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Abstract. The elfectiveness of various numerical schemes in solving the one-dimensional wave equation,
one-dimensional gas dynamics equation and Burgers model of turbulence is s udied. The accuracy of the
solutions is gauged by comparing them with the exact analytical solutions. The effects induced by changes
m step size are discussed.

Introduction

Numcrical solutions of the wave cquation in onc Cartesian space dimension are
important in the engineering analysis of pressure transients in piping systems carry-
ing liquids. Since the equation is hyperbolic, the customary method is an explicit
marching procedure in time and space, based on the method of characteristics, as dis-
cusscd by Wylic and Strecter [1]. Difference approximations for the hyperbolic equ-
ations work well when the solution is smooth. However, the solution of hyperbolic
Partial Differential Equations (PDE) can include discrete jumps. {This is contrary to
the solution of elliptic or parabolic Partial Differential Equations, which are always
continuous in space and time). For example, in a pipe flow of some chemicals, the
concentration of chemical species can have a sudden jump, The wave equation is an
adequate mathematical modet of the physical problem for the limiting case of fric-
tionless flow; when viscous effects are important, the one dimensional wave equation
no longer describes the problem. Additional viscous terms and an additional trans-
VErsc momentum cquation may become nceessary, with the degree of complexity
depending on the exaciness with which the viscous effects are described.
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Burgers equation which is a One-dimensional analog to the unsteady Navier-
Stokes equation and which is often used to test numerical methods and theoretical
closures, can be solved exactly in terms of standard functions of mathematical
physics by means of the Cole-Hopf [2,3] transformation, provided:

i)  The initial conditions for Burgers equation maps under the inverse Cole-Hopf
transformation into mathematically tractable initial conditions for the heat con-
duction equation.

ii) The boundary conditions for Buzgers equation are cither to be imposed as, say,
asymptotically vanishing or contant on infinite domains or have counter parts
which make for tractable boundary value problems for the heat conduction equ-
ution [4].

Burgers devoted most of his life to the analysis of the equation, u,+u u, =V,
which bears his name [S; pp. 171-199), including its statistical properties.

In this paper, we evaluate the effectiveness of the various numerical schemes in
solving One-dimensional wave equation, gas dynamics equation and Buzgers model
of turbulence. The effects induced by changes in step size are discussed.

Wave Propagation in One Space Dimension

There are several difficulties involved in the solution of the wave equation. In
the finite difference method, the major difficulties encountered are: i) the phase
speed of a wave changes especially when the mesh is non-uniform. The wave may not
propagate at all if the mesh size changes too abruptly. if} The amplitude may not be
maintained as the wave propagates. iii) the wave may travel in the wrong direction
and iv} sharp signals may not be retained.

To illustrate the behaviour of the discontinuous solution of a hyperbolic PDE,
we consider

u+au =0;x20,1=0

m
The initial and boundary conditions are
1 x<1
u(x,0) = (2a)
0 a1
and u(0,t) = 0 t>0 (2b)
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The analytical solution for this problem is
u(x,t) = u(x—at, 0) 3,
This solution represents the wave of a rectangular shape travelling at the speed a.
Time and Space Differencing
Number of different numerical schemes can be derived depending on the differ-
ence approximation selectcd for each of u, and u,, Roache [6]. When a>0 (flow is in
the positive direction) the back ward difference approximation
u, =, —u_ VAX (4a)

if, a<<(}, the forward difference approximation
u, = (g, ~y)MAx (4b)

where Axis the grid interval in space.
The time difference approximation is

ult* D = 4@ 4 (At) (u,) + O(AD) )
Here At is the discrete time increment.
I} Forward time and backward space (FTBS) difference scheme

FTBS approximation for the equation (1) is represented as

ule+! =y ul® — y("}
+a =0 {6a)
At Ax

Equation (6a) can be written as

{(n+1) {(n} (m) (n) (o) {n) (n)
- u u - u u — 2 u + u
i i il i—1 i+1 i i-1
+a — |a]Ax =0 (6b)
At 2 Ax 2(Lx)?

u

In the equation (6b}, the second term is the central difference approximation for u,
and the third term is a central difference approximation for —|a| Ax u_/2. The FTBS
scheme as using the central difference for u, and artificially adding the central differ-
ence approximation for —[aj Ax u,,/2, which is named “numerical viscosity term”.
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When the initial and boundary conditions are all non-negative, the solution of the
present scheme never becomes negative,

1T) Lax-wendroff Scheme
Equation (1) is written in this scheme as

) o @ (ny ® @ @
W2 (vr) )= wl]+ (¥2) NN [
i + - - 1

1
where Y = a At/ Ax.
111} Third-order upwind scheme

The spatial derivative can bc approximated by the Third-order accurate differ-
ence approximation given by [7]

afu, , — 20, + %, — 10u_, +2u,_,)/64Ax for a>0

a(u,);= { I _ 3)
a{ —2u, 5+ 10w, — 9w +2u;_ | —u;_,}/6AX for a<<(}
which can be written in a single form as
a{u ), =a(—u; 4+ 8u,,, — 8u,_, +1u,_,)/12AX )
+ lal (u,, = du,,, + 6y, = du_, +u,_5) 44X

The difference approximation for Equation (1) is written as

{n+1) (n) (n} (n) (n) (n
uo= u FA[-a(-u .+ Bu — 8 4+ u /124X
i 1+ -

i 2 i+l i—1 i-2

(n) (n) (n) (n)
—|a|(ul - 4u_nl+ fu —  4u

(n)

+ /4 10
i+2 i+ i i—1 u:—Z ) hx ( )
Bquation (10) has ne aliasing crror due to u third derivative term.

One-Dimensional Gasdynamics Equation

The unsteady, inviscid cquation of motion is

u+uu, =0 (11)
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subject to the following conditions
u(x,0) =x ;0= x=1 (12a)
w0t)y=0 ; t=0 (12b)
An analytical solution of equation (11} is
u(x.t)y = x/(1+1) (13)

Ong can also present the finite difference approximations for equation (11) for the
schemes (I-III} mentioned in the previous section.

The Burgers Turbulence Model
‘The equation of motion is
u+uu =vu, (14)

where uis the net velocity, v is the kinematic viscosity. Equation (14) is subjcct to the
following initial and boundary conditions

u(x,0) = sinmx ;0sx<l1 {15a)
uw(0,t) =u(l,t)=0 ;t=0 (15b)

The theoretical solution of equation (14) subject to boundary conditions {15a,b)
was ohtained by Cole[2] and compiled by Benton and Platzmann [8]

u {x,t) = dmv [ Z na, exp (—n’ wvt) Sin nax/

n=1

iag + 2 ) a, exp{—n’ n¥v1t) cos nnx)] {16)

n=1

where a, = (—=1)" I ( rzv) and 1, () denotes the modified Bessel functions of first
kind. lhiS dnalytlcal solution is numeru:ally untractable at small t and v as I (z) with
Z going to infinity behaves asymptotically as ¢* (2nz) ™ . mdependent of n. For values
of v smaller than 0.0!, the analytical formula (16) fails to produce any valid result
because of the extremely slow rate of convergence of the infinite series contained in
it. The values of these integrals have been computed by Ames [9]. A better form
comes from the convolution product in cole’s transformation, i.e.
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u(x,1) = [ - ru;in 7 (X~ n) f(x—n) exp (— n*favt)dn/

| "F (x=n) exp(—n/dvt) dn ] a7

with f(y) = exp (—cos my/2 nv)

Using similar finite difference approximation as given in the previous sections,
equation (14) was approximated by the following numerical schemes (for more
details, Roache [6]):

a) Euler's explicit, b) Euler’s implicit, ¢) Crank-Nicolson, d) MacCormack and €)
Third order upwind scheme.

A comparison of the values of u obtained by the schemes (a-¢) and those by other

numerical methods [10] are listed in the Table 1.

Discussion

In order to evaluate the performance of various schemes we presented the vari-
ation of u for the wave equation using schemes (1-111) are shown in Figs. (1-3). The
exact solution of equation (1) at any time hus the same square shape as the initial dis-
tribution but the location of the wave is continuously advanced by the unit velocity,
Throughout the tests, the grid spacing is Ax=0.1, a=1.0but the time step is varied for
each test.

The FTBS scheme never gives negative values of the numerical solution nor has
any oscillatory behaviour. However, the waves tends to spread and be smeared as it
travels. The height of the wave becomes lower and the width increases as shown in
Fig. 1. The Lax-Wendroff scheme produces a much less smearing effects of waves
than the FTBS scheme, but it has a significant oscillatory behaviour (Fig. 2), which
is the aliasing error duc to the third-order truncation error. This trend increases as y
=n At/ Ax approaches zeru. with the third order upwind scheme, the wave is also dis-
torted, but the height and width of the square wave arc both maintained as shown in
Fig. 3. One can note that smaller At=0.0001, scheme HI (Fig. 3d), resembles the
similar nature of Fig. 2 (a). However, for equal space and time intervels the scheme
fails as shown in Fig. 3(a). Fig. 4 shows the results obtained for the gasdynamics equ-
ation{11) using the schemes (I-I11) for various values of t with Ax=At=0.05,

Variations of u along the x-axis for the Burgers equation for v = 1.0, 0.1, 0.01,
0.001 and 6.0001 obtained by the MacCormack scheme is shown in Figs 5-8. Fig. 5
explains the vatiation of the velocity u for various values of time with equal space and
time intervals. The details of the formation of a shock in the neighbourhood of x=1.0
are illustrated in Figs 6-8, for v = 0.01, 0.001 and 0.0001 respectively.
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Fig. 4. Variation of w along x-axis for the gasdynamlcs equation: (n) Ftbs; (b} Lax-wendroff; (c)

Third-order-upwind explicit, at,(1) t=0.05, (2) t=8.25, {3} t=1.8, (4) t=2.5, with Ax=
H1=0.85.
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Fig. 5. Variatinn of n along the x-axis for the Burger's equation with y=1.0, Ax= At=0.01:(a)
=0.00, (b1 1=0.03, {c) t=0.407; und y=0.1, Ax= At=0.01; (d) t=0.01, () 1=0.09, (D { =11,
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Fig. 6. Variation of u along the x-axis for the Burger’s equation with y=0.01, Ax= At=0.01; (a)
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As the value of v is reduced, a definite and consistent pattern emerged on all the
grids; the disturbances (v=0.0001) form in the vicinity of x=0.5 and propagate to the
right with a stccpened front as t increaes.

The One-dimensional gas dynamics cquation represents a pure inertial motion
and the Burger equation represents an inertial motion with cffects of viscosity, v. If
v=0, thc cquation describes the inertial motion of a one-dimensional continuum until
the time of formation of discontinuities or shacks. It is well known that the Burgers
equation produces shocks quite well for simple flows. However, it is of interest (ap-
parent paradox) that v=0 also allows shock formation cven though v#£0 is physically
required to generate discontinuities. This apparent paradox is intuitively similar to
the suceess of potential flow predictions of lift and induced drag on airfoils and hydro-
foils, where v =0. Potential flow predictions become better, correlated with experi-
ments as the Reynolds number becomes very large.

Conclusion

Various numerical schemes in solving one-dimensional wave equation, gas
dynamics equation and Burgers equation is studied. From this investigation, wc con-
clude the following:

1) The FTBS scheme, is stable if y (Courant number) < 1,

2) The Lax-Wendroff und MacCormack schemes are second-order accurate. The
accuracy of the schemes are best when y = 1. Therefore, accuracy decreases
cven when A tis decreased unless Ax is also decreased.

3) The third order upwind scheme has an accuracy of third order in space but for-
ward or backward Euler differencing in time introduces errors of second order.
However, the magnitude of the second-order crrors can be decreased by using a
small At independently of Ax.

Acknowledgement, The authors wish to thank the referees for their valuable com-
ments and suggestions which helped them to improve the presentation.
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