_1079679592.unknown

_1044339594.unknown

_1079679500.unknown

_1079679528.unknown

_1079679549.unknown

_1079679518.unknown

_1046614755.unknown

_1079679454.unknown

_1079679495.unknown

_1046940644.unknown

_1046943002.unknown

_1046943022.unknown

_1046614875.unknown

_1046422859.unknown

_1046423650.unknown

_1046614632.unknown

_1046325029.unknown

_1042243664.unknown

_1042244001.unknown

_1044339538.unknown

_1042243837.unknown

_1030780837.unknown

_1042242917.unknown

_1042243155.unknown

_1031562610.unknown

_1032243441.unknown

_1032332813.unknown

_1031901001.unknown

_1031487642.unknown

_997801051.unknown

_1011517498.unknown

_1012722665.unknown

_997801473.unknown

_985275109.unknown

