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Abstract. Exact analytical solutions for the thermal deformations of antisymmetric angle-ply laminated plate
strips in cylindrical bending are developed. The state variable technique in conjunction with Jordan canonical
form is used to obtain these solutions for plate strips with arbitrary boundary conditions. Deflections are
computed for laminates subjected to linearly varying transverse temperature distribution. Numerical results are
presented emphasizing the effects of shear deformation, number of layers, ply-angles, transverse shear
correction factor and boundary conditions on the thermal response.

Introduction

Thermal deformations and stress resultants in rectangular, antisymmetric cross-ply, and
angle-ply thin laminates are investigated in [1]. Exact solutions are obtained for the
response of simply supported plates to general three-dimensional temperature variations.
An incremental loading procedure [2] is used to obtain approximate solutions for the
moderately large deflections of antisymmetric angle-ply plates under nonuniform
temperature fields. A parabolic in-plane variation and a linearly varying transverse
distribution of temperature are considered. Results based on the large-deflection theory
are compared with exact solutions to the classical small-deformation formulation for
various fiber reinforced laminates. Analytical three-dimensional elasticity solutions are
presented in [3] for the stress and free vibration problems of muitilayered anisotropic
plates with perfectly bonded layers. The plates are assumed to have rectangular
geometry and an antisymmetric lamination with respect to the middle plane. Each of the
plate stresses and displacements is decomposed into symmetric and antisymmetric
components in the thickness direction, and is expressed in terms of a double Fourier
series in the Cartesian surface coordinates. Extensive numerical results are presented
showing the effects of variation in the lamination and geometric parameters of composite
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plates on the importance of the transverse stress and strain components. Exact analytical
solutions for the thermal deformations in antisymmetric angle-ply laminated plates are
developed in [4]. A generalized Levy-type procedure in conjunction with the state
variables technique is used to obtain these solutions for rectangular plates which are
simply supported on two opposite edges and have arbitrary boundary conditions on the
remaining ones. Thermal deformations in symmetric and antisymmetric cross-ply beams
are investigated in [S]. Various beam theories are used in the analysis.

In the present work, the state space concept in conjunction with Jordan canonical
form is used to solve exactly the thermoelastic governing equations of the first order
shear deformation and classical theories of antisymmetric angle-ply laminated plate
strips in cylindrical bending. The numerical applications are presented to show the
influence of plate strip parameters and boundary conditions on the thermal deflection.
The present paper extends the earlier work in [5] on cross-ply laminated beams.

Governing Equations

Consider a laminated rectangular plate strip that is very long in the y -direction and
has a finite dimension L a long the x-direction. All displacement quantities
(u,v.w, ¢, ) are functions of only x . All derivatives with respect to y are zero and the
plate bends into a cylindrical surface. The resultants of the first-order shear deformation

plate strip theory (FOBT) in cylindrical bending for antisymmetric angle-ply laminates
are given by:
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(Ny.N y N Xy ),(My, My ,M Xy ) are the force and moment resultants respectively;

Qy and Qy are the transverse shear stress resultants; K is the transverse shear

correction factor; (N y ,NT le) (Mx , ;F,M;Ey) are the thermal forces and thermal

moments respectively. A prime denotes ordinary differentiation with respect to x . The
laminate stiffnesses are given by:

N 2z 2 ..
(Ai"Bij’Di'):kéljzlﬁ_l(l’z’z )(Qij)kdz i,j=12,6
@
ZIZk @bz ij=4s

The thermal forces and thermal moments are defined as:
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Where (Q i )k are the material coefficients of the kth lamina in the laminate coordinate

system and (ay, Uy, Oy )k are the coefficients of linear thermal expansion for layer k

in the laminate coordinates; AT denotes the temperature rise in the laminate.
The counterparts of equation (1) using the classical plate strip theory (CBT) in
cylindrical bending are

Ny =Aju' =Ny

. T
Ny =Apu' =Ny
N _A ’ " T

xy =AgeV ~BigW ~ Nxy
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Equilibrium equations for (FOBT) and (CBT) in terms of displacement quantities are:

FOBT
A " B //__ 'NT !
14+ Bge” =MNy)
" " T I
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n " ! Fr r
BigVv +Dp0 “KAgs(W' +0)=(My)
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The following boundary conditions for hinged (H), clamped (C) and free (F) supports aré
considered at the ends x = 0,L :

FOBT
H: u=W:¢=NXy=MX:O
C: u=v=w=9p=¢=0 @)
F: NX:nyzMX:MXy:szo
CBT
H: u=w=NXy=MX=O
C: u=v=w=w'=0 ®)

F: NX:NXy:Mx:(MX)’:O
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Exact Solution
The state space concept in conjunction with Jordan canonical form is used to
determine the thermal deformation of antisymmetric angle-ply laminated plate strips in

cylindrical bending. A linearly varying transverse temperature distribution

AT = Cz 9)

is considered. For this problem, the thermal forces NI, N; and the thermal moment

MIy vanish. To solve for the thermal deflection w ,the displacement equations of

equilibrium for (FOBT) are reduced to:

" ’ T 7 ~ T '
[0) =cl(w +<|>)+f1(NXy) +12(MX)

(10)
w” — _(pl
With the following associated deduced boundary conditions:
H: (p'=f1N;l;y+f2M;E, w=0
C: w=0=0 n!
F: @’zleIy+f2MI, w'+oe=0
where
KA A -B A
5
¢ - 5766 . 16 - 66 (12)
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(AgePr1 —Big) (AgeD11 ~Big) (AgeP11 —Big)

In order to reduce the system of equation (10) to a state form, The components of the
state vector {z(x)} are defined as:

=9, 12:([)’, ZA =W, Z4zw’ (13)

2

Using equation (13), the system of equations (10) will be converted to the form

{2} =[alte} + e} (14)
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Where the matrix A and the load vector {r} are defined as:

0 1 0 0 T 0 T
_lc1 0 0 ¢ _ fl(NXy)’+f2(MX)'
A= o o G = . (15)
0 -10 0 0

The four eigenvalues of the matrix A are all equal to zero. Since the matrix A has an
eigenvalue with multiplicity 4, the solution to equation (14) will be given in terms of
Jordan Canonical form as:

{2} = M1 ] s (]l 7% =PI ! gt (16)

Where [M] is the modal matrix that contains the eigenvector and generalized
eigenvectors of the matrix A

0 -1 —I (17)
1
I

, [J] is the Jordan matrix and e[J]x is a block diagonal defined as:

1 x x22 x3/6

e[J]X -0 1 x X2/2 (18)
0 0 1 X
00 o |

The constant vector {k} will be determined from the boundary conditions.
Using equations (13), (16), (17) and (18), the displacement quantities w and ¢ and their
derivatives will be given by:
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T el
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Substituting into equation (19) the desired combinations of boundary conditions at
the ends x = 0,L defined in equation (11). One has to solve a linear system of four

algebraic equations to find the constant vector {k} . The thermal deflection w for (H-
H), (C-C), (C-F), (H-C) and (C-H) plate strips will be given by:

wH_H = f3(Lx— Xz)/Z

we—c =0
we p =—f3x20 (20)
w 6101X3 N ( C1X3 f3X2
_C=-— ey (x - -
H-C 5 2 5 5
2 30 .2
€3X c1X f3x
WeoH =— +e - -
C-H 4x-— )=
where
T T £5L(1+ ¢ L212)
f3 :leXy +f2MX’ el :—_______.—2———.’
(1+¢,L7/3)
= 2(f5L + (1+¢L72)e)) —cyf5L e,
62 - 2 5 33 = —2 5 64 = -
L 2(1+ ¢, L7/3) ¢, L

A similar procedure can be followed to solve for the thermal deflection using (CBT) to
find:
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2
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f3 xL x
22 2L
¢ 3
3
We-y = (-0

Numerical Results and Discussion

The thermal deflections of antisymmetric angle-ply laminated plate strips in
cylindrical bending are calculated using equations (20) and (22). All laminae are
assumed to be of the same thickness and made of the same orthotropic material having
the following dimensionless properties:

E] :25E2, Glz :G13 =0.5E2, G23 =0.2E2, Vi =0.25, Oy =3 oy

where 0,0, are the coefficients of linear thermal expansion in the principal material

directions. In all the calculations, the temperature variation is assumed to be linear in the
thickness direction, AT = Cz . The deflections in the figures are nondimensionalized as:

The nondimensional thermal deflected shapes of antisymmetric angle-ply plate
strips in cylindrical bending are shown in Fig. 1 for various boundary conditions. The
theories (FOBT) and (CBT) give equal deflection for (H-H) and (C-F) plate strips and
zero deflection for (C-C) plate strips, see equations (20) and (22).

The shearing deformation effect is pronounced only for (H-C) and (C-H) boundary
conditions, see Fig. 2, and is relatively more significant when L/h <15 . In Fig. 2, the
nondimensional thermal deflection is calculated at x = L/3 .

The effect of ply angle and number of layers on the maximum nondimensional
thermal deflection is displayed in Fig. 3, where two-, four- and ten- layers laminate cases
having equal thickness are considered. For all boundary conditions , the ten-layers
laminate gives higher absolute maximum deflection than four- and two-layers
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counterparts at the peak values. The maximum thermal deflection occurs at x = L/2 for

~-f3 +Jf32 +2cjeq(e] +€p)

H-H) , at x =L for (C-F), at x=
(H-H) (C-F) Ci(e1 +e7)

for (H-C) and at

—(e3 +f3)+ \/(e3 + f3)2 + 2c1e;21
X = for (C-H) laminates using (FOBT). The (CBT)
cleq
theory gives maximum thermal deflection at x = L/3 for (H-C) and at x = 2L/3 for (C-
H) laminates.

In obtaining all of the above results related to (H-C) and (C-H) plate strips, it is
assumed that the shear correction factor, K , is equal to 5/6 . The effect of using different
values of K on the nondimensional thermal deflection is depicted in Figure 4. It reveals
that the shear correction factor has little influence on the nondimensional thermal
deflection of (C-H) plate strips. For (H-H) and (C-F) boundary conditions, K has no
influence.

0.6 T T T T T T T T T T T T T T T T I T T T T

04

H-H

71/1-71/711-71 q

02 L/h=10 ]
OO IJ AR S TR T SN NN AN S R S | | S | 1

0.0 0.2 0.4 0.6 0.8 1.0

Fig. 1(a).
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Fig. 1. (a-c). Nondimensional thermal deflected shape of antisymmetric angle-ply plate strip in
cylindrical bending for (a) H-H, (b) H-C, (¢) C-F boundary conditions.
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Fig. 2. Nondimensional thermal deflection vs. length to thickness ratio of H-C antisymmetric angle-ply
plate strip in cylindrical bending.
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Fig. 3(a).
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Fig. 3. (a-c). Effect of ply-angle and number of layers on the maximum nondimensional thermal deflection
of (a) H-H, (b) H-C or C-H, (c) C-F antisymmetric angle-ply piate strip in cylindrical bending.
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Fig. 4. Nondimensional thermal deflected shape of C-H antisymmetric angle-ply plate strip in cylindrical
bending for various values of transverse shear correction factor.

Conclusion

Thermal deformations in antisymmetric angle-ply laminated plate strips in
cylindrical bending are investigated. The state space approach in conjunction with the
Jordan canonical form is presented to obtain exact solutions for the thermoelastic
response of antisymmetric angle-ply plate strips with arbitrary boundary conditions. The
first-order shear deformation and the classical theories are used in the analysis. The two
theories yield identical deflection for hinged-hinged and cantilevered plate strips and
zero deflection for clamped-clamped plate strip. For clamped-hinged plate strip, the
shearing deformation effect is pronounced and the first-order shear deformation theory
should be used when the plate strip is thick or moderately thick. For thin laminates,
either of the two theories can be used.

Concerning the mathematical tool used in the solution, (namely the state-space
approach in conjunction with the Jordan canonical form), it is proven to be of great

computational efficiency. It is also capable to provide solutions for various boundary
conditions in a unified manner.
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