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Abstract. This paper examines computational modelling of a self-preserving axisymmetric turbulent jet, using a realizable second-moment closure with variable coefficients. The effect of omitting small second order terms in the equations of motion on the final result is investigated.  To isolate the contributions of individual groups of small terms, four similarity solutions were obtained.  The results show that omission of any of these terms is seen to affect the spreading and decay rates of the jet as well as the turbulent profiles.  The combined effect of omitting all of the small terms is found to be relatively large near the axis of symmetry, in particular, in the profiles of the third moments. Now, since the gradients of third moments determine turbulent diffusion of turbulent kinetic energy, retaining these terms becomes a necessity for a more accurate prediction of the jet.  Inclusion of all of the individual groups of small terms that hitherto had been omitted in thin shear-layer calculations produces significant improvement in the results in comparison with experimental data.  
Keywords: Jets, Turbulence modelling, Similarity solution.

Notation
B
decay rate constant
bij
anisotropy tensor
E
normalised dissipation rate

C1
return to isotropy coefficient
c
rapid term coefficient
c((
destruction of dissipation coefficient

f(()
normalised axial mean velocity

FR
destruction of dissipation parameter (equation 16)

II
second invariant (equation 11)

III
third invariant (equation 12)
M0
rate of momentum added at the source



turbulent kinetic energy, 
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jet radius



turbulent Reynolds number (equation 13)

u, v, w
x, r, ( components of fluctuating velocity

ui
xi  component of fluctuating velocity




Reynolds stresses



triple moments
U, V
x, r components of mean velocity

Uc
jet centreline mean velocity in x-direction

Ui
xi  component of mean velocity

x
downstream distance from virtual origin of the jet

g1, g2, g3, g4
normalised profiles for


(ij
kronecker delta
(
dissipation rate of turbulent energy

(
fluid density

(
kinematic viscosity
(
similarity coordinate, r/x
(1/2
Value of ( at which U/Uc=0.5

((
outer edge of the jet

(
Similarity coordinate transformation

(0
destruction of dissipation coefficient

(cr
correction of (0
(1
production of dissipation coefficients

i, j, k, p, q, k
subscripts for cartesion tensor notation

Introduction
During the last three decades turbulence modelling has undergone very rapid development at the hands of numerous authors.  It seems, however, that there is still a continuing interest to improve the performance of the existing turbulence second-order models. Daly and Harlow [1], Hanjalic and Launder [2], Launder et al [3] and Lumley [4] have laid the foundation of Reynolds stress closure models.  The degree of success of these models in predicting turbulent shear flows depends primarily on the closure assumptions.  Specifically; modelling turbulent transport, energy dissipation rate and pressure-velocity correlation, have been of major concern to turbulence modellers.  Furthermore, the use of constant coefficients in the above formulations is another obstacle in turbulence modelling.  In fact, the difficulties of predicting turbulent shear flows with model constants determined from other flows have proven to be one of the more challenging problems faced by turbulence modellers.
Lumley [5] formulated a Reynolds stress model that is an orderly expansion about a homogeneous, stationary turbulence, the large scale of which has Gaussian distribution.  The key coefficients in the closure relation are functions of the local turbulence Reynolds number and invariants of the isotropic tensor.  This method has achieved successful prediction of various turbulent shear flows [Taulbee and Lumley [6], Seif [7,8] and Shih and Lumley [9]). Seif [8], while investigating turbulent wakes, using Lumley’s formulation, reported that the model predicted two-dimensional wakes fairly well, while none of the axisymmetric turbulent profiles agreed with the experimental data. He attributed this discrepancy to the rapid term coefficient. Launder and Morse [10] identified two major weaknesses in the second order closure model of Launder et al [3].  The first is related to the modelling of the source terms in the dissipation equation and the second is associated with the modelling of the pressure strain.  Furthermore, they emphasised the importance of small (but non zero) terms in the momentum, stress and dissipation rate equations that hitherto had been omitted.  According to Bradshaw [11], the small extra strain rates, which are generally neglected in thin-shear-flow computations, are responsible for the difficulty of predicting the turbulent round jet and the effects of stream wise curvature in turbulent boundary layer flows.  

More recently el Baz et al. [12] studied the effect of omission of second order terms in the equations for the mean flow, the turbulent stresses and the dissipation rate.  Their results show that neglecting the normal-stress term in the streamwise momentum equation and streamwise diffusion in the (-equation have a great effect on the spreading rate of the axisymmetric jet. On the other hand, the effect of small production terms is seen to affect Reynolds normal stress near the jet axis, while the omission of the axial transport terms in the turbulent equations has a large effect on the computed rate of spread.  Lasher and Taulbee [13] reviewed different models for terms in the Reynolds stress equation with emphasis on linear and non-linear pressure-strain models.  They concluded that a linear model provides reasonably good prediction of the round jet and the use of a non-linear model may not be necessary for engineering accuracy.  Younis et al [14] tested the performance of the SSG model (Speziale, Sarkar, and Gatski ) which employs a model for the pressure strain that is quadratic in the Reynolds stresses.  They found that the SSG model overpredicts the spreading rate of the axisymmetric jet by only 17 percent while in the linear model (Launder et al [3]) the over prediction is of the order of 30 percent. On the other hard there has been much discussion in the literature concerning comparisons of turbulence model predictions with experimental data.  The differences between measured data and theoretical predictions are usually attributed to the inadequacy of the turbulent models.  However, questions concerning the validity of the existing jet data as determined by the equations of motion were raised at the Turbulence Research Laboratory of SUNY/Buffalo in the late 1970s (Baker [15], Seif [7] and George et al [16]).

Experimental studies show that velocity measurements in a turbulent axisymmetric jet with hot-wire instrumentation are not accurate. The errors near the jet centreline should be minimal with the discrepancy increasing with distance from the jet axis (List [17], Panchapakesan and Lumley [18] and Hussein et al [19]).  However, other studies have been performed using laser-doppler anemometers, LDA, (Capp [20], Hussein [21]) and a flying hot wire (George and Hussein [22]).  Their results give a very interesting comparison that offers some insight on the mechanics of the turbulent round jet.  However, there were large differences between stationary hot wire measurements and those of LDA and flying hot wire, which certainly cannot be explained, in particular, near the axis where flow reversal is not a problem. Panchapakesan and Lumley [18] performed a comprehensive experimental study of the round jet using x-wire hot wire probes mounted on a moving shuttle to eliminate rectification error due to flow reversals in the intermittent region of the jet.  Their measurements show clear evidence of an off-axis peak in the axial normal stress component and a region of negative triple moment correlations near the jet axis, which is significantly different from earlier studies (Wygnanski and Fiedler [23]).  This result is found to be in excellent agreement with LDA measurement reported in Hussein et al [19], while stationary hot wire failed to detect these features.

In the present study a realizable Reynolds stress model with variable coefficients is considered to predict the flow field of a self-preserving axisymmetric turbulent jet.  The main objectives of this study are to investigate whether the adoption of non-linear terms in the Reynolds stresses equation and the correction added to the (-equation can produce improvements in the round jet results.  Furthermore, the effect of omission of second order terms on the resulting profiles is investigated.  It is found that the combined effect of these terms on the calculated profiles, in particular, third moments are seen to be dominant near the jet axis, r/x<0.05.
Turbulence Model
The turbulence model employed in this study is based on Lumley’s [5] formulations and the modification suggested by Shih et al [24].  With this modification, the new model forms are exactly realizable. For isothermal and constant density conditions, the equations of motion are given by:
Continuity:
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Dissipation rate:
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and C1, (0,(1,and c are model parameters and (ij is equal to unity if i = j and equal to zero otherwise.  The above equations of motion (1) to (4) and the arrangement in equations (5) - (8) are discussed in detail in previous work (Seif (7), Shih et al. (24)).  The parameters that are involved in the above formulations are C1, the  return to isotopy function; (0, the kinetic energy rate decay function; (1, the coefficient that controls the production of ( and c the rapid term coefficient.  Satisfactory interpolation forms for C1 and (0, that satisfy realizability and Schwarz’s inequality and fit the data of Comte-Bellot and Corrsin (25) for very slightly anisotropic decaying turbulence are given by;
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where II and III are the first and second invariants of the anisotropic tensor and 

is the turbulence Reynolds number and are given by
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(cr in equation (10) is a modified term suggested by Pope (26) to account for the effect of vortex stretching in axisymmetric flows and is given by
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where
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The rapid term coefficient, c, is given by (Shih et al (24));
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Note that FR approaches zero if one of the eigenvalues of 
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 vanishes and c will approach -0.1 which is required by realizability.  The value of the coefficient (1 that has been suggested in previous work is 2 (Taulbee and Lumley [6], Reynolds [27], seif [28]).  Seif [8] indicated that (1 may vary across the shear layer and it should be related to (0 (equation 10).  In the present calculations, (1 = 2.4 seems to work well for the round jet calculations.

Present Calculations

Equations (1) - (4) together with boundary conditions and the auxiliary relations (5) - (17) form a  closed set of equations.  These equations are transformed in cylindrical polar co-ordinate system where the velocities (U,V,W) and turbulent intensities (u,v,w) correspond to x, r, (; respectively.  The transformation to axisymmetric co-ordinate produces a great many terms and will not be represented. (See Seif [7] and Shih and Lumley [29,30]).  In the present study it is assumed that the azimuthal component of the mean velocity W and the shear stresses, 
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 are zero.  All second order terms that are usually neglected in a thin shear-layer approximation are retained.  Furthermore it is assumed that the jet is in a self-preserving state and all of its turbulent components are in equilibrium.  Hence a similarity solution for the jet exists (Tennekes and Lumley [31]).
Similarity Formulation
For a similarity solution it is assumed that the mean axial component of the velocity can be written as;
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where f(() is the normalised velocity, Uc(x) is the mean axial velocity at the centreline and ( is the similarity co-ordinate which is given by; 
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Similarly, the stress components and dissipation rate can be written in the following form;
 EMBED Equation.2  
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where g1((), g2((), g3((), g4((), E(() are the normalized profiles for 
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 and (; respectively. Using equations (18) - (20), the equations for the mean velocity, turbulent stresses and the dissipation rate are transformed to similarity form, resulting in a set of ordinary non-linear second order differential equation (Seif [7]).
Numerical Procedure
Using a central difference scheme of second order accuracy, the differential equations are expressed in finite-difference form.  The resulting set of finite- difference equations is solved sequentially for the mean flow and simultaneously for the stress components.  With the updated values for the mean velocities and turbulent intensities, the dissipation equation is solved at each grid point in the radial direction.  The boundary conditions are: 
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; where the prime denotes the differentiation with respect to (.  At the outer edge of the shear layer, (=((, all dependant variables except the lateral component of the mean velocity, V, are set equal to zero.  The V component is calculated from the continuity equation.  Note that ((, in fact, is unknown and must be determined.  Furthermore at the outer edge of the jet, terms like 
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  can cause numerical instability depending on how each of 
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 where ( is a new independent variable, numerical instability is avoided.  In fact, stretching the co-ordiantes in this manner, the singularity appears at infinity and the boundary conditions are simply set at a large value of ( that gives sufficient distance for the turbulent profiles to tail off. For the round jet the singularity appeared at (/(1/2 =2.4, hence by taking (=3.0, the calculated value for (( is 0.21 which is reasonably large enough for the turbulent profiles to go to zero according to the axisymmetric jet measurements. 

Initial profiles for the mean velocity, u and shear stress 
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 are assumed based on the eddy viscosity solution (Tennekes and Lumley [31]).  For the normal stresses and dissipation rate, the centreline values were estimated based on experimental data and arbitrary profiles that approach zero at infinity are assumed.  An iterative procedure is set up so that the updated values of the dependant variables are compared with those of the previous iterations.  This procedure continues until the numerical solution converges within given tolerance. 

Presentations and Discussion of Results

To isolate the contributions of the different groups of small terms usually discarded in the thin-shear-layer approximation, four similarity solutions have been performed.  Furthermore the effect of including non-linear terms in the pressure-strain models and corrections added to the dissipation equation has been investigated.  Table 1 summarizes part of the results for the round jet in a self-preserving region in comparison with experimental data.

Table 1. Comparison of centerline values of normalized turbulent profiles and maximum shear stress for various computations with experimental data


Similarity solutions
Experimental data

Profiles
A
B
C
D
Hussein et al (19)
Panchapakesan and Lumley (18)

g1(0)
0.069
0.057
0.0555
0.064
0.078
0.0576

g2(0)
0.047
0.043
0.0426
0.045
0.05
0.0324

g3(0)
0.047
0.043
0.0426
0.045
0.058
0.0324

E(0)
0.18
0.150
0.146
0.173
-
-

g4max
0.0196
0.0212
0.0205
0.0197
0.021
0.019

 (A) = axial diffusion is omitted
(B) = thin shear layer approximation; 

(C) = thin shear layer approximation with (cr = 0 and non-linear terms are omitted, 
(D) = similarity solution of the full equations (all of the above terms are included).
It is evident from these results that omission of the axial diffusion terms results in an increase in the centreline values of normalised normal stresses and the dissipation, while the maximum shear stress remains nearly unaffected.  Omitting second order terms in the momentum equations and second order production terms in the stresses equations results in a decrease of the centreline values of the above variables, while the maximum shear stress increases. Setting (cr = 0 and omitting non-linear terms in addition to the thin shear layer approximation, causes a further decrease in the above profiles as well as in the maximum shear stress. Inclusion of all “small” terms (solution D) seems to produce a better agreement with experimental data (based on the averaged values of the data, since there are large discrepancies in the experimental data themselves).  The mean axial normalised velocity is plotted versus the non-dimensional radial co-ordinate, ( = r/x, in Fig. 1. The predicted profile of the approximate solution (small terms neglected), with (1/2=0.102, appears to be closer to experimental data than that of the solution of the full equation ((1/2 = 0.106).  However, for a similarity solution to exist, it was assumed that d(1/2/dx = constant; where (1/2 represents the spreading rate of the jet.  On the other hand, the decay of the centreline mean velocity is given by 
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 (George et al. [33]); where B is the decay rate constant, M0  is the rate at which momentum is added at the source and the downstream distance, x, is measured from the virtual origin of the flow. Thus, the spreading rate and the constant B, must be related in a manner which is consistent with conservation of momentum (George et al. [16,33]).  Table 2 shows a comparison of predicted spreading rate and the corresponding decay rate constant for various computations with experimental data. 


Fig. 1. Axial mean velocity.

Table 2. Comparison of predicted spreading rate and the corresponding decay rate constant for the round jet.  (For notation see Table 1).
Flow
Similarity solutions
Experimental data

parameter
A
B
C
D
Hussein et al (19)
Pachaspakesan and Lumley [18]

Spreading rate, (1/2
0.104
0.107
0.102
0.106
0.094
0.096

Decay rate cons., B
6.44
6.30
6.6
6.29
5.8
6.06

The results of Table 2 show that the present turbulence model overpredicts the spreading rate by 4 - 11.5 percent depending on the omission or inclusion of any of the group of small terms.  The normalised Reynolds stresses are plotted in Figs. 2-5.  It is observed that omitting all second order terms has only a small effect on the radial and azimuthal components of the Reynolds stresses but a rather greater one on the streamwise normal stress.  This effect is seen mainly near the jet axis for 
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 profile it is extended to nearly half way towards the outer edge (( = 0.1). Figures 6-11 show a comparison between predicted triple moments  and experimental data.

The importance of the third-order moments is due to their appearance as transport agents in the mean kinetic energy budget of the turbulent velocity fluctuations.  Since it is the gradients of these terms that determine turbulent diffusion, differences in the slope between predicted profiles and experimental results are very important.  From Figs. 7,8 and 10 it can be seen that predicted profiles of 
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 are in good qualitative agreement with the data.  The most significance of these results is that these profiles have a negative region near the axis of symmetry which is different from earlier studies.  In fact, these negative regions are consistent with the physics and with most second-order models, since 
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 indicate a flux of energy toward the axis away form the regions of peak production which are off-axis.
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Fig. 2. Axial component, turbulent kinetic energy (for notation see Fig. 1).
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Fig. 3. Radial component, turbulent kinetic energy (for notation see Fig. 1).
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Fig. 4. Azimuthal component, turbulent kinetic energy (for notation see Fig. 1).
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Fig. 5. Turbulent shear stress (for notation see Fig. 1).
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Fig. 6. Axial flux of        (for notation see Fig. 1).
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Fig. 7. Axial flux of       (for notation see Fig. 1).
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Fig. 8. Axial flux of        (for notation see Fig. 1).
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Fig. 9. Radial flux of       (for notation see Fig. 1).
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Fig. 10.  Radial flux of       (for notation see Fig. 1).
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Fig. 11. Radial flux of       (for notation see Fig. 1).

The transport of axial kinetic energy, 
[image: image42.wmf]3

u

, is presented in Fig. 6.  Near the centreline the agreement between measurements and prediction is fairly good.  Away from the centreline there are significant differences between different measurements.  The peak value of 
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u

, (at ( ~ 0.1) is o.00749 for LDA, 0.0042 for hot wire (Hussein et al. [19]) and 0.005 for the data of Panchapakesan and Lumley [18].  Another discrepancy is found in the profile for the radial flux of kinetic energy as seen in Fig. 9.  No negative values of 
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 were detected by either set of experimental data, while the present predictions show a clear negative region near the axis.  Figure 11 shows a comparison of predicted profile for the radial flux of 
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,

w

, with the hot wire data of Hussein et al. [19].  Note that there are no other data reported in either experiment for this term.  The predicted profile of 
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 shows a negative region nears the axis, which is similar in shape and magnitude to that found in the profile of 
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 (see Fig. 10).  Now, since the hot wire failed to detect any negative values in the third-moment profiles, the comparison in Figure 11 with hot wire is not so significant.  Omitting small terms is seen to affect the predicted third moments significantly (Figs. 6-11), in particular, near the axis; r/x ( 0.05.  A similar effect is also observed in the normalized profile of the dissipation rate, (, as seen in Fig. 12.  Note that there are no direct measurements for (.  However, the predicted profiles of ( seems to be in good agreement with the data of Taulbee [34].
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Fig. 12. Dissipation rate of turbulent kinetic energy.

Conclusion

This study has shown that the truncation of small terms in the equations of motion affects the computed development of self-preserving round jets significantly. The computed turbulent profiles, including third moments, are found to be affected near the jet axis.  However, the general behaviour of the jet profiles, for different computations, remains nearly similar. The spreading rate, however, is seen to be sensitive to the truncation of any of the small terms.  This has also been observed in the computational study of el Baz et al. [12] using the Launder et al. [3] model.  In the present calculations, it is observed that the spreading rate increases or decreases according to the omission or inclusion of any of the groups of small terms.  This increase or decrease in the spreading rate is associated with a different decay rate constant (Table 1).  From similarity theory, it is required that (1/2 does not change (d (1/2/dx = constant).  Thus, it may appear up to this point, that any of the similarity solutions obtained represent physically different self-preserving jets with different spreading and decay rates which might be related to the initial conditions at the jet exit.  This would contradict similarity theory, however, it is consistent with George’s [35] hypothesis.  He argued that the  initial condition of the jet at the source determines its final state of self preservation.

The present results show clear evidence of an off-axis peak in the profiles of the normal stress components which might have been expected from the off-axis peak in the production of turbulent energy.  Similarly, the negative regions near the jet’s axis, in the profiles of energy fluxes 
[image: image49.wmf])
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v
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 indicate a flux of energy towards the axis and away from the regions of peak production which are off-axis.  The differences in the predicted profiles of third moments using the truncated and full equations are significantly large near the axis, r/x < 0.05.  It is evident from the present calculations that inclusion of all small terms provides a much better agreement with experimental data.  Note that no attempt was made to tune the model coefficients to fit any of the measurements discussed in this paper.  Finally it may be concluded that the present model has predicted the self-preserving turbulent axisymmetric jet fairly well. Adding a non-linear term and correction to the dissipation equation is seen to produce an improvement of the jet’s results.  However, the discrepancies among the measurements, in particular, near the axis remain to be explained.
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دراسة عددية لمنفث مضطرب ذاتي الحفظ ومتماثل محورياً

علي عبداللطيف السيف 

قسم الهندسة الميكانيكية، كلية الهندسة، جامعة الملك سعود، ص.ب. 800،

 الرياض 11421، المملكة العربية السعودية

(استلم في03/02/2001م؛ وقبل للنشر في22/06/2002م)
ملخص البحث. تبحث هذه الورقة العلمية في النمذجة الحسابية لمنفث مضطرب ذاتي الحفظ ومتماثل محوريا باستخدام إغلاق قابل للتحقيق من الدرجة الثانية ذي معاملات متغيرة. تطرق البحث إلى مدى تأثير إهمال بعض الحدود الصغيرة من الدرجة الثانية من معادلات الحركة على النتيجة النهائية للمنفث المضطرب. ولعزل مساهمات المجموعات الفردية من الحدود كل على حدة ، فقد تم إيجاد أربعة حلول تماثلية، وأظهرت النتائج أن حذف أي من هذه الحدود يؤثر على كل من معدّل انتشار المنفث المضطرب ومعدّل تناقصه وعلى منحنيات توزيع السرعة. وجد أن التأثير الناتج عن حذف كافة الحدود الصغيرة كبير نسبيا بالقرب من محـور التماثل ولا سيما في منحنيات العزوم ذات الدرجة الثالثة. وحيث إن تدرج عزوم الدرجة الثالثة يحدد الانتشار المضطرب لطاقة الحركة المضطربة لذلك يصبح الاحتفاظ بهذه الحدود أمرا ضروريا إذا ما أريد الحصول على حلول أكثر دقة للمنفث المضطرب. إن إدراج كافة المجموعات الفردية للحدود الصغيرة التي كانت تهمل في حسابات الطبقة القصية الرقيقة ينتج عنه تحسن ملحوظ في النتائج إذا ما قورنت بالنتائج التجريبية.
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Key for figure 12

A A Hotwire data, OO Spectral measurement, X X LDA data
(Data taken from Taulbee (1989))

Present calculations, small terms, y¢ and non-linear terms
are included.

— — Present calculations, the above terms are omitted.

Titles for figures 1 - 12

Figure 1 Axial mean velocity

Figure 2 Axial component, turbulent kinetic energy
Figure 3 Radial component, turbulent kinetic energy
Figure 4 Azimuthal component, turbulent kinetic energy
Figure 5 Turbulent shear stress

Figure6  Axial flux of u2

Figure 7 Axial flux of v2

Figure 8  Axial flux of w2

Figure9  Radial flux of v2

Figure 10  Radial flux of u2

Figure 11 Radial flux of w2

Figure 12  Dissipation rate of turbulent kinetic energy
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