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Abstract, Finite cracks located in an infinite planar domain subjected to a given inplane remote loading are
considered.  The formulation is based on well known dislocation density distribution modcling. General
formulation is presented on twe interacting cracks and results are also obtained for this case. The effect of the
telative posilions, orientalions and lenglhs of the cracks on the stress intensity factors and the stress field are
analyzed extensively in order 1o emphasize some of the features which have not been pointed out in previous
studies such as. dependence of the shiclding regions and the neutral angles on relative crack Tengths. influence
ol the relative crack erientabions on the effective crack modes.

In addilion o cotecting or completing some features in previous stodies, applicability of
superdislocution model in the eruck interuction problems is also investigaied. Ground work for representing
Peach Koehler lorse on a dislecalion in the stress [ield ol inleracting cracks is completed and the close
similarity between the stress field of the interacting cracks and their  equivalent superdislocation
representalions 15 presented. Moregver the stress intensity factors found using the exact solution and
approximate superdislocation mewdel are compared and a close sinilarity is observed. The presented results
for some sampie cases indicate that superdislocations can represent cracks, however in order to asses exact
quantitative ageuragy further analysis considering alt possible options is required.

Nomenclature
B Strength of a superdislocation
Fy Peach-Koehler force on a dislocation
K.K) Mode I and II stress intensity faclors
5 The position of superdislocation
XL Horizontal distance of the center of crack 2
Y. Vertical distance of the center of crack 2
ap.a, Half lengths of crack 1 and crack 2 respectively
b bs Climb and glide components of Burgers vectors of a dislocation respectively
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d Distance from the right tip of crack 1 to the center of crack 2.
g Angle defining the orientation of erack 2

By Opening and sliding mode crack face displacements

r.0 Polar coordinates

n Shear modulus

v Poisson's ratio

o Componenis of the vector along dislocation line

o ‘I'he ratio of crack lengths

o, To Remaote external distributed loads

. Toa T SUESS components in polar coordinates
Introduction

[nteraction among cracks and some other defects ltave been studied extensively over the
years. The main reason for that is the importance of the subject in understanding the
mechanics of faiture and develeping metheds to predict and prevent that. Fspecially
increasing  usage of some traditionally briltle materials such as ceramics and the
dependence of their fracture loughness on interacting cracks make the subject morc
attractive.  Main effort in the area has been on the interaction betwee a wain crack
and finite micro-cracks |1;2] and semi-infinite crack and micro-cracks or flat inclusions
[3:4], and other defects [3:6], where the main concern had been the changes in the
mode I stress intensity factor of the main crack. The elfects of the oricntations and
locations of the mucro-delects or cracks have been investipated cxtensively in these
studics, Approximate closed form solutions for the stress intensity factors of the main
crack are obtained as a result of formulation based on complex siress potentials of
Mnskhelisirvili in [2] and [6]. The formulations in [3-5] arc based on the dislocation
density distribution and treated multiple micro-cracks as well as voids and inclnsions
ahead of a main semi-infinite crack.

One of the cracks is considcred infinite or semi-infinite in mast of the previons
rescarch  works except a few studics such as [7]. Infinite or semi-infinite crack
assumptions are mamly due Lo the fact that, in general, some micro-cracks intcract with
a much larger main ¢rack in practice. As a result of increasing nsage of unconventional
malerials such as ceramics and compasites, in engineering, (here have been numerous
articles on  the subject of crack interaction dealing with the interacting cracks in brittle
or inkomoegencous medium [8-10]. Some recent studies on the snbject such as | 11-14].
dealing with further aspects of crack interaction, crack closure. application of
numerical tcchnigues and interacting cracks with  different shapes indicate the
continuing interest on the subject among the researchers.
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In order to make the analysis complete and to prevent some misjudgments about
prcviously reported crack shielding zones and lo emphasize the cffects of finiteness the
present analysis is carricd out. The first part is devoted to the fonnulation of the
problem. After presentation of the formulation, solution techniques arc descnibed and
two dillerent approaches are mentioned. Their advantages and disadvantages are
bricfly discussed, The present formmlation first covers the case of interaction of two
finite cracks in an infinite planar domain. Extending the problem for muktiple cracks
becomes a siraightforward task after the main formulation is clearly stated. The entire
stress ficld can also b obtained by the present formulation. ‘This provides a powerful
tool for the further anmalvsis of crack propagation directions and forees created on
dislocations wunoeng interacting cracks, their ensuing motion and interlocking positions.
The present dislocation formulation makes it possible to represent the exlended siress
field by pairs of superdislocations. The superdislocation concept and its represcntation
ig investigaled in the second parl.  After a brief introduction to the concept. the
methods of cxpressing cquivalent sirengths and positions of the superdislocations arc
explained,

The results are prescnted and discussed later. Definition of the boundares of
shielding and amplification zones is reconsidered for finite cracks. The cffect of the
relative positions, lengths and oricntations ol the cracks on the stress intensity factors
are discussed. The similarities between the extended stress ficlds of cracks and
representative superdislocations are shown in a given confignration as an example.
Furthermore stress intensity factors are calculated using (he relation betsveen the force
on a dislocation, encrgy release rate and stress intemsity factors in the case of
superdislocalion representalion and compared with the exact solution for the crack case
in a couplc of sampic locations and orientations, The conclusions based on the points
raised in the paper, cited in the last section to summariz¢ the main outling of the
present work.

Formulation of the Problem

Two finite cracks located in an infinite planar domain are cousidered [irsl.
Increasing the number of cracks will be a simple task once the basic formulation is
clarified [or two cracks only.  Asseen in Fig. 1 the fwo cracks are arbitrarily focated
rclative 1o cach othier. The loading is applied at infiily and can b in any orientation.
Each crack is represented by the distributions of dislocation densitics composed of two
compenenis of the Burgers vectors corresponding mode 1 and mede 1L By extending the
cxpressions  of [15] for a single edge dislocation (he stress field due to a single
dislocation made of climb and glide components is given in polar coordinates as
follows »
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Fig. 1. Two interacting cracks in 2 uniaxially loaded infinite domain.

where r and 8 are polar coordinates, by =u,,_, —ung, , amd by = Up TV, are

climb and glide components of the Burgers vector of a dislocation located at the origin,
Un, Uy arc components of displacements. The factor D which includes shear modulus



hiteraction Between Finite Planar Cracks %0

. L 2
and Poisson's ratio is expressed as D = —

i where x = 3-4v for plane strain. x =
(K + 1)

(4 - v)/{1 + v} for plane siress.

Using the basic cxpressions for a single dislocation as Green's function the stress
field created by continuous distributions of dislocation densities which are used to
represent a crack under the cffect of tractions applied to he crack surfaces can be
expressed as follows,

_ a) h](S) o
Dj_a] —Ex_g)ds- a,
-Df"! 0208) 4o o, 2)

o ey

where a; is the haif length of the crack, 8 =0 and x axis of the cartesian coordinate is
chosen along the crack {x = r). The terms on the right hand side o, and , show the
normal and tangential components of the external distributed load acting at infinity
which is represented as normal and tangential tractions along the crack faces as a first
part of the well known superposition technique. In the casc of a single crack the above
integral equation can be solved analytically, becanse the right hand side is simple. On
the other hand for the more complicated case of multiple crack interaction it is hard to
find an analytical solution even for the casc of simple uniaxial loading, Therefore well
developed numerical techniques must be wsed in the solution process.

Let us now consider two arbitrarily oriented finite cracks in an infiniie plane
which is  subjected to inplane loading as seen in Fig. 1 The two cracks are modeled by
distribution of dislocation densities representing opening and sliding of crack surfaces
relative to each other. The first approach which is used here is the iteration tcchnique.
This straightlorward method can be outlined as follows

(iy Write all the parametets in equation (2) for crack 1 when crack faces are
subjected to internal normal and tangential tractions (i.e. o, and o) equal and
opposite to 1he stresses created by the cxternal loading at infinity. Solution of this
inegral equation gives the dislocation density distributions for crack 1. Then
intcgrating this distribution obtain the stress field in the presence of only crack 1
as a part of superposition process. As a result of this step the cntire stress ficld will
be known as well as (he stresses at the location of the second crack.
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(ii)  Apply the opposite of above stresses found at the location of crack 2 to the faces of
this crack consideting crack ! as absent, find the dislocation density distribution
for crack 2 and obtain entire stress field, inctuding the location of the crack 1,

(iii) Apply the opposite of these stresses along the surfaces of crack 1 and oblain the
entire stress field in the absence of crack 2.

Above steps complete ane cycle of the iteration, When this process is repeated, the total
siresses  and dislocation density distributions converge to a certain value and the
itcration will be stopped after a predetermined convergence criteria is met. This
technique has been used in some previous studies such as [14:16], however the
ileration process is time consuming and it gefs more tedious in the case of multiple
cracks. This method applied partially in the present study for the purpose of comparison
with the coupled integral equation technique. Since the numerical results of both
techmque are close and accurate as long as the number of iterations is high and 1he size
of divisions aleng the cracks are fine enough, the comparison basically is made to check
the computational effectiveness during the calculations. No more detail is needed about
the resulis of the iteration technique because it will be a repetition of almost the same
numbcers obtained from the direct solution. The coupled solution is a direct technique
which is based on obtaining coupled integral equations from crack | and 2 (up to crack
it il more cracks are inleracling) and solving them simultaneously, After developing the
selution independently, close similarities are observed later with the present technique
and the method used by Lam and Wen in [3;4]. Although they also used dislocation
densities, restricting the formulation to the intcraction of scmi-infinitc crack and
microcracks is found to be unnecessary and complete solution for the case of all finite
cracks is presented here. This direct method is formutated in the following lines.

Let the dislocation density distributions be b, b, for crack 1 and bs, b, for crack 2
corresponding to the derivatives ol opening and sliding of the crack surfaces
respectively, Two pairs of coupled integral cquations cach corrcsponding to one of the
cracks can be written as follows

A b a
_D-Lln ﬁdsﬁ-cwnj_; [b3(s2)K 352 %) + balsy K g5z, sy 3)

2 b a
—Dj‘_;l ﬁdsl =Ty + DI—:: [b3 (Sz )K23 (52 , Xl) + b4(52 )K24 (52 X )]dsg [€)]

i b
*DL; Gf%dsz =_G?J+DJ-:] [bm(sl)Kzl(thz)+b2(51)K32(S1:Xz)]d51 (5)
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by(sy)

_pph )d52 =, +Df", [b:sKae{s1-x2) + bo (s Koo 152 sy (6)

S

Xy 8§

and additional four equations come from the crack closure conditions arc
[ bfsas =0 =12 =14 o)

where kernels K,; are functions of the relative positions of the cracks and the
iransformation angle of 1he stresses. The exact forms of these kernels are presented in
Appendix A, ay and ay are (he hall' lengths of crack 1 and 2 respectively. As described
before. oo and T, are the normal and tangential components of the external loading
along the crack ! and o and tj, are also similar components along the crack 2 which

have the following form

-0p =04 cosaz_ — Ty sin 2,
(8)

-ty = 035m0 Qe T 008 2o,

Above milegrals me scaled using relaled crack hail-tength so (hat the lumils arc atways -
1 to 1. Thesc cquations can bc discretized and solved by using one of the availible
teclmiques after the dislocation density distributions are separated to the singular and

the rcgular parts as b(s} :4—9@“. In the present work thie Chebyshey pebvnomial
V1-s?

technique as proposed by Erdogan [17]. amoeng other techniques. is preferred due 10 (s
simplicity. The final forms of the discretized equations are given as

0 Bylsp _ _ \

xz il lk)' +Bz(52k)K13(52k-3~'1r)+B4(SszKu(52L-%-)—E (9

k-l (Xlr“slk) n

X EZ(Slk) = o = s -
T Byl JKaa (sgy - Ry )+ Bufsaw Koy (- R ) = T (10

k=1 (Nlr"sik) n
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n ﬁ 5 o _ _
Z ¢’k) "+Bl(slk)KSI{Sl'k=‘§2r)+Bz(slk)KBE(slk—ﬁzr):'EG['] (1D
k=1 (\2r _52]() n
N By(su) o o B 2 T
— e By(sp Rag (s Rar ) + By (su ) Kua{sne. 820 ) = =T (t2)
k-1 (xzr —Szk) 1
where B; = 281,%0 = To , B4 = ' and T =i. si's and x's are zeros of
Sy Sy Gq Ty

Chebyshev  polynomials of the first and sccond type respectively. Indices 1 and 2 beside
k and r indicate whether these points are along crack 1 er 2. However their numerical
values are the same. X.'s are the scaled forms arranged accordingly when changes

needed between local and global coordinates 1o keep the indegral boundarics always
between -1 and I for both cracks. This is nceded in order to apply the Chebyshev
polynomial tecchnique when the crack lengths are different. Additional four equations
are the discretized forms of closure condition which can be wrillen as

n

Y Bisi)=0 i=1234 (13)
k=1

Above expressions result in 4Nx4N linear systems of equalions when both cracks arc
discretized (o N nodes.  Solution of above equations gives the dislocation density
disinibution along both cracks. Crack opening displacements, stress intensity factors,
and the entire stress field can be obtained by using these disiributions. Morcover cach
crack can be approxnnately represented as pairs of superdislocations.

It should be noted here that in the case of multiple crack intcraction the basic
formulation is the same and only the number of above equations will increass by two
for cach crack. For instance there willbe 2M coupled integeal equations for {he case
of M interacting cracks. The solution technique would still be efficiently applicd.
When the size of the final form of the linear systems of equations which wilt be (2M)N
x(ZM)N is considered the cost of numerical solution must be taken into consideration
and the linear solver to be used must be carefully chosen. Whenever the matrix size
becomes a real problem in terms of computation it is still possible (o go back to the
previously mentioned iteration technique where (he size of the lincar system wonld still
be (2Nx2N) at cach step, however it will take much longer time until the convergence
criterion is met. Singe in the case of too many interacting cracks iteration technique
could be preferable lo uvoid the problems due to the hugc size of the matrix this method
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mentioned bricfly as an alternative and detailed results about the accuracy of the
method considered unnecessary to reporl.  Iteration technique (akes longer time (o
converge in general and corvergence critcria can be atfected by the roundoft crrors. The
final matrix in the linear system is not a diagonal one and mostly populated making it
difficult to deal with when the size is really large (i.e. the case of multiple cracks). In
the present study the resulis arc presenicd for the inieraction ol (wo finile cracks.
Therefore direct method is used comfortably. The author felt that it is necessary to
mention aboul an allernative inethod, numely iteration technique, o show how (0 avoid
problems duc to large matrix size whenever it would arise. Especiallv a solution
accessible by evervone even for the case of too many interacting cracks by using today's
wide spread personal computers, had o be mentioned in order to point out the common
and casy applicability of the solution using present formmlation.

Crack opening displacements
Crack opening displacement which practically means the gap between the two
surfaces of crack due to mode I effect and the armount of shifl between the two surlaces

of the cracks duc to mode II cffect at any point x along the cracks can be written
immediately, recalling the definition of dislocation density, as follows

Sap(x) - I, bishas
(14)
Ban{x) == {7 by(s)ds

where & is total crack opening displucemment (C.0.D.) at x. i shows 1 and 3. and §
shows 2 and 4 for crack 1 and 2 respectively,

stress intensity factors

Using the commonly accepted definition (he siress inlensity faclors can be wrilten
as follows

K= 1‘:513 ),/2n[x —(ta)]o w (x.0)

K= lim 21r[x - (ia)]cr,\)(x.(J)

x—)(ia

(13)
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The normalized stress intensity factors can easily he obtained from the dislocation
density distributions and given as follows

Kj=nBi($ay), Ky =nB{+a}), (16)

where i and j are defined in the same way mentioned in {13) and a corresponds (o a, or as
depending on which crack the stress intensity factor belongs to and # sign is kept there to
choase between the right or left tip of the cracks. [t is clear from the Fig. 1 that (-) sign
always refers to the left hand side tip of the crack while (+) sign refers (o the right as long
as the relative orientation angle of crack 2 is between 0 and 90 degrees. The stress

intensity faclors are normalized by K| = og4/ma; which is the stress intensity luctor of

crack 1 il it were alone in the same applied loading condition. In arder (o make the
presentation of results more convenient the following notation for the normaiized stress
intensity factors is adopted:

: Mode I stress intensity factor for crack | ut the close (right) tip, (5; — a,}

K”m : Mode H stress intensity factor for crack 1 ot the close (right) tip, (s, = 2,)
Kp , : Mode!stress intensity factor for crack 1 ut the tar (left) tip, {5, = -a,)
K”U : Mode Il stress intensity factor for crack. 1 at the lar (left) tip, (s, = -a;)
Ky, © Mode ] stress intensity factor for crack 2 at the close (left) tip, (sy = -a3)
Ky, : Mode Il stress intensity factor for erack 2 at the close (left} tip, (3 = a,)
K g Mode 1 stress intensity factor for crack 2 at the fur (right} tip, (s; = a,)

Ky,, * Modellstress intensity factor for crack 2 at the Far (right) tip. (s; = a,)

Superdislocations

In this section the way (v represent the interacting cracks by pairs of
superdislocations  will be presented.  Later, in the results and discussion section, the
accuracy ol this representation will be analyzed on some sample cases. If the approach is
valid, this means further analysis could be carried out in order to represent the complete
stress  field and stress intensity factors by simple algebraic cxpressions as done in [14],
{18] and [19] for eylindricul cracks.

In order w0 find the parameters related to superdislocations, cruck problem is solved
and dislocation density distribution is oblained first, because at this stage the
applicability of the technique is anatyzed. Once this was done then investigation of the
methods for direct closed form representations of the locations and strengths of the
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superdislocations would further be investigated scparately.  When the density
distributions are known the strengths of snperdislocations can be found using the
following intcgration

5
By = [ bis)ds (n
and the positions of superdislocations are detined by the first moement of densities 4s

\ borsy
8, =— b (s)s ds (18}
1k B_]k j'u 1

where 5 indicates the point along thc crack line where dislocation density changes sign
and j=1. 4. k=L(left), R{right). This representation is slightly diffcrent than the
previously presenled one in [I18]. The upper integration boundary is chesen to be the
points where the dislocaron density changes sign allowing more than one
superdislocation in either side of the axis while in previous definition the boundary was
always 1. The current definition of superdislocation strengths may allow a better
representation of ¢racks, When previous definitions were kept, the model might give
slightly less accurate results. The components of stresses atany given peint in the
domain arc obtaincd from the expressions of Gxy, vy, Cxv which are given in
Appendix B. The only modification in these equations is to remove the inicgration sign
and use By for dislocation densities. The origin of global reference coordinate is chosen
at the center of crack 1 and X to be parallel to crack 1.

The well known Peach-Koehler formula [15] can be emploved 10 find the force on
any dislocation between the two cracks as follows

F=-¢ ijkE.vicjmbm (19

where b, is the component of the Burgers vecior of a given dislocation, £ is the unit
veelor parallel to the dislocation line, o, is stress ensor at that certain location. Usiug
the above formmlation it is possible to analyze equilibrium positions and motion of
available dislocations 1 Lhe domain where mulliple ctacks interact. Since the stresses
can be oblained in closed form replacing integration that includes b(s) by By in the
stress expressions of Appendix B the force on a dislocation or interaction energy can
4lso be obtained in closed form,

Similarity between the stress ficlds of the superdislocations and cracks would
[urther imply that interaction energy between the superdislocations. which is related to



U6 Tamail Denur

interaction  force, can be used to represent the energy release rate in cracks. This aspect
is useful in obtyining a closed form representation for the siress intensity factors,
because the stress intensity factors are conmected to encrgy release rate ((3) or I integral
by the following expression
2
G- L (20)
2!

where ' = w/(1-v) for plang strain, and u' = (1+v) for plane stress. An approximate
form of Ky and Ky at the tips of each interscting crack will be expressed in algebraic
form using By's, (i.e. the strengths of superdislocations where =123 4 and k=L.R) as
[ollows

Rig, = 20w (Bir.8i1) 6y, (Byr,Sa1) +02r Sy ) + oy (Byy §5L)
21)

112
+ Oy (Bag.B3p) 1 6y (Bar .84 ) + 64, (Byp . Sag )+, 1By )

as multiplying factor. By's are obtained for only sample cases in Lhe present study.
because showing the validity of the approximation is the primary purpose at this point.
Expressing the positions and strengths of superdislocations representing cracks of
different orientations and positions as functions of these parameters could be achicved
in follow up studics which would result closed form stress intensity factors,

Results and Discussion

There  arc different parameters involved in the problem such as the relutive
lengths. positions and oricntations of the cracks and applied loading conditions. The
stress intensity factors. dislocation density distributions, crack opening displacements
and extended stress field are obtained by changing each one of thesc panuncters. Since
the produced data and graphs are too many to presenl here, only the ones clearly
showing the aspects which have been untouched. ignored or not commented by previous
rescarchers and the significance of the new feature, superdislocalion, will be
emphasized.

The unit length is considered as a; which is the half fenglh of crack 1.
Determination of the ellect of different parameters on the stress iniensity factors and the
stress  distributions has been the main subject of this and other siudies on crack
interactions.  All aspects at cvery crack tp must be considered in the analysis.
Concentrating only on micro-crack(s) ahead of a main crack 1o decide about crack
shiclding zones could be misleading. Because while shiclding oceurs at the close tip the
stress intensity factor could still be increased at the far tip mainiy as a result of
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finiteness of the main crack, This point was not mentioned or emphasized in previous
articles when the shielding and amplification zones were tound making their
conclusions invalid for finite crack mieractions.

Contour lines of normalized mode 1 stress intensity facters at the tip of one crack
is plotted for different positions of the center of the other crack ahead of that tip {c.g.
difforent positions of crack 2 around ¢rack 1). Among these contours the one whose
valuc is 1 warks the border between shielding and amplification zoncs showing he so
called neutral positions of crack 2 where the polar angles of these neutral positions arc
named as neutral angles for considcred polar radius. Discussions on this concept are
included in previous studies [1-7]. The similar contour lines arc ploticd for the two
finite cracks in this study to highlight some of the points and clarify them by
comparing with the previous studies. Figs. 2 and 3 show some of them. The center of
the coordinates is chosen at the right hand side tip of crack 1. This corrcsponds 1o the
main crack tip of the previous studies in (he case of semi-infinite crack which is the
same as taking crack 1 much bigger than crack 2. As pointed out in Fig. 2, for the
equal length cracks, delermining a single contour kine matking the shiclding and
amplification zones may bc misleading. When both ends of crack | are considered
different positions of crack 2 mayv cause shiclding at one end while it still canses
amplitication at the other one. Tf the shielding is observable at both cnds for certain
positions this can bc named as absolute shielding. The word "absolute shielding”
nuplies Ky<1 atboth ends.

Figure 2 is plotted for two parallel cracks with equal lengths and absolutc
shielding and amplification zones arc defingd when the nommalized maode 1 stress
intensity factor for crack 1 is considered at both ends. When the length ratio p = a/ay
chanpes contours will also change. The smaller ratio reduces the absolute shielding
zone. For a ratio of p=0.1. there will be no absolute shiclding zone. On the other hand
the effect of crack 2 on the far tip will be insignificant. Considering (he results related
only one end of the bigger crack when p is small, p=0.1 for instance, would be
satisfactory for the analvsis of the shiclding zones around the tip of a semi-infinile main
crack. [l can be concluded that when the sizes of two intcracting cracks are
compatable, a reduction on (he critical stress intensity factors for botl) crack ends can be
observed. but if they are too different such us macro-micro crack interaction, an
absofule reduction in the critical stress intensity factor can not be expected. Since there
arc two contours for the normalized stress wtensity factor corresponding unity, we can
talk about two sets of neutral angles and ncutral contour lines instead of one for
comparable crack sizes. This makes the conclusions drawn based on semi-infinitc crack
related 1o the shielding and amplification zones invalid when finite crack lengths are
considered.  Highlighting 1his point that has not been specilically mentioned in the
previous sludies is one of (he objectives of this study.
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Fig, 2. Shielding and amplification zones due to an equal length parallel crack ahead uf an existing
crack. Mode I stress intensity Factur Ky, is considered only. The loading is perpemlicubar to

crack 1.

When nondimensionalized coordinates are scaled by p the contours of Klm look

similar for difterent ratios, however they are not the same oppose to the claims in [3], [6]
and some other previous studies, The contours of Ky, are presented for p=1 and 0.1

fogether in Fig. 3 for parallel cracks (o show the difference hetween them. Extensive
investigations were made into the effect of p. Since the main character of the curves do
nol change very much for close Lips, presenting only the results showingK, in Fig. 3

cunsidered as sufficient in emphasizing that the contours are not the same [or ditferent p.
This is another point that has not been explained in the previous studies such as {3],[5]
and [6]. The parameter used in these referred articles is d/a which is the ratio between the
distance from the right tip of crack I lo the center of crack 2 (d), and the length ol the
second crack (a) corresponding to crack 2 in our case.
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Fig. 3. Comparison of Ky, for p=1 (solid lincs) for p=0.1 (duited lines) in the case of paralle] eracks.

As sccn in Table | we named that ratio as d/a; and {abulated values of Ky  for

different p and (e same d/a. As clearly seen in the table and in Fig. 3 as well, the
values differ for different p even if d/a did nol change, whilc it is claimed in previous
references that Xy values do nol change for the same d/a, which is correct only when

crack 1 is semi-infinitc or practically p is very small. This reveals another important
point that changes the conclusions of the previous studies. Althongh is not preseated
flere, it should be cleur that stress intensity factors Ky, and Ky, on the L lip will

differ completely for different p.
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Table 1. Comparison nf the values of K[m for a configuration of collinear cruvks

Present study

Crack model Superdislocafion
d/a, Gong and Rose [1] Lam et. p=0.1 1 p=0.1 p=1
Tordl [2] {cxact) al [3]
11 1.329 1.652 1642 1.623 1.787 1357 1.582
1.3 1.211 1.274 1.279 1.276 1.356 1.259 1313
L5 L.147 1.167 1.173 1.172 1,228 1.2192 L21a
2 1.074 1076 1.081 1081 1111 1.174 B113

Thus the word shielding in previous papers have a meaning for only onc cnd, and
conclusions based on this would be meaningful when p is very sinall (i.c. scmi-irfinite
crack and micro-crack), For instance the results obtained by taking p=0.1 agrees vory
well with the previous macro-micro-crack interaction cases as seen in Table 1, Pesition
of crack 2 is not taken very close to crack 1 mainly dug to numerical problems in the
solution and (he contours are extrapolated for these points. This is also justified
physically. Because when position of crack 2 is very close (o crack 1 it mostly resufts in
crack coalescence and corresponding locations do not nced to be taken into account as
also noted in previous studies |3;16].

The contours for K; K .K and K when o, = 45° and p - | are
Ty » Mgy ™0 M,

plotted in Figs. 4a-4d in order lo show the citect of the relative oricntations of the
ctacks and mixed mode ellect duc o interaction. It is also noticeable after comparing
with Fig. 3 that the change caused by the inclined crack is less severe than that of the
paratlel crack,

Figure 4 shows the contour lines of constant stress inteasity [actors when crack 2
is inclined 30 degrees. Since the case of intersecting cracks needs slightly different
approach it is nol included in the formulation, The contour fines are not drawn ui the
positions of the center of erack 2 that correspond to intersecting cracks and that region
is left blank in Figs. 4a-4d.

Figure 4b shows the contowrs of K w + The values are very small and the only

reason for mode II is the inferaction effect of crack 2. Althongh the character of the
contours are similar in general the values of Knm are slightly higher in the case of
parallel cracks of which are not plotted here. This means crack 2 inclination reduces

mode IT ellect on crack 1. The contour line showing zero corresponds to ncutral
positions when only mode 11 is considered.
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The contours of Ky, and Ky, are presented in Figs. 4c and 4d respectively. The

coosdinates are defined the samc way as in 4a and 4b. Since the inclination of crack 2
is 45°, cqual constant mode T and mode 1T effects arc expecled il it wers the only crack
in the domain, However interaction disturbs this equality both in magnitude and
distribution. The stress intensity factors are normnalized by K, therefore the valuc of
0.5 in Figs. 4 and 4d marks the border between the amplitication and shielding,

Figures 4a-4d give some idea about the effect of crack 2 inclination in all around
crack | however Uhis is just for a certain angle and in order to sce Lhe effect of complete
range of inclination angles frowm O (o 180 degrees Fips. 5a-3d are presented. Contours
are plolted by changing o, and Yy, The valoe of X = 1.1 is fixed. This valus is chosen
because high amplification is expected there and it also prevents crack penefration.
Expected symmetry in Figs. 3a and b is noticeable. In Fig. Sa  amplification is
observablc on K, through wide range of values of Yy and o excepl very high

values of Yy, ic. crack 2 far away from crack 1 and when o, is close to 90 degree
where it is practically ineffective in the given loading conditions. When the cracks are
almosi parallel and Yy, is smaller, the highest amplification is observed. A similar
behavior is observed for dilferent crack length ratios. Figure 5b also reveals a skew-
svinetric contour  distribution for Ky, and when o, is increased mode II effect

diminishes. When crack 2 paralle! or nearly parallel to crack 1 the changes in Yy create
sharp changes in Kp and in fact it reaches its maximum at somne Y. values while it

vanishes when Y= 0. Obscrving the changes in not only mode I but also mode II stress
intensity faclor and analyzing its behavior is considercd to be important und it has not
been reported in detail previously excepl the discussion in a recent study [20]. There
happens (o be a mode IT effect in crack 1 while that cllect would have been 0 if it were
the only crack. Therefore for a mode T sensitive material this point nwst be tuken into
consideration.

When crack 2 is inclined, the uniaxial loading will cause mixed mode conditions
on it even if it is the only crack. The oricntation angle «, will be the most important
factor on the stress intensily facters of crack 2. This aspect is observable in Figs. 5c and
5d. The effect of Y, is not very significant for p=1 while it is more noticeable for p=0.1
cspecially for smaller values of Yp. The definition of stress intensity faclors involves
the half crack length and normalizing factor K, always include the length of crack 1 in
{he entire process. Therefore when the stress intensily factor values for crack 2 at
different crack lengths are evaluated the effect of the normalization must be cousidered.
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Figurcs 5a and 5b are plotted for the case of p=1 oniy. Because the cffect of
different crack lengths (different p) is already presented in Fig. 3 and it gives some idea
about the order of effect. However for crack 2 this effect need to be presented and this
has been done by plotting p=1 and p=0.1 cases logether in Figs, 5¢c and 5d.

The results related to superdislocation modeling are presented in Figs. 6 and 7.
Tirst, the stress comtours for two interacting cracks with (he same lengths are presented
m Figs. 6a-c by specifying the position and oricntation of crack 2 as X;—1.5, Y0 and
¢ ~30%  There is no specific reason for choosing these parameters except to have a
case which includes all modes in both cracks. Any other position could have becn
chosen as well. Since the purposc is to compars the stress fields of the exact solution of
interacting cracks and their superdislocation equivalent, one case is thought tobe
sufficient to have some idea about the order of accuracy of the superdislocation
representation.
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Fig. 5a. Contonr lines for K atXe=11 p=1, ¥V, vs cx.
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For the given position and orientation of cracks the strengths and positions of
superdislocalions which could represent the (wo cracks arc given in Table 2 where T,
and R indicates lefl and right hand sides of cracks. Stress contourts for o, o, ind Gy
are plotied for two interacting cracks and their superdislocation cquivalent using above
runmnbers. The stress expressions derived form the basic formulation in [15] are given in
the Appendix B. These expressions are used in the stress calculations. As scen in Figs.
ha - 6b stress contours of both cases are very similar especially for the extended stress
ficld. This proves that extended stress ficld of interacting cracks can be approxintely
represented by the stress field of their superdislocation equivalents. However, the
stress valucs near the crack tip region are not expected to be modeled very accurately by
the  superdislocation representation and this aspect is observable in the presented
contonrs,  Nevertlieless the closc similarity whicli is observed in thie extended fields
implies  that superdislocations can.replace crack especially if one considers the effect of
{hce stress field on movable dislocation in the domain. Moereover by culculating
intcraction energies and forees, even stress intensity [actors can be approximated by
using the stress field of the superdislocations as shown in [19].
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Table 2. The vulues ot strengths und locutions ol the superdislocations

Strength L.ocation

B 0.3452 51, 07765
By, 03497 S, 0.8048
Ry, -0.0139 LED -1).6881
By -0.0016 Sp 0.14706

0.2760 0.1476
By, : 0.2760 Sy -0.8166
By -0.2760 Sip 0.7687
By 0.1386 Sa -0.7968
Beg -0.1380 S 0.7896

The accuracy of this representation has to be investigated. As an initial step two
cases are considered in Figs. 7a and 7b. First, the location of the center of crack 2 is
right ahead of crack 1(Y,=0) and second is above crack | {Y =!I} Crack 2 is moved to
different horizontal positions and also is rotated from 0 to 90 degree crientations. Fig. 7a
compares the values of Ky, which is the most interesting parameter in general, at

Y =0. and X;=1.1, 1.3, 1.5 obtained from exact solution and superdislocation
representations. Fig. 7b does the same thing when crack 2 isat Y, =1 and X; =11, 1.5,
1.7.  Ascan be observed in the above figures the superdislocation represenlalion models
the behavior of Ky very well qualitatively. Thesame trend is expected in the other

stress intensity factors as well.  Although some small percentage error is observable in
quantitative manner, it is in acceptable limits. The main purpose here is to give an idea
sbout the performance of the superdislocation model. 'The detailed analysis of the exact
accuracy for different positions, oricntarions and fength ratios of the cracks and following
approximate analytical expressions for the stress fields and stress intensity factors can be
the subject of another separate detailed study. At this point the present results suggest
that since the extended stress fields of cracks andd superdislocations are similar, analysis
ol the behavior ol some dislocations or olher delects and (heir motion in the presence of
interacting cracks can be performed more conveniently by substituting thcir
superdistocation equivalent. The convenience is basically due to the closed form stress
expressions of the superdisiocations. This in  turn could be heipful in the analysis of
plastic field around the cracks and in estimating the crack kinking and growth directions
using diffcrent erack propagation criteria, Closed form force and energy relations
between the interacting dislocations will be easier to produce resulting closcd form
representations  of stress intensity factors when the positions and strengths of
superdislocations estimated once. The presented results in Figs. 6 and 7 may not be
enough to have a solid conclusion about the accuracy of the superdislocation
representation quantitatively, however they suggest that this representation Js promising
and can modzl at least the interacting cracks qualitatively.
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Fig., 6u. Comparison of the contour lines for siresses oy due o interacting eracks (solid lines) and
superdislocation representation {(datted linesy for the specific  ease of Xo=1.5, Y =0., p=1,
o=30°.
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Fig. 6bh. Comnparison of the contour lines for stresses oy, due (o interacting cracks (solid lincs) and
superdislocation representation {dotted lines) for the specific case of Xy=1.5, Y =0, p=1,
a=30".
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¥ig, 7u. Comparison of the K, found by the exact farmulation and superdislocation representation in

the ease of cqual length eracks. Dotted lines show superdislocation results, Crack 2 with
dilferent nrientations at positions X, =1.1,1.5,1.7, Y =0.
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¥ig, 7b. Comparisan of the Ky, found by the exact formulation and superdislocation representatinn

in rthe case of equal length cracks. Dotted lines shuw superdislocation results. Crack 2 with
different oricntations at positions X, =1, 1.5, 1.7, Yg~1.

Conclusions

By using well developed dislocation density modeling in the analysis ot interacting
finite cracks the following basic conclusions can be reached.

Shielding and umplification zones must be decided by considering buth ends of the
crucks.

Demarcation line between the shielding and amplification zones and corresponding
neutral angle as well as all the lines showing constant stress intensity factor contours
depend on he relative crack sizes, A single nreutral angle cannot be claimed [or a
dillerent relative crack lengths,

Interaction causes a mode [T eflect even in the case of pure mode 1 generating loads.
Although this eifect is small it must be considered in the analysis. Moreover as pointed
oul in [20] whenever the critical conditions defined using energy release rate mixed
mode cffect will have a contribution on it and this in furn will effeet the definition of
neutrai fines and angles.
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Elfect of eruck inclination must be analyzed by considering both cnds of all cracks
and different crack length ratios.

Cracks can be modeled by superdislocations. This maodel is accurate especially
when  the extended siress field is considered. By using this representation the stress field
of interacting cracks represented in approximate analytical form after finding out the
strengths and locations of equivalent superdislocations.

The stress field expressions can be used to analyze the farces on dislocations. This
feature is useful especially in investigating dislocation motion in the domain.

Using the concept of force on a dislocation and its refation with the energy release
rate, stress intensity factors can approximately be defined based on superdislocation
sirengths and positions. This approximation is close enough as depicted in Figs. 7a and
7b. Quantitative asscssment of the accuracy of the present approximation need to be
analyzed separately in great detail.
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Appendix A

The kemels in the integral equations are given as follows by referring Fig. A,

"A Treatment of Tnglastie Defarmation aronnd a Crack Tip die
"On the Numerical Solution of Singular [negral Equations.” Quart, Appl.
Hirth, J.P. and Zbib, H.M. "Extended Stress Ficld around Cylindrieal Crack Using the
1P and Demiz, 1 "Stress Intensity Factors in Cylindrical Cracks " fnr. 4. Eng. Sei,

Y.-P. "Discnssion on the Neutral Angle of Macroctack-microcrack

8 ind
=t~ Elsiny),
T D]
in@ 8, .
Kig = - oot - S22 602y,
Iz 3]
5inB
K 222 cos(2y),
Eb)
0
Kog = -2 cos(2y),
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0 in0
Ky = c0s0, sin0, sin(2R).
n 3
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Ky = _snb, cosdy 0801 o),
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]
Ka 01 os(2B),
N
a
K = L cos(2B).

where

c=xZ+yl, 2, =tan4'(zi]

Kp =Ko +Xp COSOL —8, ¥
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p = Yo FXgsino
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X, — "X TS e0s o, X, ¥q = ~Xp —szsnay

Appendix B

Stress cxpressions due to two cracks which are represented by dislocation density
distributions are given as follows

¥al }r’;] +-i?*s21 ds,
(< +v3)
Volvh - 3x
R = AT
dsy+[, bg(sl)J—l' ( '7 ) dsy

Y2 F¥a

r 2.2 B ) l
Gy =D LI] *bl(sl)y“fﬂ “M’; ds, + i, b:(sa) \512'\] 1\521 ds, |
<3 +v3) (shevd) ]
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whare

by = by cosa, +by sina,

by =bysina, +by coso

p
n(v; + l)

and dislocation density distribution by(s), by(s} represent crack 1 and by(s). ba(s)
represenl crack 2. x v, and Ny, .¥s, arcthe cartesian coordinates of a point where

Ihe stresses are caleulated. They are measured from a location on crack 1 (s;) or crack
2 (s2) Tespectively.
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