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Abstract.  A new family of MDS array codes of size 
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 codes have a simple structure, which is based on exclusive-OR operations, avoiding computations over finite fields. Analytical results show that the complexity of the proposed decoding algorithm is proportional to 
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, where r is the number of correctable erasures, i.e., is more efficient than the Forney decoding algorithm for Reed-Solomon codes. The proposed code can be used in any system requiring large symbols, for instance multitrack magnetic recording and RAID systems.

Introduction  
Increasing the reliability of data storage systems is of extreme practical importance. The stored data are maintained by the storage media over time and can be read back at a future time. In that sense, storage media can be viewed as a communication channel where a signal is transmitted into the channel at one time and received out of the channel at some later time (now to then) [1]. Through this time transition, the stored data are subjected to errors and erasures resulting, therefore, in erroneous data upon retrieval.

Different error-correcting codes have been proposed in the literature to increase the reliability of such channel. Of practical interest is the class of array codes [2].

Array codes are two-dimensional codes but can be MDS in one of their formats. For these codes the encoding and decoding operations are performed on the binary field, 
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, for some integer m. This structure gives advantages to array codes over RS codes for reduced complexity and high encoding and decoding speeds.

In array codes, data are modeled as n columns, where each column carries one or more symbols. It is important to note that the size of symbols in array codes can be arbitrary and is typically large for storage applications (e.g. sector, multiple sectors, track, etc.). The first k columns of the array are usually reserved for the data while the remaining 
[image: image11.wmf])

k

n

(

-

 columns are reserved for parities. The parity symbols are simple XOR functions of the information symbols. Algebraically, array codes can be viewed as
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 columns in errors for the selected values of k and n.  

In [4], Blaum, et. al. proposed a class of MDS array codes, denoted as 
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, for multiple phased burst correction. The code, in general, can be viewed as conventional RS code except that it is defined over certain polynomial rings rather than over finite field and results in simple encoding and decoding procedures based on XOR operations only [4]. It is shown in [4] that if p is a prime, then 
[image: image15.wmf])

p

(

B

r

 is an 
[image: image16.wmf]p

)

1

p

(

´

-

 MDS array code that can correct up to r erasures, where 
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.  However, the code length and the column size of this code are always a function of the prime number, p, to ensure the MDS property. Such constrains, make the construction of the code very short: the code length is roughly equal to the size of the columns [2]. In addition, the code cannot be designed for any given code length and column size. These restrictions are the penalty of reducing code complexity. So, it is of practical importance to find MDS array codes based on simple XOR operations with non-restrictive array size. 

Towards this end, we present in this paper a new class of MDS block array codes with r parities, denoted as
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columns carry t-bit information symbols (bit, bytes, sector, etc.) and the last r columns contain parity symbols. Like other array codes, parity symbols are computed by means of XOR operations on the information symbols along several lines of different slopes. The code is MDS code with minimum distance equal to
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The basic idea of constructing 
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 array. This representation generates a set of linear combinations of symbols along horizontal and diagonal lines, which can be used to perform encoding, and decoding, avoiding 
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Array Representation of a Linear Code

Let C be a one-dimensional linear code defined a over ring of polynomials of degree 
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 binary array, where n is the code length and m is the symbol size. This can be achieved by filling the ith column of the array by the binary vector representation of the ith symbol, 
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. If g(x) is a primitive polynomial, then the code is defined over a finite field rather than a ring of polynomials [5].

In other words, the above states that a codeword,
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, corresponds to a column in the array. Note that, this representation does not change the structure or the properties of the code. Since this representation applies to any arbitrary 1-dimensional non-binary linear code, the RS code can always be described as a binary array code. The following example illustrates the representation of (5,3,3) extended RS code.

Example 1  
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Therefore, a codeword of the (5,3,3) extended RS code can be defined by means of 
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 represents the ith bit (row) in the jth symbol (column). The array representation of the code is shown below. From the table, we can observe that the first parity symbol in the fourth column is computed by simply Xoring all bits located in first three information columns; therefore, we refer to this parity symbol as horizontal parity symbol.  Also, if we look carefully to the second parity symbol in the fifth column, we can see that each bit in the column can be computed by Xoring all bits located along some diagonals of the information array. For instance, the second bit of the fifth column, a1,4, can be computed by Xoring all bits located in second, fourth and fifth diagonals of the information array and so on. Because of this fact, we refer to the second parity as the diagonal parity. 
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This example gives a way of designing MDS array codes with more choices of length and distance, and hence overcoming the limitations of array codes. The idea is based on representing conventional RS codes in their array format. Doing so, we observe that parity symbols can be obtained by Xoring information symbols along different lines of different slopes. Such representation allows for reduced complexity and high encoding speeds. Of course, this method should also apply to any other linear code, but we will consider RS code due to its strong MDS property and its rich mathematical structure.

Asymmetric diagonals of an array

We have shown in example 1 how to simplify encoding of RS codes by Xoring information symbols along horizontal and diagonal lines. Array diagonals in this example are quite different from the diagonals of conventional array codes. The diagonals of conventional array codes are cyclic and each contains the same number of symbols; hence we refer to them as symmetric diagonals. While in our case, the diagonals are not cyclic and do not necessarily contain the same number of symbols. Therefore, we call them asymmetric diagonals. Symmetric and asymmetric diagonals of an 
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 array are illustrated in Fig. 1. In this example, there are 5 symmetric diagonals shown in Fig. 1(a) and 9 asymmetric diagonals shown in Fig. 1(b). In both cases, each diagonal is marked by a different symbol. 
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	●
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	☺
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	○
	●
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	(a) Symmetric diagonals
	
	
	
	(b) Asymmetric diagonals



	Fig. 1 Diagonals of an array of size 5 x 5.


In general, for an array, 
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On the other hand, there are 
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where H is the set of all possible pairs (i,j) for 
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 array shown below. There are 8 asymmetric diagonals numbered from 0 to 7 and each diagonal has a parity given by Eq. (1). 
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	3
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Equation (1) can be computed by the following algorithm.  

Algorithm 1 (Computing dh for 
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The main objective of this section is to find an efficient algorithm to compute the equation in the form of
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all operation Modulo 
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. Note that the second parity of RS code given in example 1 is similar to Eq. (2). We have shown how to the compute this parity by describing the code in its array format.  Furthermore, Eq. (2) plays an important role in many applications such as array codes and Fourier transforms in Galois field [2,3]. In fact, the whole idea behind array codes is based on representing this equation over ring of polynomials modulo
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Here, we try to generalize this approach by studying Eq. (2) over a ring of polynomials modulo
[image: image102.wmf]1

x

g

x

g

x

)

x

(

g

1

1

m

1

m

m

+

+

+

+

=

-

-

K

, where g(x) is now a general polynomial rather than a reducible polynomial as in the case of array codes. Then, we will use this representation to generate a family of MDS array codes with more choices of length and distance. Before discussing the approach, we first state and prove the following theorem. 

Theorem 1 
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where cj  for 
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Proof.  For every finite field
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Equation (3) can be written as:
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We illustrate the above theorem by giving the following generic example.

Generic example

Consider the following general equation
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Applying this result recursively, we obtain
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Main algorithm
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For the sake of simplicity, we shall use the notation
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Then 
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Note that in conventional RS code defined over 
[image: image252.wmf])

2

(

GF

m

 a codeword can be regarded as a an 
[image: image253.wmf]n

m

´

 binary array, i.e, 
[image: image254.wmf])

2

(

GF

a

m

j

,

i

Î

. However, linear code array mapping allows us to extend the column size to m symbols, where each is t-bits long. In other words, 
[image: image255.wmf])

2

(

GF

a

t

j

,

i

Î

and the column size is mt bits. This is true since this transformation generated a set of linear independent equations from Eq. (6) in terms of symbols 
[image: image256.wmf]j

,

i

a

 for 
[image: image257.wmf]1

m

i

0

-

£

£

 and 
[image: image258.wmf]1

n

j

0

-

£

£

 regardless of the length of the symbol.

Theorem 2

The array code 
[image: image259.wmf])

t

,

n

,

m

(

B

r

 is an MDS code with minimum distance
[image: image260.wmf]1

r

d

+

=

.

Proof.  Since 
[image: image261.wmf]1

n

,

,

1

,

0

i

,

i

-

=

a

K

 are distinct, any set of r columns of the parity-check matrix are linearly independent. This follows since any 
[image: image262.wmf]r

r

´

 sub-matrix of 
[image: image263.wmf])

r

,

n

(

H

 forms a Vandermonde matrix [8, p. 116], which is nonsingular for distinct 
[image: image264.wmf]i

a

. Hence, the code has a minimum distance of at least r+1.  

Decoding of r Erasures

In this section we address the problem of decoding 
[image: image265.wmf])

r

(

£

r

 erasures. Note that encoding of 
[image: image266.wmf])

t

,

n

,

m

(

B

r

 can be considered as a special case of the decoding algorithm assuming the last r redundant columns as being erased. Now, assume that 
[image: image267.wmf])

r

(

£

r

 erasures have occurred in the positions
[image: image268.wmf]1

1

0

j

,

,

j

,

j

-

r

L

. Let 
[image: image269.wmf]]

b

,

,

b

,

b

[

1

n

1

0

-

=

L

B

 be the received (retrieved) array that equals the original array codeword, 
[image: image270.wmf]]

a

,

,

a

,

a

[

1

n

1

0

-

=

L

A

, at all coordinates (columns) except the erased ones, in which it is zero. Also, let 
[image: image271.wmf]i

j

i

a

=

a

and 
[image: image272.wmf]i

j

i

a

e

-

=

denote the erasure locator and the erasure value, respectively, for any
[image: image273.wmf]1

i

0

,

j

i

-

r

£

£

. First, we compute the syndrome values,
[image: image274.wmf]]

S

,

,

S

,

S

[

S

1

1

0

-

r

=

L

, as follows

	
	S = BH
	(7)


Let 
[image: image275.wmf][

]

1

m

l

1

l

0

l

S

,

,

S

,

S

S

-

=

L

 be the lth syndrome where 
[image: image276.wmf])

2

(

GF

S

m

i

l

Î

 is defined as the ith symbol of the lth syndrome.  From Eq. (7), Sl is given by

	
	
[image: image277.wmf]1

l

0

e

b

S

1

n

0

j

1

o

i

l

i

i

jl

j

l

-

r

£

£

a

=

a

=

å

å

-

=

-

r

=


	(8)


In fact, it is sufficient to use the first 
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Note that the system (9) has a unique solution since the coefficient matrix is a Vandermonde matrix whose determinant is always nonzero.
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where 
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Decoding algorithm:

· Step 1:-  Syndrome Calculation (Global for all erasures): 
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Algorithm 5 is similar to Algorithm 4. Hence, the complexity of computing 
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· Step 3:- Calculation of the left hand side of  Eq. (10):
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Algorithm 6  (Computing the left hand side of  Eq. (10) (for each erasure)).
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As can be seen from the table, the complexity of decoding is determined by the complexity of computing the syndrome, since 
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 in most applications. Also, we can observe that the complexity of
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, in all steps, is quadratic in 
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, while the complexity of Forney algorithm increases exponentially as 
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Example of Decoding 
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In this section we will give a simple example to clarify the decoding approach of
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decoding algorithm to decode an 
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 binary array. Assume that two erasures have occurred in coordinates 3 and 4 (corresponding to columns 4 and 5). The binary array can be regarded as an array with 5 columns each containing 4 3-bit symbols (i.e., array symbols 
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	1 1 1
	0 1 1
	0 1 0
	? ? ?
	? ? ?

	1 0 1
	1 1 0
	0 0 0
	? ? ?
	? ? ?

	0 1 1
	0 0 0
	0 1 1
	? ? ?
	? ? ?

	1 1 1
	0 0 1
	1 0 1
	? ? ?
	? ? ?


Now, we can apply 
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 decoding algorithm to retrieve the erased columns. Note that this example is equivalent to encoding since the erased columns are the last two columns. For 
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. Now, we apply the decoding algorithm step by step to retrieve the erased columns as follows. First we apply algorithm 3 to compute the syndromes once for all erasures.
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Next we compute the erasure-evaluator polynomial 
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For each erasure, we can apply algorithm 5 to compute the right hand side of Eq. (10). That is:
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The left hand side of Eq. (10) can be calculated using algorithm 6. This gives


[image: image423.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

b

=

b

1

0

1

1

1

0


The inverse of 
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 is given by [8, ch 3, p. 85]
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Finally, we compute the erased columns using algorithm 7
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Hence, the retrieved array is show below: 

	1 1 1
	0 1 1
	0 1 0
	0 0 1
	1 1 1

	1 0 1
	1 1 0
	0 0 0
	0 1 0
	0 0 1

	0 1 1
	0 0 0
	0 1 1
	1 0 1
	1 0 1

	1 1 1
	0 0 1
	1 0 1
	0 1 1
	0 0 0


Notice that the equivalent code of 
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 given in this example is (5,3) RS code over 
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code can be used to design large array codes from small fields.  Actually, the columns, each containing 
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 symbols or data units of size t-bits, are arranged in an 
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 array. Specific data unit can be a portion of track or track in magnetic tape or a byte, a sector, or even a whole disk in disk arrays such as RAID. The proposed code turns out to be as efficient on binary bits as on larger data units. Furthermore, multiple layers of 
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 arrays can be arranged or concatenated to form larger array upon demand. In summary, 
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code can be adapted according to applications. 

Conclusions
In this paper, a family of array codes, called
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 array code with the first 
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 columns carrying information symbols of size    t-bits and the last 
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columns carrying redundancy. The code is an MDS code with minimum distance
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. It is capable of correcting up to
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 code over MDS array codes proposed in [4]  is that it is a non-restrictive array code; it can be designed for any given code length up to 
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 and for any given column size rather than only prime numbers.  Hence, it overcomes constraints on the code parameters of conventional array codes; yet it has a simple decoding algorithm. 

The construction of 
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is based on representing conventional 
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 RS codes in their array format. It has been proved that such representation allows computing the parities of 
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 from the diagonals of the array using XOR operations only; avoiding field arithmetic. This structure allows for reduced complexity and high decoding speeds. Encoding of 
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can be regarded as a special case of decoding algorithm by considering the 
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 redundant columns as being erased. 

There are no constraints on 
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symbols. Array symbols can have any size, from single bit to multiple sectors. This allows us to construct large array codes from small fields. In addition, multiple layers of 
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array codes can be used for larger array systems such as RAID. 

The proposed codes can be used for error correction as well. In this case, the error detection technique that has been introduced in [1] can be used to increase the code rate and decrease the decoding complexity. 

Complexity analysis shows that the proposed decoding algorithm is more efficient than Forney algorithm. If 
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, which is the case for most applications like RAID, then the complexity of the decoding algorithm is determined by the complexity of computing the syndrome. 

Since 
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 is a low complexity optimal code with minimum distance equal to
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, it can be used for applications where there is a need for correcting multiple erasures such as multitrack magnetic recording systems and large disk arrays [2,3].
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رموز مصفوفات غير مقيّدة لاسترجاع عدّة أعمدة مفقودة
عبدالله محمـد الشهراني  وعبدالرحمن خـالد الجبري

قسم الهندسة الكهربائية ، كلية الهندسة ، جامعة الملك سعود ، ص . ب  800 ،

 الرياض  11421 ، المملكة العربية السعودية
(قدم للنشر في 11/6/2002 م ؛ وقبل للنشر في 3/3/2003 م) 
ملخص البحث. تم في هذا البحث تقديم نوع جديد من رموز المصفوفات، يدعى 
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 ، قادر على استرجاع عدد من أعمدة المعلومات المفقودة أو الممحوّة. ويتميز الرمز 
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 بخاصية الانفصالية عالية التباين (MDS) ، أي أنة يحقق الحد الأعلى من القدرة على تصويب المعلومات واسترجاعها.  والجديد في هذا الرمز هو إمكانية تركيبه لأي طول أقل من أو يساوي 
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 وبأي بعد لأعمدة المصفوفة. وبذلك أمكن التغلب علي القيود المفروضة على أبعاد رموز المصفوفات التقليدية. و الرمز 
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 ذو بنية بسيطة تعتمد على حساب وحدات التكافؤ بالجمع الثنائي (XOR's) دون الحاجة إلى حسابات الحقول الممتدة المعقدة. و أظهرت النتائج أن صعوبة خوارزميات استرجاع الأعمدة تتناسب طرديا مع 
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, حيث r هو عدد الأعمدة التي يمكن استرجاعها. ولذا فإن الرمز المقترح أكثر فاعلية من خوارزمية فورني (Forney algorithm) المستخدمة مع رموز RS المشهورة. يمكن استخدام الرمز  
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المقترح في كثير من التطبيقات خاصة التي تستخدم لتخزين معلومات كبيرة, مثل نظم التسجيل الممغنطة و أنظمة تخزين المعلومات المعروفة بـ (RAID). 
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