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Ahstract. The free vibration of a pinned end beam undergoing large transverse deflection is examined.
The equation of motion lor 1his prablem is reduced to o Duffing-type equation with o small perturbation
parameter. The method of multiple scales is used to determine a uniformly valid highes third order pertur-
bation sulution. The predictions of the non-lincar frequencics arc in excellent agreement with the exact
solution obtained from the direct integration ot elliptic integral. Alse presented are the harmonic contents
of the non-lincar transverse displacement.

Introduction

The analysis of non-linear vibrations of beams has received much attention in the lit-
erature. Various investigators have used approximatc analytical methods as well as
numcrical methods such as finite difference and finite element methods. A com-
prehensive set of references of such work has been cited by Sathyamoorthy [1:2}.
Ray und Berl [3] studied the stability of a pinned-end beam experimentally. Bennet
and Eiscly [4] investigated the stability of a simply supported beam excited at center
and at quarter points. They used a multi-mode Galerkin approach to obtain a Duf-
fing-type equation and then applied a perturbation technique to oblain a Mathicu-
type equation. Tseng [5] uscd cssentially the same procedure to investigate a beam
with clamped ends. Bert and Fisher |6] used assumed mode analysis and Stoker’s
approximate equations [7, p. 189] for Mathieu stability regions to analyze the stabil-
ity. Raju er al. [8] lincarized the strain-displacement relations and applied Rayleigh-
Ritz method to obtain a one term approximation for the amplitude-frequency rela-
tion. Sarma et al. {9] discussed various [inite element formulations of large amplitude
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free vibrations of pinned end beam and presented an analytical formulation based on
Rayleigh-Ritz method. Some controversial points were raised by many researchers
on the assumptions introduced during the formulation using Rayleigh-Ritz method.
Singh et al. [10] clarified some of these points, In another paper, Singh et al. [11]
reduced the finite clement matrix equations to a scalar second order differential equ-
ation of the Duffing-type which was solved by using direct integration. Essentially,
they numerically integrated the elliptic function which resulted in exact values for the
non-linear frequencies.

There is a wide discrepancy between the results of the approximate analytical
solutions available in the literature and those of the finite element and finite differ-
ence solutions. Dumir and Bhaskar [12] discussed the source of crrors in some finite
element formulations which are traced back to the introduction of a linearizing con-
stant function in the expression for the strain energy. Utilizing averaging techniques,
Raa |13] obtained two comparable solutions each of first order. The first solution is
obtained by assuming harmonic frequency (space model}, while the second is
obtained by assuming the linear fundamental mode shape (time model) and using the
hybrid-Galerkin method. More recently, Pillui and Rao [14] cxamined the frequency
- amplitude relation by using a time domain method, the Galerkin method and the
methed of harmonic balance. They stated incorrectly that “since the coefficients of
non-linear terms in differential equation in gencral do not involve small parameter,
the usual perturbation techniques are inappropriate”.

The purpose of this paper is to clarify that the title problem can be formulated
as a Duffing non-lincar oscillator. A small perturbation prameter is intraduced by
using somc transformations. Consequently, the probiem can be analyzed by any of
the available usual perturbation techniques discussed in any book on perturbation.
One of these techniques, namely the method of multipe scales is used to determine
a higher third order perturbation solution. It is shown Lhat the method of multiple
scales yields accurate predictions of the non-lincar frequencies which are in excellent
agreement with the cxact solution obtained from the elliptic integral. Also presented
are the harmonic contents of the non-linear transverse displacement.

Equations of Motion
Consider a slender beam of uniform cross section made of homegenous isot-

topic material without damping is pinned at its immovable ends. The equation of
motion is [15]
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Elw n — Nyw,. + mw, =0, (1)
where
1.
EA
N =N,+— I w2, dx. (2)
2L
0

A is the cross-sectional area, E the Young’s modulus, 1 the moment of inertia, L the
length of the beam, N, the initial axial tensile force, t the time, w the transverse
deflection of the beam, x the axial coordinate, m the mass per unit length, and a
comma denotes partial differentiation with respect 1o the varibles following the
comma,

The non-linearity is caused by the pinned ends not being allowed to move to any
appreciable extent relative to the initial coordinates of the beam ends. It is ta be
noted that the axial inertia is neglected. The boundary conditions and the initial con-
ditions for Eq.(1) are:

wixt)=w, (x,t}=0 atx=0andL, 3)
w(Li20) =w_ ., w (L20)=0 (4)

1t is convenient to work with dimensionless quantities, since such a formulation will
facilitate the identification of the order of magnitude of some variables. Hence let

T=wt, f=xL, w=wi, (5)
where w is a characteristic circular frequency (not yet detined).
Using the chain rule of ditferentiation Eq.(1) becomes

i m L* @’ _
W ~ MWt o wii=0, (6}

where

W ds. (7

N, L* AL
+
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For netational convenience, one omits the caret on all the quantities and variables to
get

mLw’
Nw + —— w

KX XK WAt

El

= 0. (R)

w

The dimensionless boundary and initial conditions given by Egs. (3) and (4) become
wixty=w, (xt)=0 atx=0and 1, &)
w(l2.0)=w_, /L, w,{12,0)=0. (10)
To get Eq. (9) into a Duffing equation form, one lets
w{x.0 = ¢ (x) q(t) (1
where &(x) is the characteristic mode of a simply supported heam:
¢{x) = sin (n7x); n=123.. (12)

Substituting Egs. (11) and (12) into Ey. (8) and performing the integration given by
Eq. (7) one obtains

El i N,L*n?n’ AR )
- (n T+ —-—-——)q + _'ﬁ q =0. (1 )
mL*w EL 4mw*L

If one choose w to be

e | NyI12n?a? iz
w= ety ———— (14)
4
mL EI
Then Eq. (13) becomes
g+q+Mg*=0, (15)

where the dimensionless parameter M is given by

natAL?
M= ———— /(n*n*+N,L*n?z?/ED). (16)
41
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It 15 to be noted that for a square cross section, 1 = bh*12, and for Ny, the value of
M is 3L%/h? which is a big number. To introduce a small parameter in Eq. (15), one
lets

q-Eu, £ = I/M. a7
Then Eg. (15) becomes
G+u+eu=0, where e << 1. (18)

Equation (18) is a Duffing-type equation which represents a non-linear oscillator
without damping [16]. It iy to be noted that the non-linearity is of the hardening type.

The initial conditions given by Eq. (14) become

u{ly=w__/eL, u(0)=0. (19

max ’

Application of the Method of Multiple Scales

A number of perturbation methods are applicable in seeking approximate solu-
tion to Eq. (18). These include the method of harmonic balance, Lindstedt-Poin-
care’, equivalent linearization, Krylov-Bogoliubv-Mitropolski, generalized averag-
ing, Lie series and transformations, and multiple scales method. In the former three
methods one secks a periodic solution which is assumed a prior to oceur. The later
four methods yield a set of first order differential equations which describe the slow
time evolution of the amplitude and phase of the response. These methods have been
described thoroughiy by Nayfeh [17] and Nayfeh and Mook [18].

The present work is concerned with illustrating the use of multiple scales method to
construct a uniformly valid third order solution to Eq. (18). A new time t = £t is first
defined, where Q is the actual frequency, transforming Eq. (18) to

Q'u +u+cui=0, (20)

where the prime indicates the derivative with respect to 1. One notes that the
actual frequency of the system now appears explicitly in the equation. Both £ and u
are unknowns. One seeks appreximate solution for them in a form of power series in
terms of ¢, To do this, we assume the following forms for u () and Q2
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u(D=u @ +ey (D+u,@+Su O+, 2Zn
QD=1+eQ +eQ,+67Q,+ ... (22)

One notes that the first term in the expansion of Q2 is the linear frequency which is
unity. The corrections to the linear frequency are determined in the course of
unalysis by requiring the expansion for u to be uniform for all values of t.

To this ¢nd, one defines a fast time scale 'F,, = 1, on which the main osciilatory
behavior oceurs, and slow time scales T, = £” 1, n = 1, on which amplitude and phase
modulation takes place. The operation of time differentiation is thus expanded as

d
=Dy+eD, + D, + e Dy + O (", (23)
dr
dZ
d =Dl +2eDy Dy + e (D2 + 2D, D,) + 2€° (D, D, + Dy D) + O (%), (24)
3
where D = ——
3T

n
We next substitute Egs. (21-24) into Eq. (20) eguate the like powers of £ to zero

to obtain a hierarchy of linear differentiat equations which are to be solved succes-
sively. These equations are:

Dy, +u,=0. (25)
Diu +u = - 2D, Dy, — @, Diu, — ul, (26}
Dju, +u, =~ Q,D3u, — (D} + 2D, Dy, ~2Q, D, Dy,
2D, Dyu; - Q, D3y, — 3uly, (27
Diug+u; = =2(D; Dy + D, D)) uy —Q (DI + 2D, Dy) 1y
-29Q,D, Dyu, - Q,D2uy— (D? + 2D, DY)y,
—2Q,D,Dyu, — D}y, - 2D, Dyu, - @, D2y,

-3 ug u, — 3u, uf. (28)
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The solution of Eq. {25) is

Uy (T Tp. Ty Tyo o) = A (T}, Ty Ty, o) €70 + e, (29)

where ce stands for the complex conjugate of the preceding terms and the notation
indicates that only the scales T,, T), '1; and T, are used because the solution is to be

1
obtained to the third order. The complex amplitude A(T|, 15, Ty ...) =3 a(T,.T,,
T,,...)exp[id (T,, T5. T;, ...) jis a function of the slow scales with both the amplitude
a and the phase ¢ real. The use of Eq. (29) in Eq. {26) then yields the following
inhomogenous equation for u, (Ty, Ty, Ty, Ty, ...):
Dy, +u = (R A-2D A-3A%A) e~ AT+ cc, (30)

where A is the complex conjugate of A.

The first term on the right side of Eq. (30) iy resonant, and one requires it vanish in
order to avoid secular behavior in u,. Thus one obtains

2D, A =8 A 3ATA, (31

This equation defines the rate of change of A on the slow time scale T'|. According
to the method of multiple scales D, A = 0 for periodic motion. Therefore

£, = 3A A (32a)
Replacing A by its polar form yields
3,

Q=a (32b)

The next step one solves Eq. (30) for u, retaining only the particular solution to
obtain

A3 .
U (T Ty T Ty ) = Mt (33)
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At this end, one substitutes Eq. {29) and Eq. (33) into Eq. (27) to obtain the following
equation for u, {Ty, T, T, T}, ... )¢

_ 3 .
Dlu,+u,= —(2iD?A+DfA+2iQ1DIAQ,A+—8 AT Ao

9 3 4 9
— i A ‘A -
(7 iADA + 2 AR - —

Q, A%) HTo ——3- A*e T tcc. (34)
The annulment of secular terms in u, requires that
2iD2A+DfA+2iQ,D,AﬁQZA+—-f;—A3K2=0. (35)
Setting DA =0, i = 1,2, in the previous equation one obtains
Q,= % A% AZ (36a)
One repleaces A in Eq. (36a) by its polar form to obtain
Q= — a*. (36b)

The solution for u, with only retaining the particular solution is

N, 1 _
4 {Te Ty, T Ty, ) = = — AR o 4 - At e 4 o, (n

The governing equation for u; (T, T;, T,, T, ...} is obtained by the substitution of
Eqgs. (29}, (33) and (37) into Eq. (28). The result is

Djuy+u;=—-[2D;A+2D,D,A+Q, (D!A+12iD,A)+2iD A
. + 57 4saq it
+2192D1A —Q;A—WAA]E 0

63 4o 63 <, 3
—[—?1A3AD1A—§m‘D1A+—4A(D,A)2

3 9, 189 ~
+‘“‘8‘* A2D§A+ TIAZDZA'F "‘5‘-4— QIA‘A

9 9 123 .,
+ i ATD A — Q,A% - - A’ AZ] MM



On Non-linear Free Vibrations of a Beam with Pinned Emls

25 54

0 ., 5 6 5 1.5,
— — —— A"A 0
+[64 iA’D A QA le

- % ATe"M o

Eliminating the secular terms from u,, one abtains from Eq. (38) that

AD A +2D,D A +Q,(DFA +2iD, A) + 2iD, A

- 57 u-
+2i0,DA- A~ A*AT=0.

Requiring that DA =0, i=1,2.3,in Eq. (39} separalcly vanish yiclds

57 23
=- — A*A’
3 64

Upon substituting the polar form for A one obtsins

57

AT a6

3

These leave the following perturbational equation for u; (1, Ty, Ty, Ts,...):

) 189 .9 123 5., am
Diu;+uy= - (—QA*A- QA - T—ASAL)e"
w3 T Ua ( P 2,A g 2 od Je

y ~ ) 3 }
—(%—‘j QAT+ %:—As Ayt E AT e,

The solution of T:q. (41) retaining only the particular solution is
1 - .
U (Lo, T, Ty, Ty, ) = 5 (417 A Ale¥To — 43 A8 A ¥To

+ATe™) 4 oce

where use has been made of Eys. (32a) and (36a).

1

(38)

(39)

(40a)

(40b)

(41)

{42}
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It is to be noted that the use of the symholic manipulation makes it relatively easy in
conducting higher order calculations,

The substitution for u,, u,. u,. and u, from Fgs. (29), (33), (37) and (42) inlo Eq. (21)
and replacing A by its polar form and T; by 1 gives

3 5
a a ) 2la i i
— = Lt ) T Lditr+ ) _ 2 Jr+g) ____ GSili+ )
Bt TRt © o8 e
7
FE e [417 €M) 43 M9 4 T 0] 4 o (43)

65536

The frequency-amplitude relation is detcrmined by superimposing Eqs. (32b), {36b)
and (40b} according to Eq. (22). Specifically

3 3 57
Q2= — 24 T glat_ - gty 44
1+4 ca 128 e 4096 & (44)

Upon taking the square root of Eq. (44) one obtsins

o 1+3 2 15 2 4 123
= — ga’— € —_

g 577 38 C 7T e
Tt is to be remarked that the first two terms in the right hand side of Fqs. (44) and (45)
are the same as that given in references [8]; [9); [10]: [12] and [13] as a first order
approximation.

ea+ .. {45)

Results and Discussion

To compare the frequency-amplitude relation given by Eqs. (44) and (45) with that of

2 ), where p (= VI/A)
is the radius of gyrution of the cross section. The exact solution of Fq. (18) is an ellip-
tic function of the first kind (16,19]. The exact frequency amplitude relation is given
by

the previous investigators, onc substitutes ¢ a’ = T (

Qe:mcr = % (1 + Eaz )IQ K(k), (463)

where K(k) is the complete elliptic integral of the first kind
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"2

K(k)= a9 oo ¥ (46b)
I (1—ksin?@)*? C 2(1teadd)

The integration given by Eq. (46b) is a regular integral which can be computed easily.
It is also tabulated [20]. In addition, one can readily obtain an approximate value for
the frequency given by Eqs. (46a) by expanding the integrand in Eq. (46b) and integ-
rating term by term, that is

/2

1 3
K(k) =J (1+— kzsin20+?k"sin“9+ f—ﬁkﬁsinﬁe+ )

0

N Lo, 9 ., 8L o
~—2(1+—4_k+ak+ﬁk+...). 47

The substitution of Eq. (47} into Eq. 46a) yields

3 21 81
Q=1+ ea®——" 2a*4 Fah 4 L
. g @ 556 © 2 S04 € 2 (48)

The non-linear frequency Q for specified values of the maximum amplitude ratio
(w,.,/0) have been calculated and presented in Table 1. The present solution is in
excellent agreement with the cxact solution obtained from direct integration of the
elliptic function. For small maximum amplitude ratio, equivalently small ea?, the cor-
responding frequencies agree with the exact values up to the fourth decimal place. As
execpted, for large maximum amplitude ratio, one needs toinclude more terms in the
perturbation series to obtain more accurate results.

Figure 1 displays the linear and the non-linear displacements u aver the funda-
mental period for a = 2.0, £ = 0.1, and correspondingly w,. /p = 1.264% and Q =
1.1414. The first few harmonic amplitudes C,, where u = J, C, cos (n T +4,), are
small compared to the fundamental. These values are C, =2, C, =2.0066 x 102, Cs
= 1.4453 % 10, C, = 39062 x 10°, Itis clear from Eq. (43} that only odd harmonics
exist. Shown in the same Figure are the non-linear displacements for e = 0.2 (R =
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Table 1. Non-linear frequency £ at various amptitudes {W ax /P): comparison of solutions obtained by other
methods (p = radius of gyration)

Present Eliptlc function Rayleigh- Finite
W study Exact Approx. Ritz element
5 Eq. (44) Eq. (46) Eq. (48) method [8] method [9]
0.2 1.06137 1.0037 1.0037 1.0025 -
(1.0037)*
0.4 1.0149 1.0149 1.0149 1.0099 1.01948
(1.0149)
0.6 1.0333 1.0331 1.0331 1.0222 -
(1.0333)
0.8 1.0586 1.0580 1.0581 1.0392 1.0770
{1.0586)
1.0 1.0903 1.08492 1.0892 1.0606 1.1180
(1.0903)
2.0 1.3265 13178 1.3325 1.2247 1.4142
(1.3314)
3.0 1.6272 1.6257 1.8790 1.4577 1.8028
(1.7181)

* Values in parenthesis are from Eq. (45}
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Fig. ), Transverse displacernents for a = 2.
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1.2630, w, . /p = 1.7889)and e = 0.3 (2 = 1.3829, w_, /p = 2.1909). The correspand-
ing sets of harmonic amplitudes are C, = 2, C; = 3.6781 x 107, C5 = 9.3740 x 10,
C,=3.1250 x 10°and C, = 2, C, = 5.9917 x 102, C, = 1.7227 x 103, C, = 1.0547
% 10*, respectively. The harmonic amplitudes increase with increasing €, however
they are still small comparcd to the fundamental.

The applicability of the method of multiple scales to study non-licar vibrations
of immovable piancd ends beamn has been demonstrated. Representation of the non-
linear frequency and the displacement explicitly in terms of the amplitude can pro-
vide means by which the effect of @ paramcter change on a system can readily be
gaugced, which is useful in design process.
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