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Abstract.  An alternative analytical (numerical) method for computing areas of figures of irregular boundary has been developed based on fourth order polynomial approximation.  The resulting formula (called Simpson's 2/45 rule) has been tested with actual field data, small-scale map data, and theoretically exact area figures.  The results show that Simpson's 2/45 rule is a competitive, and possibly more accurate, method for area computation of irregular boundary figures.

Introduction

One of the main purposes of carrying out a boundary survey is to acquire data for the determination of the area of a tract of land.  Such area may be vital input to a land or geographic information system (LIS or GIS) or a computer-aided drafting (CAD) environment.  Also, most engineering projects such as highway and reservoir design, construction and maintenance, cadastral and legal aspects, urban planning and development etc. are often based on areas plotted on maps.  Further, tract areas, quantity and extent are often vital in study and production aspects of agriculture (e.g. crop species and plant disease distributions), forestry, soil and mineral surveys.


Areas of land can be determined using field or map measurements.  Field measurement methods include division of the land into appropriate simple figures (triangles, quadrangles, etc.), construction of a base line in the field, measuring appropriate number of offsets from the base line to the boundary and then computing the area analytically; employing double-meridian distance and coordinates of known angle points etc. [1-4 ].


Map measurement methods include counting squares, the give-and-take method, digitizing the map and then computing the area analytically, and constructing a base-line 

within the plotted area and employing computational (analytical) techniques to obtain the area.


In many of these applications, irregular boundary areas are often encountered.  In such cases, the analytical methods are more practical and more accurate whether measurements have been carried out in the field, on the graphical map or on its digital counterpart.  Here, often offsets are measured from a base line in the area to the irregular boundary at regular or irregular intervals or group of intervals.  The well-known analytical methods of area computation are the trapezoidal rule, Simpson's 1/3 rule [1,5-7], Simpson's 3/8 rule [8], cubic spline [9] and Hermite methods [7]. Each of these numerical methods has its respective characteristics, merits and demerits, an excellent summary of which is given in [7].


For the sake of completeness, the present article considers irregular boundary area computation using fourth order polynomial approximation i.e. the boundary connecting five offsets is assumed to be a curve representing a polynomial of fourth order.  This assumption is valid since meandering lines with curvature reverses are often encountered in nature.  Thus a general rule for this case is first developed by dividing the area into a series of four panels.  In order to attest the accuracy of the developed formula, it is applied to the data used by Elhassan  [8] and to figures of theoretically known area (e.g. semi-circles).  A comparison between the accuracy values obtained with the present formula, the Trapezoidal rule, Simpson's 1/3 and 3/8 rules and the Hermite method is then presented and a conclusion as regards the competitivity of the developed formula is drawn.

Derivation of the General Rule
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Figure 1 represents an irregular boundary of an enclosure whose area is to be computed.  Offsets, y​1, y2, ..., yn divide the area at equal intervals of size x1  each.  Such boundary can be approximated using the polynomial.



y = a + bx + cx2 + dx3 + ex4




        (1)


In Simpson's 3/8 rule [8] , the area is divided into sections that are a multiple of three.  In this study, the irregular area is divided into sections which are multiples of four.  In Fig. 1, point "o" is the origin of the xy coordinate system, and offsets y1, y2, y3, y4 and y5 are constructed at equal intervals of length x1.

From the figure,


at 
x = 0 ,
y = y1

at 
x = x1 ,
y = y2

at 
x = 2x1 ,
y = y3

at 
x = 3x1 ,
y = y4

at 
x = 4x1 ,
y = y5

These values can be substituted in  Eq. (1) in order to derive values of the constants  a, b, c, d, and e.

Thus:



a = y1







        (2)
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        (4)
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        (6)

Now the area under the curve is given by:
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        (7)

Substituting  Eq. (2) through (6) into  Eq. (7), we get:




[image: image7.wmf](

)

(

)

(

)

(

)

ú

û

ù

+

-

+

-

+

-

+

-

+

-

+

+

-

+

-

+

ê

ë

é

-

+

-

+

-

+

=

5

4

3

2

1

5

4

3

2

1

5

4

3

2

1

5

4

3

2

1

1

1

y

y

4

y

6

y

4

y

24

*

5

1024

y

3

y

14

y

24

y

18

y

5

12

64

y

11

y

56

y

114

y

104

y

35

24

*

3

64

y

3

y

16

y

36

y

48

y

25

12

8

y

4

x

A


or


[image: image8.wmf][

]

5

4

3

2

1

1

y

7

y

32

y

12

y

32

y

7

45

x

2

A

+

+

+

+

=

 which can be set  in the following   simple form ;
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        (8)


If the area is to be divided into multiples of four sections (panels), then the number of offsets   n   is given by:
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n = 5 + 4i (i = 0, 1, 2, 3, . . .)




        (9)


In Fig. 2, if i = 2, then n = 13.   When applied to these 13 offsets,  Eq. (8) will take the following form:
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Generalization of equation (10) yields Simpson's 2/45 rule for computation of irregular boundary areas i.e.:
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      (11)

where k = number of groups containing four sections each  =  (n-1)/4

Verification of Simpson's 2/45 Rule


Eq. (11) was subjected to a number of tests to verify its validity and to compare its accuracy with those obtained when other methods are used.  Five sets of area data were used.  These are as follows:

(i)
The first test area encompasses data obtained at 16-m intervals along a 96-m long traverse line to an irregular boundary of a park area.  The data was originally acquired using field surveying techniques and was reported in [8].  In addition to Eq. (11) developed in this study, Simpson's 1/3 and 3/8 rules and the Hermite method described by Easa [7] were also utilized to compute the area.  For convenience, the particulars of this area are repeated here as Fig. 3.  The results are shown in Table  1.
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(ii)
Test area (2) comprises data representing the boundary of part of the Red Sea.  The data was extracted from a 1/10,000,000 small-scale map.  Map area was divided into six sections with equal offsets (2 cm each).  Again, for convenience of reference, the area is shown here as Fig. 4.  The five algorithms of Table 1 were again used to compute the area enclosed.  The results are shown in Table 2.

Table 1. Results obtained with test area (1) (offset data obtained by field measurements)

	Formula used
	Computed area (m2)
	Percentage error (%)

	Reference area [8]
	1104.66
	--

	Trapezoidal rule
	1127.84
	2.1

	Simpson's 1/3 rule
	1069.12
	3.2

	Simpson's 3/8 rule
	1095.84
	0.8

	Hermite method
	1093.91
	1.0

	Simpson's 2/45 rule
	1110.20
	0.5
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Table 2. Results obtained with test area (2) (offset data obtained by map measurements)

	Formula used
	Computed area (m2)
	Percentage error (%)

	Reference area [8]
	33.86
	--

	Trapezoidal rule
	33.24
	1.8

	Simpson's 1/3 rule
	32.72
	3.4

	Simpson's 3/8 rule
	33.48
	1.1

	Hermite method
	33.27
	1.7

	Simpson's 2/45 rule
	33.13
	2.2


(iii)
Fig. 5 shows test area (3).  It is a semi-circle with radius 50 mm.  The origin of the boundary is at the left hand side at point "o".  Offsets at x = 25 mm, 50 mm, 75 mm (i.e. y2, y3 and y4) are constructed such that the area is divided into four panels each with a base of 25 mm.  Using the equation of a circle, the lengths of these offsets were then computed. (note that y1 = y5 = 0).  The actual (theoretical) area of the figure is calculated from the formula for area of a semi-circle leading to  :



A = 39270.0 mm square.



This value is considered as reference for the area of this figure.  Each of the five algorithms above was then used to recompute the area.  Table  3  represents the results of this phase of the experiment.

Table  3. Results acquired with test area (3) (offset data obtained by calculation)

	Formula used
	Computed area (m2)
	Percentage error (%)

	Reference area
	3927.0
	--

	Trapezoidal rule
	3415.0
	13.0

	Simpson's 1/3 rule
	3720.0
	5.3

	Simpson's 3/8 rule
	3571.3
	9.0

	Hermite method
	3723.8
	5.2

	Simpson's 2/45 rule
	3745.8
	4.6


(iv)
The fourth test area is again a semi-circle having a radius of 80 mm.  However, in this case, the area is divided into eight panels instead of four, each with a base of 20 mm (Fig. 6).  Again, offsets y2, y3, y4, y5, y6, y7, and y8 were computed from the equation of a circle (note that y1 = y9 = 0 and y5 = r = 80.0 mm).  The computed offsets were then used to obtain the area of the figure using the five methods.  The results are shown in Table 4.


Table  4.  Results obtained with test area (4) (offset data obtained by calculation)

	Formula used
	Computed area (m2)
	Percentage error (%)

	Reference area
	10053.1
	--

	Trapezoidal rule
	9586.2
	4.6

	Simpson's 1/3 rule
	9867.5
	1.8

	Simpson's 3/8 rule
	9724.9
	3.3

	Hermite method
	9823.5
	2.3

	Simpson's 2/45 rule
	9890.4
	1.6


(v)
Test area (5) is the same as test area 3 and 4.  However, in this case the radius is 120 mm and the number of sections is increased to 12, each with a base of 20 mm.  The results are shown in Table 5.

Table 5. Results obtained with test area (5) (offsets obtained by calculation)

	Formula used
	Computed area (m2)
	Percentage error (%)

	Reference area
	22619.5
	--

	Trapezoidal rule
	22046.7
	2.5

	Simpson's 1/3 rule
	22392.9
	1.0

	Simpson's 3/8 rule
	22343.7
	1.2

	Hermite method
	22339.8
	1.2

	Simpson's 2/45 rule
	22421.4
	0.9


Discussion and Analysis of the Results


The contents of Tables 1 to 5 are conspicuous.  However, it is appropriate to augment them with additional comments.  

(1) 
From Table  1, it can be seen that Simpson's 2/45 rule developed in this paper gave the best accuracy result i.e. only 0.5% error.  That is to say an accuracy value at least 2x better than the figures obtained by the other methods.  This is followed by Simpson's 3/8 rule (0.8%), and the Hermit method (1.0%).  For this particular test area Simpson's 1/3 rule gave accuracy results even worse than the trapezoidal rule (3.2% as contrasted with 2.1% for the latter).

(2)
For the data acquired from small scale map of parts of the Red Sea, Simpson's 3/8 rule gave the best accuracy figure (1.1%), followed by the Hermite technique and the trapezoidal rule with almost the same accuracy value i.e. 1.7% to 1.8%.  Simpson's 2/45 rule gave a 2.2% error, while Simpson's 1/3 rule gave the poorest accuracy as far as this test area is concerned (i.e. 3.4%).

(3)
The contents of Table  3, which refer to a perfect semi-circle whose area is very accurately known show again that Simpson's 2/45 rule gave the best accuracy result (4.6%) followed by the Hermite method (5.2%), these two techniques thus giving accuracy results better than those obtained with the remaining methods.  When the number of sections (panels) is increased from four to eight, the results obtained by all methods improved dramatically (see Table 4), with two Simpson's rules giving the best results.  Simpson's 2/45 rule gave the best accuracy figure (1.6%) followed by Simpson's 1/3 rule and the Hermite technique (1.8% and 2.3%, respectively). 

(4) The results shown in Table 5 which pertain to a semi-circle with a radius of 120 mm divided into 12 sections each with a base of 20 mm, show that with the increase of the number of offsets, further improvements in area computation accuracy could be attained with all methods with Simpson's 2/45 rule again giving the best accuracy value (i.e. only 0.9%).  The other two Simpson's rules and the Hermite method followed closely with accuracy figures of around 1.0 – 1.2%.  This suggests that to obtain high accuracy in irregular boundary area computation, the number of sections dividing the irregular boundary needs to be increased.  This is a point mentioned by other investigators e.g., Easa [7] .

(5) Figure 7 shows a graphical comparison of the results of this test.  The competitivity of Simpson's 2/45 rule is clearly demonstrated.


 (6)
Simpson's 2/45 rule has then the following merits:

(i)
a direct method of area computation,

(ii)

amenable to programming, thus suitable for geographic (land) information systems (GIS/LIS), computer-aided drafting (CAD) and digital photo-grammetric applications.

(iii)
it offers higher accuracy of area computation than the other methods for the same amount of field or office work.


The authors therefore appeal to surveyors to consider Simpson's 2/45 rule in irregular boundary area computations since it possesses the afore-mentioned advantages.
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استخدام  القانون 2/45 لسمبسون لحساب
المساحات ذات الحدود  غير  المنتظمة
عصمت محمد الحسن  و عبدالله  الصادق علي
برنامج هندسة المساحة ، قسم الهندسة المدنية ، كلية الهندسة، جامعة الملك سعود 
 ص.ب 800 ، الرياض ، 11421 ، المملكة العربية السعودية
 ( قدم للنشر في 10/10/2001م؛وقبل للنشر في 06/02/2002م )
ملخص البحث. تم في هذا البحث تطوير طريقة رياضية بديلة لحساب مساحات الأشكال ذات الحدود غير المنتظمة وذلك علي أساس تقدير كثيرة الحدود من الدرجة الرابعة. وتم اختبار المعادلة الناتجة (وقد أطلق عليها قانون 2/45 لسمبسون) باستخدام بيانات حقلية حقيقية و بيانات من خرائط ذات مقياس صغير وأخرى لمساحات ذات أشكال نظرية. وأظهرت النتائج أن القانون المطور يعتبر الأكثر دقة لحساب المساحات ذات الحدود غير المنتظمة مقارنة بالطرق الأخرى المعروفة.
�


Fig. 1. Baseline  divided into four equal sections.





�


Fig. 2. Baseline divided into twelve equal sections (multiple of four sections).





�





Fig. 3. Test area 1 (16m interval).





�


Fig. 4. Test area 2 (2 cm intervals on map).
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Fig. 5. A semicircle of radius 50 mm divided into 4 segments.





�





Fig. 6. A semicircle of Radius 80 mm divided into eight sections.





�


Fig. 7. Graphical representation of test results.
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