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Deformational Behavior of Reinforced Concrete Beams
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Abstract. The paper presents the results of an experimental study conducted on model-size reinforced
concrete beams aiming at quantifying the effect of cracking under various types of loading on their deflec-
tion responses. A central, third-points, uniformly distributed, and a combination of a central and
uniformly distributed loads are considered. The test results indicate that, at the same level of maximum
moment, the effective moment of inertia is significantly affected by the type of loading. A general model
is proposed for estimating the effective moment of inertia of reinforced concrete beams under any arbi-

trary symmetrical loading. The accuracy of the model is checked by comparing with test results available
in literature,

Notation

The following symbols are used in this paper:

C = depth to neutral axia of the reinforced concrete section;

E. = modulusofelasticity of concrete;

£ = compressive strength of concrete;

f, = modulus of rupture of concrete;

h = total depth of concrete section;

I, = momentofinertia of the cracked transformed reinforced concrete section;
I, = effective moment of inertia of the cracked reinforced concrete beam;

I = moment of inertia of the gross concrete section;

L = length of beam span;
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L., = theoretical crackedlength of the beam;

M, = maximum service load moment acting on the beam;
M. = crackingmomentofbeam =f{,. L

P = total machine load; h-C

P, = crackingload;

£ = strainin tension reinforcement;

E; = strainin compression reinforcement;

A = maximum deflection;

p = reinforcement ratio;

P, = reinforcement ratio producing a balanced condition;
P = curvature at midspan section.

Introduction

New advancements in structural materials and design procedures have resulted in
more slender, hence more deformable, structural members. Due to the compiex
nature of the deflection response of reinforced concrete beams and the desirability
of having a simplified method for calculating instantaneous deflections, various pro-
cedures have been proposed [1-4].

In 1963 Branson [5] presented an empirical expression for the effective moment
of inertia (1,) assumed the same over the entire length of a cracked simply supported
beam; it is of the form:

Ie = (Mcr/Ma)j Ig + { 1- (NICI'RVIa)3 } Icr = ]g (1)

The only load parameter in Eq. (1) is the maximum moment (M,) at which I is
estimated. Hence, Eq. (1) will lead to the same I, for all identical beamns loaded to
the same level of maximum moment (M, ) irrespective of the type of the applied load.

Fig. 1 shows a typical curve of the cracked length ratio (L_/L) v.s. the level of
loading indicated by the ratio Ma,/M_;, under various types of loading. The cracked
length is defined as the beam segment over which the working moment exceeds the
cracking moment (M_). The figure shows that, for the same value of maximum
moment (M), centrally loaded beams will have less cracked lengths than uniformly
loaded beams and beams loaded at third points. This phenomenon is expected to
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Fig. 1. Theoretical variation of cracked length ratio with the level of maximum
moment for different types of loading.

result in different values of effective moments of inertia for differently loaded identi-
cal beams under the same level of M /M, ratio. Such a difference is not recognized
by Eq. (1). It should be noted that the theoretical cracked length (L) can be easily
determined using the fundamentals of structural analysis.

Objective of the Study

The objective of this study is to quantify experimentally the effect of type of
loading on the effective moment of inertia of cracked reinforced concrete beams.
The experimental results are then used to develop an empirical model for estimating
the effective moment of inertia which takes into account the effect of type of loading.

Test Specimens and Material Properties

All test beams were of rectangular cross sections with dimensions
2002002900 mm and reinforcement ratio of 0.4 p,. The beams were tested over
a simple span of 2500 mm. To avoid shear failures, all beams were provided with ¢6
mm stirrups at 70 mm center to center spacing. One ¢10 mm bar was used as an
anchor bar at the top of each beam. The beams were cured under damp burlap for
27 days and tested one day later. Details of test beams are shown in Fig. 2. In the
beam designation, the letters UJ,C, T, and CU stand for beams tested under
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Fig. 2. Details of test beams

uniformly distributed, centrally, third-points and combined centrally and uniformly
distributed loads, respectively.

Ready-mixed concrete with maximum size of aggregate of 10 mm was used
throughout and had a slump of 80 mm. The mix proportions were 1: 1.8: 3.4 by
weight with a water-cement ratio of 0.56 and a design characteristic strength of 34
MPa (5 ksi). Three concrete batches were cast with average compressive strengths of
38.2, 38.2 and 31.4 MPa. The compressive strength of concrete () was determined
by testing 152 mm diameter by 305 mm high (6 in x 12 in.} concrete cylinders. Five
cylinders were cast from each batch and cured under similar conditions to those of
the beams and were tested one day before testing the beams. Grade 60 deformed
steel bars were used and the modulus of elasticity of steel (E ) was taken as 2x 10°
MPa {29000 ksi).

Loading System and Instrumentation

A set of four identical pairs of simply supported beams were tested for load
deflection response under a central, third-points, uniformly distributed, and a com-
bination of a central and uniformly distributed loading. The combined load is consi-
dered here as a typical example for actually loaded beams where a central load might
exist beside the uniform dead weight of the beam.

All beams were tested using the 200-Tons Amsler Universal testing machine
shown in Fig. 3. One or two roller supports were attached to the upper platten to
apply an adjustable one-point or two-point load. The uniformly distributed and the
combined central and uniformly distributed loads were simulated using the arrange-
ments shown in Fig. 4.

Two dial gauges with 0.01 mm accuracy were used to measure the maximum
deflection at midspan of each beam. The average of the two dial gauge readings was
taken as the beam deflection. In order to plot the M-¢ curves for the test beams,
strains in both tension and compression steels were recorded using electrical resis-
tance strain gauges (ersg).
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Fig. 3. Testing machine and test setup

Analysis and Discussion of Test Results

The test results as well as the computed parameters of concern are summarized
in Tables 1,2, 3, and 4. The deflection values are the average values of two identically
loaded beams. A Typical load-deflection curve is shown in Fig. 5.

For each type of loading, the process of analyzing the results involved the fol-
lowing computations:

1) The cracking load is obtained from the average load-deflection curve of the two
identically loaded beams at point of deviation from linearity.

2) The experimental effective moment of inertia (I,,,) for each pair of beams is
determined from the measured deflections using the well known elastic deflec-
tion formula expressed in the following form:

M, L?
fe =i (2)
E A
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Fig. 5. Observed load-deflection behavior of beams B3 - C and B4-C.

where K is a constant which depends on the type of loading and end conditions
(e.g K = 5/48 and M, = © L8 for a uniformly loaded simple beam).

3) The depth of neutral axis (C) and curvature (¢) at midspan sections are deter-
mined using the measured strains in the tension and compression steel.

Moment-curvature relationships for the first three sets of test beams are shown
in Fig. 6. The corresponding variations of the centroidal axis location with the
moment level are shown in Fig. 7. The smooth transition between the uncracked and
cracked states for third-points loading indicated in Fig. 7 is due to the fact that this
case of loading is supposed to provide better crack distribution.

The variations of the experimental values of the effective moment of inertia (1)
for the differently loaded beams with M_/M_, ratio are shown in Fig. 8. The figure
reveals that differently loaded beams will have different values of the effective
moment of inertia at the same M,/M_, level. This observation is physically explained
by the difference in the cracked length indicated in Fig. 1.
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Fig. 8. Variation of I, with M_/M__ ratio

Proposed Model

The experimental results depicted in Fig. 8 reveal that for the expression of the
effective moment of inertia of a cracked reinforced concrete beam to be general, it
has to incorporate a parameter which can measure both the severity of crack propa-
gation and the extension of cracking along the beam. It is believed that the cracked
length ratio (L /L) may be such a parameter and therefore a model of the form given
by the following equation is proposed:

Ie = (Lcr/L)m Icr + { 1- (Lcr/L)m } Ig (3)

The value of the exponent (m) is expected to be unique for all types of loading,. It is
to be determined experimentally using Eq. (4), which is obtained from Eq. (3).

I — I L
m=Log( —— ) /Log ( ———) )
| L
For symmetrically loaded simple beams, the exponent (m) is expected to be less
than unity to magnify the effect of the cracking moment of inertia (1) which domi-
nates at the mid portion of the beam. Eq. (3) satisfies the limiting values of I, = I,
when L = 0, while I_ approaches I when L, approaches L.
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The exponent (m) to be used in Eq. (3) was determined from the experimental
results of the first three sets of test beams using Eq. (4) and is contained in column
10 of Tables 1 through 3. 1t varies from about 1.0 to 0.2 for all types of loading with
a decreasing value as the cracked length (L_) increases. For practical considerations,
an average value of 0.4 was found to give a fairly accurate prediction of I, using Eq.
(3) for the differently loaded beams particularly in the range of M,/M_, ratio greater
than 1.5. Thus, the proposed model for the effective moment of inertia is given by

L
L= (——)" "L+ (1-(
L

Comparisons between the experimental and computed I values using both Egs.
(1) and (5) for the first three sets of test beams are presented in Tables 1 through 3.
For instance, the results presented in Table 2 for beams tested under a mid-span con-
centrated load show a difference of up to 29% between the experimental and com-
puted I, values using Eq. (1) with an average value of about 22%. The corresponding
average difference obtained using Eq. (5) is about 4%.

LCI' .
— ), )
L

Eqs. (1) and (5) are also used to compute the I, values for beams tested under
combined loading and compared with the experimental results as shown in Table 4.
The accuracy of Eq. (5) can easily be observed by referring to column 10 of Table 4.

The accuracy of the model can also be observed by referring to Fig. 9 where the
computed and experimental values of I, are plotted against the L_/L ratio for all
types of loading.

Comparison with Previous Test Results

The applicability of the proposed model to the results of test beams available in
literature was investigated. Six pairs of beams with rectangular sections [6] and six
beams with T-sections [7] tested under uniformly distributed loads were considered
for the comparison. The estimated experimental values of 1, of these beams and the
beams tested in this study at randomly selected values of M. /M_ between 1.5and 4.0
are plotted against the computed values of 1, using Eq. (5). The results are shown in
Fig. 10. The figure shows that all the data points lie within the * 15% limits which
indicates that the model is reasonably accurate in predicting the I, values for both
rectangular and T-beams.

Conclusions
The foliowing conclusions can be drawn from the test results of this study:

1) The effective moment of inettia of a cracked reinforced concrete beam is not
only affected by the level of crack propagation but also by the extension of
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cracking along the beam. Thus, differently loaded beams will have different
effective moments of inertia under the same maximum moment. The observed
ratio between I, of a centrally loaded beam and that of a uniformly loaded beam
is about 1.2.

For beams tested under a mid-span concentrated load, a difference of upto29%
between the experimental and computed I.. values using Eq. (1) was obtained
with an average vaiue of about 22%. The corresponding average difference
using Eq. (5) was about 4%.

To account for the effects of load level and the extension of cracking along the
beam under various types of loading, the model given by Eq. (5) is proposed for
normally reinforced concrete beams.

Comparison of predicted test results with experimental results available in the
literature indicates a very good accuracy of the proposed model.
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