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Abstract. A recently developed technique in motion control is applied to solve the demand variation problem in an inventory/production system where items deteriorate at unknown constant rate. A feedback control technique called demand observer (DEMO) is applied to the inventory-level dynamics to force it to behave as a well-defined nominal model. As a result, any production policy based on linear control theory used in conjunction with the demand observer will be robust to changes in the demand and uncertainty in the deteriorating rate. In addition, the technique works for any moderately varying demand and for finite or infinite planning horizons. To illustrate the proposed production control structure, a standard linear optimal control scheme is used with a simple version of the demand observer. Finally, the overall inventory/production control is tested for different demand patterns. The simulation results showed the high performance robustness of the proposed structure for large demand variations and deteriorating rate uncertainty.

Introduction

It is well known that the control theory has been successfully applied to different inventory/production control problems (see for example Andijani and Al-Dajani [1]). However, recenct advancement of control theory is often aimed at limited applications such as robotics motion control. This work is an attempt to introduce a new advanced control technique into the field of inventory/production systems. No survey of recent control theory applications in this field is intended and no new modeling approached is suggested.

A reasonable model of an inventory/production system considers the inventory depletion not only by demand but also by item's deterioration (Ghare and Schrader [2]). Several researchers used such model to determine the optimum order quantity for different demand patterns. For example, Haiping and Wang [3] developed an economic policy model for deteriorating items with time proportional demand. Similarly, Bahari-kashani [4] presented a heuristic model for the problem that permited the variation in both replenishment-cycle length and the size of the order. Other examples can be found 

in the work of Dave and Patel [5], Sachan [6], and Goswami and Chaudhuri [7]. Two common features are shared by all the aforementioned work, namely, they all use open-loop control and that the demand rate is known in advance. The first feature means that the current inventory level is not factored in the choice of the production rate. Bertrand [8] commented on the use of closed-loop or feedback control in inventory/production systems and mentioned some of the major work done in this regard. A good example of this type of control is the work of Bradshaw and Erol [9], in which they derived unbounded control policies for a class of linear time invariant production-inventory systems. Recently, Andijani and Al-Dajani [1] applied a standard linear quadratic regulator (LQR) with known disturbance to an inventory/production system with items that deteriorate at a known constant rate. To derive the optimal production policy, they used a first-order model to represent the inventory/production system based on the work of Ghare and Schrader [2] and Haiping and Wang [3]. The objective was to minimize a cost function that penalizes the deviations of the inventory level and production rate from their corresponding desired levels. Several restrictive assumptions were made to calculate the optimal solution [10]. The results reported showed good performance when the assumptions were satisfied. However, close scrutiny of their work revealed that such optimal policy may result in inventory shortages for certain constant demand rates and that the optimality may be lost if the actual demand rate deviates from the forecasted value. In practice, demand varies with time and will affect any production policy if such variation is not accounted for. In addition, the deteriorating rate uncertainty is common in practice and may significantly affect the production policy and must be considered in the early stages of the control design.

To overcome these problems, namely the demand variation and the uncertainty in the deteriorating rate, a new feedback controller called the demand observer (DEMO) is added to the inventory-level dynamics. This controller forces the inventory/production system to behave as a well-defined nominal model. The basic idea behind such controller was first introduced by Ohnishi [11] and refined by Umeno and Hori [12] to deal with external disturbances and model uncertainties in motion control applications. The analogy between the inventory/production systems and motion systems is evident if one considers the demands as external disturbances, inventory-level as the controlled velocity and finally the production rate as the applied force. This and other related issues particularly the utilization of the proven performance of the disturbance observer in motion control in inventory/production systems motivated the work presented in this paper.

The paper is organized as follows. First section presents the basic inventory model with deteriorating rate, casts it as an optimal control problem and presents the optimal solution to such problem. The section concludes with several numerical examples to illustrate the limitations of such control methodology. Then, the structure of the proposed demand observer and its integration to the overall production control are presented. Several numerical examples are given to illustrate the advantages of such new control structure. Finally, conclusions are made in the last section.

Mathematical Modeling and Previous Work

Basic inventory dynamics equation 

In an inventory-production system where items deteriorate at unknown constant rate, 
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Where 
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 are the production and the demand rates, respectively.  

Optimal control problem setup

It is desired to obtain the optimal production policy that minimizes the following quadratic performance index:
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Where h is the inventory holding cost, c is the unit cost, 
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 is the deviation of the inventory level, I, from the constant desired inventory, Id, level (i.e. 
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), and u(t) is the deviation of the production rate from the desired one; that is 
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. The inventory dynamics represented by Eq. (1) can be written in terms of the new variables as:
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where f(t) is a function of the actual demand and is expressed as:
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Note that the desired inventory level is time-varying. Eqs. (2) and (3) form a standard linear quadratic regulator (LQR) with known disturbance. Here f(t) represents the disturbance.

Solution to the optimal control problem

The optimal control policy u(t) that minimizes J is given by [10]
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where K(t) is the time-varying optimal gain which is given by
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and S(t) is the solution of the Riccati equation,


[image: image14.wmf](

)

2

n

)

t

(

S

c

1

h

)

t

(

S

2

)

t

(

S

-

+

q

-

=

-

&



        (7)

Where 
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 is the nominal value of the deteriorating rate. The forward command, v(t), is computed as follows:
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Where 
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and 
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 is the forecasted demand rate.

In order to solve the above set of nonlinear differential equations, Andijani and Al-Dajani [1] used approximate discrete forms of these equations. In this study, MATLAB is used to solve the problem directly. First, Eqs. (7) and (8) are simultaneously solved backward with final values equal to zero. The optimal gain K(t) is then computed using Eq. (6). Finally, 
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 and the optimum production rate are evaluated by solving Eqs. (3) and (5) simultaneously with 
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A commonly used simplification of the above LQ solution is to let the planning horizon be infinite. This is equivalent to letting the derivative 
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 equal to zero, resulting in the so-called algebraic Riccati equation (ARE)
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The solution of Eq. (10) is simply given by
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The positive number of the two solutions is the optimal steady state solution to the above problem. Since S is constant, the optimal feedback gain is constant and numerical simulations are easier to be carried out. In addition, no appreciable difference in value of the cost function will be noticed between the steady and unsteady-state solutions.

Numerical examples

The above control design has been tested successfully in [1] for three demand trends namely, constant, linear, and quadratic. However, it has not been tested for robustness against demand variations and uncertainty in the deteriorating rate. To see the effect of deviation of the demand from the expected demand used in the design, consider the parameters listed in Table 1, which have been suggested in [1]. 

Table 1

Parameter
Value

Nominal deteriorating rate,
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Unit cost,
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Inventory holding cost, 
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Desired Production,
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Desired inventory level,
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Forecasted demand,
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Figure 1 shows the production rate and inventory level when the actual demand rate equals the forecasted constant demand rate and the nominal value of the deteriorating rate matches the actual one. That is 
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. The unsteady state optimal cost function is found to be J=5474.7. In addition, the figure shows the results when the steady state optimal control is used. The corresponding optimal cost function is equal to Jss=5487.8, which is very close to the time-varying solution.
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Fig. 1. The production rate and inventory level for zero demand rate variation and nominal deteriorating rate (J=5474.7, Jss=5487.8).

Now, consider the different cases listed in Table 2. Figs. 2 to 5 show the production rate and inventory level for each case, respectively. In the first case, the forecasted and the actual demand rates are selected to both be high at 70. As can be seen, inventory shortage occurs and the optimal cost value is very high in comparison with the one resulting from the lower demand rate. Of course, this problem can be corrected if the desired production rate is increased sufficiently. This, however, shows that the production policy is very sensitive to the selected design parameters. Similar results happen when the demand rate is increased by 20% and 50% of the expected rate as can be seen in Fig. 3 and Fig. 4, respectively. When the demand rate fluctuates as in the fourth case (see Fig. 5), the inventory level oscillates in an unacceptable manner. This shows the need to consider demand variations in the early stages of design as will be discussed in the next section. Note that the figures also show the corresponding steady state solutions. No notable difference exists between the two sets of optimal solutions and therefore the simpler solution should be used.

Table 2.  Four demand cases

Case
Actual demand rate
Forecasted demand rate

1
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Fig. 2. The production rate and inventory level for Case 1 (J=15207.4, Jss=15243.8).
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Fig. 3. The production rate and inventory level for Case 2 (J=8918.2, Jss=8958.2).
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Fig. 4. The production rate and inventory level for Case 3 (J=15754.6, Jss=15861.2).
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Fig. 5. The production rate and inventory level for Case 4 (J=7563.7, Jss=7631.2).

Demand observer structure

Applying the Laplace transformation to the inventory dynamic equation (3) gives the following algebraic equation when the initial condition is set to zero:
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where the capital letters denote the Laplace transform of the corresponding variable and the arguments are omitted for convenience. This equation can be presented as a block diagram as shown in Fig. 6. To alleviate the effect of the demand variations, a feedback loop in the form shown in Fig. 7 is used. Such loop will be denoted from now on “the demand observer” or (DEMO). The essence of DEMO is to estimate the lumped “demand” defined as follows:
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which represents the demand deviation and the uncertainty in the deteriorating rate value (see Al-Majed [13]). The estimated demand signal, 
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 to the output x behaves like the nominal model. This point can be seen by the fact that, if we construct an ideal demand observer, i.e., if 
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However, because of the causality problem of the ideal demand observer (
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 is not causal in the DEMO loop), in the implementation, a low-pass filter Q(s) with unity dc gain should be used as shown in Fig. 7. Using a first-order filter (i.e. 
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If we select 
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 to be small enough (<0.05), Eq. (15) will be reduced to the nominal model represented by Eq. (14). This means that DEMO will enforce a robust linear input/output behavior of the inventory system by canceling the effect of the demand variation and the inaccurate modeling of the deteriorating rate. Therefore, the new production policy command 
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 can now be selected based on any standard control technique such as the one presented in the preceding section. This will be illustrated by numerical examples.
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Fig. 6. The inventory/production dynamic block diagram.
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Fig. 7. The inventory/production dynamic block diagram with a demand observer.

Numerical Results

Reconsider again the four cases listed in Table 2. It has been shown that the optimal solution given in [1] will lose its optimality and inventory shortage may occur when demand rate deviates enough from the expected demand rate used in the control design. To alleviate the effect of such deviation, a DEMO is added around the inventory dynamics. Figures 8 to 11 show the production rate and inventory level for each case in Table 2. In the first case when the forecasted and the actual demand rates are selected to both be high and equal, inventory shortage occurs and the optimal cost value is very high in comparison with the one resulting from the lower demand rate. That is the addition of DEMO in the inventory dynamics did not improve the production policy. This means that the new production command must be selected properly based on the nominal system. In this case, a higher desired production rate will help improve the results as suggested previously. In the remaining cases where the forecasted demand rate used in the design is close to the nominal value but different from the actual value, the benefits of DEMO are clear. It can be seen that the inventory level is almost the same for all three cases and that no inventory shortage occurs. Additionally, the optimal cost function is maintained close to the nominal value. The best example of the DEMO effectiveness is shown in the fourth case when the demand rate fluctuates. As can be seen in Figue 11, the inventory level does not oscillate and the production rate follows the demand. Note that the demand observer is used in conjunction with the steady state optimal control. However, any other control algorithm may be used with the demand observer.
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Fig. 8. The production rate and inventory level using DEMO for Case 1 (J=, Jss=).
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Fig. 9. The production rate and inventory level using DEMO for Case 2.
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Fig. 10. The production rate and inventory level using DEMO for Case 3.
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Fig. 11. The production rate and inventory level using DEMO for Case 4.

Conclusions

The use of a feedback controller called the demand observer to alleviate the effect of demand variations and uncertainty in the inventory model was demonstrated. The technique works for any moderately varying demand and for finite or infinite planning horizons. The simulation results demonstrated the effectiveness of the demand observer to enforce a desired inventory dynamics. Thus, the performance of any production policy based on linear control theory will be robust to demand variations and model uncertainty. To illustrate the concept, a standard linear optimal control scheme is used in conjunction with the demand observer as an overall production control policy. The combination of the two control structures was shown to be effective using several simulation examples. 
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تحكم أمثل متواصل بأنظمة المخزون/الإنتاج للمواد القابلة للتلف التدريجي باستخدام مراقب طلب
محمد بن إبراهيم الماجد
معهد بحوث الفضاء، مدينة الملك عبد العزيز للعلوم والتقنية

ص. ب. 6086، الرياض 11442، المملكة العربية السعودية
(استلم في 19/11/2000 ,وقبل للنشر في12/01/2002)
ملخص البحث. من خلال هذا البحث يتم حل مشكلة التغير في الطلب في أنظمة المخزون/الإنتاج للمواد القابلة للتلف بمعدل ثابت غير معروف بتطبيق طريقة تقنية استرجاعية مطورة حديثاً في مجال التحكم بالحركة. وهذه التقنية الاسترجاعية التي سنسميها مراقب الطلب تجبر ديناميكية مستوى المخزون على التصرف كنموذج رياضي معروف. وكنتيجة لذلك تكون أي سياسة إنتاجية مبنية على النظرية الخطية للتحكم ومقترنة بمراقب الطلب مقاومة للتغير في الطلب ومقدار التشكك في معدل التلف التدريجي. وهذه التقنية تم اختبارها لحالات مختلفة من تغير الطلب وكذلك في حالتي أفق التخطيط المحدود واللامحدود. واستخدم التحكم الأمثل مع مراقب الطلب كمثال لهيكل التحكم في الإنتاج المقترح مع عمل محاكاة رقمية لعمل هذه السياسة الإنتاجية. وتظهر الدراسة مدى فاعلية مراقب الطلب في تصحيح أوامر الإنتاج لتتماشى مع الطلب.
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