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Abstract. This paper discussesthe concept of aggregation in decision problems with the Bay esian approach. A
variety of examplesare provided for illustrative purposes. An aggregation error is said to occur when analy ses
made at aggregate and disaggregate levelsyield different results. In the absence of aggregation error, perfect
aggregation is said to occur. Perfect aggregation is shown to be almost impossible and consequently aggregation
error is practically inevitable. Alternative measures of aggregation error are provided. Also, the impact of
aggregation error on the decision to be made is analy zed.

1. Introduction

Most redistic decision problems involve a large
number of vaidles and/or paameers.
Consequently, solving such problems would be very
costly, voire impossible. To reduce the size of the
problems, it is common to use aggregation so that

initid paameaers/ivaidbles ae changed into a
considerably  smdler number of aggregae
paamges/vaidbles.  However, the solutions

obtained from aggregation ae frequently taken as
solutions to the initid problems, neglecting
aggregaion earors. Unfortunatdy, aggregation error
may be important and even misleading, a fact not
widdy recognized (Azaez, 1993).

The concept of aggregation is extensively studied
in a vaiey of fidds induding rdiability andysis
(Azaiez, 1993; Bier, 1994; Azaiez and Bier, 1994,
1995, 1996), econometrics (Theil, 1954; Simon and
Ando, 1961; ljuri, 1971; Chipman, 1975), ecologica
modding (Ziegler, 1976; O Nell and Rust, 1979;
Cde and Oddl, 1980; Gardens et al., 1982; Cde et
al., 1982; lwasa et al., 1987), and automatic control
theory (Sinha and Kuszta, 1976). The &bsence of
aggregation eror has been referred to in these fidds
vaiously as total consistency (ljuri, 1971), exact
aggregation (Simon and Ando, 1961), and perfect
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aggregation (lwasa et al., 1987; Azaez and Bier,
1994, 1995, 1996). In the context of dynamic systems
such as ecologicd modds, Iwasaet al. (1987) defined
perfect aggregation as follows: “If the aggregated
dynamics are consistent with the origind dynamicsin
the sense tha macro-variables behave identicaly both
in the full system and in aggregation ..., then we can
use the aggregated dynamics instead of the origind
dynamics.”

Severd modd's of aggregation of demand pointsin
locetion problems have been investigaed and some
procedures have been suggested to predict/optimize the
size of aggregation error (Rayco et al., 1996; Rayco et
al., 1999; Francs, 1997; Andersson et al., 1998).

Phenomena similar to pefect aggregation have
dso been encountered in decision theory. For
example, identifying the conditions for perfect
aggregation is similar to the problem of choosing an
gopropriate small world for anaysis, as discussed by
Savage, (1972). Perfect aggregation is dso rdaed to
severd propeties involved in the combinaion of
expert  opinions. These propeties indude
marginalization (McConway, 1978; Genest and
Zidek, 1987; Cooke 1991), in which the consensus
probability of an event does not depend on how it is
patitioned into disoint sub-events, and data
independence (McConway, 1978), dso referred to as
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external Bayesianity (Madansky, 1978), or prior-to-
posterior coherence (Weearahandi and Zidek, 1978),
in which the oonsensus distribution remans
unchanged regardiess of whether expert opinions are
combined before or after Bayesian updating.

In dl this variety of fidds, a common result that
has been devedoped roughly states that aggregetion
error is dmost inevitable In other words, perfect
aggregation is very unlikdy and using aggregation as
atool for reducing the size of large problems may end
up solving the wrong problem (Azaez and Bier,
1994, 1995, 1996).

In the present study, the concept of aggregation in
decision problems with Bayesian updaing will be
introduced. A vaiety of examples are discussed and
results for perfect aggregation are presented. All the
results in this study can be established by performing
some simple andogies with other results deve oped
by Bier (1994), and Azaez and Bier (1994, 1995,
1996), but in adifferent context; namey, in Bayesian
reiability andysis, and therefore proofs are omitted.

The concept is developed in Section 2. In Section
3, pefect aggregation is defined and aggregaion
error is discussed dong with some generd results for
some sdected messure of the eror. In Section 4,
results are developed for two prototype examples.
Also, some interpretations and anayses are provided.
In Section 5, more examples of aggregation in
decision problems are discussed in order to expose
the reader to a larger variety of decision problems,
where this concept of aggregation aises. Findly,
Section 6 serves as a conclusion.

2. The Concept of Aggregation

Most decision problems depend on uncetan
factors such as demand, market conditions, interest
rate, leve of risk, politicd stability, naturd disasters,
etc.

The decision andyst should incorporae dl
parameters (deterministic and stochastic) tha may
considerably affect the decision in the problem
formulaion. In this context, assume that a random
quantity Q is to be estimated in a given decision
problem using Bayesian updating. Assume dso that
Q can be obtaned from a number of random
quantities Qq, ..., Q,. In this case Q is cdled the
aggregate vaidbleand Qq, ..., Q, arethe disaggregate
vaiables. Among the most common functiona
rdaionships between aggregate and disaggregae
variables are the additive and multiplicaive rdaions,
given respectively by:

Q=>"0Q (2)

Q=[1T'.Qi @)

Let f;(.) bethe prior distribution of Q; (1 <'i <n). Als,
let the set of observed data rdaive to Q; be D;.
Similaly, le D bethe sat of aggregate daardativeto
quantity Q. It is frequently the case that D can be
obtaned from D;, but does not contan dl the
informaion in D;. For instance, if Q (respectivey
Q;) designates the weekly sdes of a supermarket over
a ocountry (respectively over city i (1 <i <n)), then
the observations on the totd weekly sdesin D do not
contain details on how these sdes ae distributed
among the different cities.

In order to estimate the posterior distribution of Q
from estimates of the Q; (1 <i <n), arange of choices
is avdlable One goproach would be to start
combining prior distributions, f;(.), of the different Q;
(i =1, 2,..., n)to yidd aprior distribution of the
quantity Q. For example, in the case of additive
functiond rdations, this is achieved through

convolution of fi(.) (1 <i <n). Next, usethe set D of
observations of Q to update its prior distribution
through Bayes theorem to obtan a posteior
distribution of Q. Alternativey, one would stat by
obtaining a posterior distribution of each quantity Qi,
by combining prior distribution f;(.) of each Q; with
its ocorresponding daa set D;. The posterior
distribution of the different Q;’ s are then obtained and
combined using the functiond rdationship between Q
and the Q;" s to yidd a posterior distribution of Q. The
former gpproach in which only data for Q is used is
cdled aggregae andysis. The later gpproach tha
exploits dl information a the levd of the Qi's is
cdled a disaggregae andysis. A disaggregae
andysis that uses more information in the assessment
procedure tends to be more accurate but aso more
costly than the aggregate andysis, as it requires more
daa collection and andysis. There ae dso other
possible ways to assess Q through intermediae leves
of aggregation. In these cases, instead of aggregating
dl the Q;'s into Q, one could aggregate subgroups of
the Q;s into some aggregate quantities and then
peform a disaggregae anadysis on the aggregate
quantities obtained, yidding a posterior distribution
of Q.

In some situaions, the type of andysis to be
caried out may be imposed from daa consideration
or some externd factors (eqg., disability of the
existing technology to provide detaled information),
and theefore an aggregae andysis would be
dictated. On the other hand, it is sometimes not
possible to peform an aggregate andysis and,
therefore, a disaggregate type of andysis is suggested
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(eg., it is frequently impossible to identify amedica
diagnostic directly and the andysis of a number of
symptoms is required).

There is no reason a priori that the different types
of andyses yidd the same results. Actudly, they
provide the same results only very rardy. Moreover,
the decision to be sdected upon the assessment of Q
may depend on the type of andysis to be peformed.
Consequently, it is important to know when perfect
aggregation holds, and in case an aggregation error
occurs, what would be the size of the discrepancy and
whether it would &ffect the decision to be made

3. Perfect Aggregation/Aggregation Error

Definition 3.1. Pefect aggregation holds if the
posterior distributions of Q obtained respectivey
from aggregate and disaggregate andyses coincide.

Definition 3.2. In the &sence of pefect
aggregation, an aggregation error is sad to occur.

Remark 3.1. It is possible to establish some
andogy between the concept of aggregation for a
vaiey of decision modds and in the context of
Bayesian rdiability andysis (Azaez and Bier, 1994,
1995, 1996). This andogy is based on the fact that
severd decision problems in group decision theory
would reguire unanimous acceptance, which is
consistent with a series system that can function only
if dl components must function. Others would
require the acceptance of a least one decision-maker,
which is consistent with a padld system that
functions if a least one component is operating.
Moreover, some decision policies would require a
mixture of these situations tha would match
combined seriespadld systems or k-out-of-n
configuretions in a rdiability theory setting. From
this andogy, one can prove tha perfect aggregaion is
nearly impossible More specificdly, it is necessary
and sufiicent for perfect aggregatiion that al prior
distributions be naturd conjugate with some very
restrictive conditions on the parameers. Also, for
pefect aggregaion not only the aggregae and
disaggregae andyses must agree, but dso 4l
andyses peformed a any intermediae levd of
aggregation. This makes perfect aggregetion very
stringent. This will be further discussed and
illustrated later, based on two prototype examples. As
perfect aggregation is practicdly impossible it is
important to investigate aggregation error and
daborae on the impact of aggregation eror on the
decision to be sd ected.

The decision andyst is interested in knowing
whether the size of aggregation eror is worth the
additiond cost and effort needed to peform a

disaggregae andysis. Therefore, a this evauation
stage, no disaggregate data are collected. Thus, for a
given set of aggregate data AD, a number of possible
combinations of disaggregate data DD may
correspond to AD. For instance, in the case of agiven
observation on the totd sdes of a supemarket for an
entire country, the sum of dl possible combinations
of sdes for individud cities coincide with the
aggregate obsarvation. Consequently, for a sa of
aggregate data AD, define the set (2(AD) to be the
corresponding set of disaggregate data  Note tha the
decision andyst does not know before hand which
candidate DD among dl dements of ©2(AD) will
actudly occur. In this study, the size of aggregetion
error is defined as follows:

L.= sp [EQpD)-EQJAD)|  ®)

DD Q(AD)

In this measure of aggregaion error, E(.) designaes
the expected vdue opeaor and the aggregae
(respectively disaggregate) mean of Q is denoted by
E(Q| AD) (respectively E(Q| DD)). Thenotation is
consistent with the infinity norm, as this sdected
messure evauaes the size of the largest possible
absolute devidion between the aggregate and the
disaggregate mean. This messure, consistent with a
minimax goproach, is consavdive It is manly
gopropriate in situations where choosing the wrong
decision due to this aggregation error may have
severe consequences. It is possible to show, for a
large vaiety of aggregaion modds in decision
problems, that this aggregation eror vanishes if and
only if perfect aggregation occurs.

Let U (respectively L) be the upper (respectivey
lower) bound on disaggregate means over () (AD).
Then, the following results can be proven, again by
establishing some andogy with results deveoped in
Azaiez and Bier (1996):

Proposition 3.1. If U < + o0, then:
a L,=maxU-E(Q|AD),EQ|AD)-L}
b. (UL)2 < L, < U-L.

The first staement of Proposition 3.1 is a
consequence of the fact that the aggregate mean must
fdl between the lower and the upper bounds of the
disaggregate mean, which in turn follows from Bayes
theorem. The second staement is a direct
consequence of thefirst one.

From Proposition 3.1, it is dear that it is sufficiet

to know U, L, and the aggregate mean to compute
aggregation eror. While the bounds U, and L can be
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obtained for a variety of problems using techniques
such a dynamic programming (Azaez and Bier,
1996), computing the aggregate meen is usudly a
tedious task. Therefore, the bounds given in
Proposition 3.1.b are often useful and provide a good
goproximation of the actuad aggregaion error. Note
tha U-L is dways within twice the size of
aggregation earor independently of the size of the
problem and the complexity of the modd (functiond
rdaionships between aggregate and disaggregate
vaiables, as wdl as ways of collecting data). It is
aso important to mention that U-L vanishes as soon
as perfect aggregation occurs.

It is possible to consider other messures of
aggregaiion eror consistent, for instance, with the
expected loss or the most likdihood estimation. The
choice of an gppropriate measure may be influenced
by considerations such as therisk attitude toward the
size of the eror, or the andyticd tractability. The
chosen measure for this study, which protects against
the worst possible size of error, reflects a risk-averse
behavior. However, a messure based on the expected
deviagtion beween the aggregae and desegregate
means would reflect arisk-neutra behavior.

The next section will illustrate the concept and
provide results, using two prototype examples.

4. Hlustrations

4.1. Example 4.1

A consulting firm having an excessive demand is
forced to rgect a number of requests of its service
Each request submitted to the firm is examined by a
group of n experts from different aress (n is apositive
integer) who peform a prdiminay study to
determine whether or not to acogpt to provide the
requested service This prdiminary study is free of
charge, but very costly to thefirm. A request rgected
by any expert is automaticdly regected by the firm.
To reduce the cost of these prdiminary studies, the
top management undertekes to establish a pre-
sdection system tha would drop directly, and
without a priminary study, dl those requests with
limited chances for gpprovd by the expets. An
experienced enginexr is assigned the task of
establishing such a presdection system. The
engineer beieves that the probability P of acceptance
of each request should be evduaed on the basis of
experience and observations on decisions made by
the experts on similar consulting services previously
requested. If P is large enough, exceeding a carefully
sdected vadue py, then the request is transferred to the
experts for prdiminay study. Othewise it is
automaticdly rgected. The remaning task in this pre-

sdection system is to set the procedure for estimating
P. Given that the enginear seeks to incorporate old
experience with a few obsevaions on similar
requests, the Bayesian gpproach seems to be
goproprice.

In this example, the concept of aggregation can be
used to evduate the distribution of P. In fact, the two
types of disaggregae and aggregate andyses ae
respectively given below.

Disaggregate analysis: Stat by constructing prior
distributions for Py, ..., Py, (probabilities of accepting
the request respectively by expets 1, ..., n). Then,
update each prior distribution with observations on
previous decisions made by the corresponding expert
on similar requests through Bayes theorem. Findly,
combine the obtaned posterior distributions of the
Pis a the expet levds to yidd a posterior
distribution of P. Note that the functiond rdationship
beween P and P4, ..., P, is multiplicativeasin (2).
Also, note tha a rgected request by a paticular
expert is no more examined by the remaining experts.
Therefore, no information is obtaned regarding the
opinion of these remaining expets. This dictates the
way disaggregate data is collected. More details are
given beow.

Aggregate analysis: Combine the prior distributions
of Py, ..., P, (using the multiplicaive rdationship
between P and P4, ..., P,) to obtan a prior
distribution of P. Next use observations on the same
set of previous decisions made but a the firm leve
(i.e, aggregate data) to obtain a posterior distribution
of P through Bayes theorem.

Note that the informaion used to obtan the
aggregate posterior distribution does not specify who,
among the experts, rejected agiven request. It is dear
that there is no guarantee tha the aggregate and
disaggregate posterior distributions of P will agree
(i.e, tha pefect aggregation will  occur).
Consequently, by using the simpler type of andysis
(the aggregate andysis), it is possible to diminae a
request (through the presdection system) tha is
likdy to be accepted and to generate returns to the
firm. Also, it is possible to transfer a request to the
expets, that is unlikdy to be accepted increasing
unnecessarily the prdiminary study costs. The above
two situations will occur in cases where the aggregate
mean of P is below (respectivedy aiove) the va ue pg,
while the disaggregate mean of P is &ove
(respectively beow) py. The following result shows
that perfect aggregetion is very stringent (a proof of
an andogous result is given in Azaez and Bier
(1994), in acontext of riability andysis of apardld
system).
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4.2. Theorem 4.1

Perfect aggregation holds if and only if the prior
distributions of P’ s satisfy: P;~ Beta (¢;, d;), i = 1, 2,

., n, with¢; = ¢4 +dipq, fori =1, 2, ..., n-1.

While conjugate prior distributions are often used,
the conditions on the parameters given in Theorem
4.1 ae extremdy restrictive, implying that perfect
aggregation is nearly impossible.

The modd can be generdized to a situaion where
a subgroup of experts may be used in different aress
instead of only one expert. In this case, arequest is
rejected by a given subgroup if rgected by dl experts
of the subgroup. To illustrae how the result on
perfect aggregation is extended to this case, assume
that for the first n-1 areas, one expert is used, while
aea n has a number k(n) of experts that share the
decision on a given request. If expert h of arean has a
probability P, to accept a given request, then the
probability P, for the request to be accepted by the
subgroup of expertsin arean is given by:

Py =1-T[t@-r,, )

The following result specifies the conditions for
perfect aggregaion in this modified version of the
problem (a proof of a more generd andogous result
is given in Azaiez and Bier (1995) in a rdiability
context of aseries-pardld system):

4.3. Theorem 4.2
Perfect aggregation occurs if and only if the prior
distributions of the different probabilities satisfy:

Pi"‘ Beta (Ci, di)! i=1,2, ..,
i=1,2, .., n1,
Pn.n ~ Beta (Cq p,

n, with ¢; = Ciq+chy, or
dup) h=1,2, ..., K(n),

with

= k(n)e
dn,h - Cn,h+1"'dn,h+1a Ch h=1

Cniho d, =d nk(n)

Theorem 4.2 shows once more that perfect
aggregation is very restrictive and serves as aspecid
case of the genegdizaion of Theorem 4.1 to more
complex structures of decision policies. Both results
given above ae far from being intuitive. Further, the
proof reies on a more surprising result tha states
manly tha for the aggregate and disaggregate
posterior distributions to agree (i.e., for perfect
aggregation to occur) it is sufficient that their
respective expected values agree.

In Example 4.1, assume that the consulting firm
receives a totd of k; requests of its service All

requests ae first transfared to expet 1 for the
prdiminary study. Assume that only k; requests are
acoepted (k; <kg) and transferred to expeart 2. Assume
that expert 2 acoepts k, requests tha are transferred to
expert 3 (k, <k;), and so on, until expert n receives
say k,1 requests and acoepts k, requests (k, <ky.1)-
Therefore, the firm has recaived a totd of k, requests
of its service among which k, requests are accepted.
In this case, DD = {ky, K, ..., K.}, AD = {kg, k}. Als,
for fixed ky and k, Q (AD) is given by:

Q(AD) =
<k <ko}

Now, to discuss the impact of aggregation error,
assume that four expets ae concerned with the
prdiminary study (n = 4). Assume dso tha for a
caegory of requests, the probabilities of acceptance
by each expet have prior distributions respectively
given by:

{ ko koo s by Ko | Ko<k, o

P, ~ Beta (4, 2); P, ~ Beta (5, 1); P; ~ Beta (1, 1);P,
~ Beta (2, 2);

Inthis case E (P;) = 2/3, E (P,) = 5/6, E (P3) =
Y%, and E (P4) = %. From Theorem 4.1, perfect
aggregation does not hold as the parameters of the
prior distributions do not saisfy the reationships
given in the theorem. Therefore, aggregation error
occurs. Now, assume tha for an observation of six
requests of the same category, the experts accept only
two. By using dynamic programming, L and U are
found to be respectivdy 19.1% and 26.7%. Also,
aggregation eror is found to be 4.3%. Here, the upper
bound U — L is nearly twice as much as aggregétion
error (which is dmost the worst that can happen). The
aggregate mean of the probability of acceptance of
such requests is found to be 22.4%. T herefore,
aggregation eror is within 20% of the aggregeae
mean. As a consequence, an aggregate andysis seems
to be reasonable. It is important to notice that if the
vaue of py is sufficiently large (40% say), then both
aggregate and disaggregae andyses will yidd the
same decision of rgecting any request of that
category. Assume, however, tha pg is only 25% (a
more oconsevaive vadue sdected to prevent from
rgecting requests that are likdy to be accepted by the
expets), then an aggregate andysis would
recommend rgecting any request of tha category.
This is justified from the fact that the aggregate mean
is lower than py. On the other hand, a disaggregate
andysis may recommend transferring the request to
the expets as the disaggregate mean may reech as
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much as 26.7% exceeding py. Thus, the decision to be
made may depend on the type of andysis to be
performed.

Next, another example of decision problem
involving the concept of aggregation is presented.

4.4, Example 4.2

The consulting firm of Example 4.1 was facing
the risk of paying huge pendties for dday as aresult
of loading its experts with the prdiminary studies.
The top management was planning to recruit more
experts to avoid pendties. However, with the
important load reduction of the experts as a result of
instaling the presdection system, the recruitment
decision neds to be revised. After a first
investigation, it has been detemined tha the
recruitment is still needed if the new rate of request
arivds to the experts is aove a catan pre-assigned

vaue u,. Otherwise the current team of experts can
manage to accomplish the consulting tasks on time. A

Poisson process with an unknown frequency Ais
found to be a good approximation of request arivas
to the firm. Each request has a probability 7 of

passing the pre-sdection test and to be transferred to
the expets. (Note tha 7= Pr [P > poD).
Consequently, the request arivds to the experts
follow a Poisson process with frequency 1 = Arx .
Therefore, the dedision criterion is to recruit more
expetsonly if g > u,.

The concept of aggregation
estimating ¢ .
Disaggregate analysis: Stat by constructing prior
distributions for A and 7. Then, collect observations
on request arivds to the firm to compute the
posterior  distribution of A. Also, collett
observations on results of the pre-sdection system on
simila  requests and compute the posterior
distribution of 7. Findly, using the fact that
M =Ax, compute the posteior distribution of
M through Bayes theorem.

Aggregate analysis: Stat by constructing prior
distributions for Aand 7. Next, using the fact that
M =Am, compute the prior distribution of 4 .
Then, collect obsevations on the arivas of similar
requests to the experts. Findly, compute the posterior
distribution of £ through Bayes theorem.

Note that the aggregae andysis neglects the
informaion on the request arivas to the firm and

thus the rgection rete a the pre-sd ection system. The
conditions for perfect aggregation are given by:

is involved in

4.5. Theorem 4.3

Perfect aggregation holds if and only if the prior
distributions of Aand 7 saisfy: A~ Gamma(a b);
7 ~Bda(c, d), witha=c+d.

Agan the proof rdies on the andogy with a
constant fdlure rate system tha fals dter some
initiating event occurs with some probability
(consisting with separating Poisson processes).

Once more, perfect aggregetion is found to be
very stringent and an aggregate andysis would
inevitably yidd an aggregation error. Such an error
may result in recruiting unnecessarily more experts
which is a costly investment, or it may result in
faling to avoid huge pendties for dday by choosing
not to reinforce the team of expets tha are too
loaded with the preliminary studies.

Assume now tha during t time units of
observation k, requests are receved by the firm and
transferred to the pre-sdection system. Assume dso
that k requests (k<kg) pass the pre-sdection test and
ae transferred to the expets for the prdiminary
study. Then, DD = {t, ky, k} and AD = {t, k}. Also, for
afixedt and k ) (AD) is given by:

Q(AD) = {t, ko, k| k<ko}

Assume tha for a peiod of 6 weks of
observations (t = 6), 4 requests are acoepted by the
firm (k = 4). Therefore, a lesst atotd of 4 requests
have arived to the firm. Assume tha the correct
number is 7 (ky = 7). Assume dso tha:

A~Gamma (6, 2); 7 ~Bea(l, 2).

Therefore, the mean arivd rae of requests to the
firm is 3 per week. T he average chance of arequest to
pass the presdection test is 1/3, and the average
arivd rate of requests to the experts is 1 request per
week. From Theorem 4.3, it is dear tha perfect
aggregation does not hold. It is essy to show tha the

disaggregate mean of 1 = Az isgiven by:

(@a+kg)C+k) b
c+d +ky 1+bt

E (] k, ko,t)=

where A~ Gamma (a b) and 7~ Beta (c, d).
Therefore, the disaggregate arivd average rate of
requests to the experts in this case is dso 1. The
aggregate meen, however, cannot be obtained in a
dosad form expression and a rough estimation by
(U+L)/2 will be used. It can be shown that for a >
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c+d (which is the case here):

L = (c+K)b/(1+bt)
U = (a+k)(c+K)b/(c+k+d)(1+bt)

In casea < c+d, then L and U can be obtained simply
by interchanging the expressions above.

It follows that L = 0.77, and U = 1.09. A rough
estimate of the aggregate mean is then:

(U+L)/2 = 0.93

Aggregation eror lies in the intervd [0.16, 0.32].
Thus, this eror can be as large as 1/3 of the estimae
of the aggregae mean implying tha the aggregate
andysis need not be accurate The table beow
provides details on the sensitivity of the size of
aggregation eror to the vaidion in the parameters a,
b and ¢, d of the Gamma and the Beta prior
distributions (respectively). However, since perfect
aggregation occurs if a = c+d, then only c and d will
vary while a, b, t, and k will be fixed a ther initid
v ues.

Table 1. Sensitivity of aggregation error to the variation of the
parameters

c d L U

U-L (U+L)2  2(U-L)/(U+L)

05 05 077 154 077 1.16 0.66
10 30 123 154 031 1.39 0.22
05 50 069 073 0.04 0.71 0.06
10 50 154 154 0 154 0

10 90 154 215 061 1.85 0.33
10 990 154 160 1446 877 1.65

The last column of Table 1 expresses the largest
possible size of aggregation aror as a fraction of the
aggregate mean. It is dear tha this size may be very
significant in case the sum c+d (of the Beta conjugae
prior of ) is significantly different from a (the first
parameter of the Gamma conjugate prior of 4). An
extreme case yidds an eror that is 165% lager than
the aggregate mean. Also, for some other cases, the
error may reach 33% and even 66% of the estimate of
the aggregate mean, which is significant. Note dso
that when c+d agpproaches a, aggregation error tends
to vanish yidding perfect aggregation.

The two examples aove show in paticular that
aggregaion eror may be significant and possibly
lead to taking the * wrong” decision.

In the next section, more examples are offered in
order to expose the reader to a lager vaiety of
decision problems where this concept of aggregation
isinvolved. However, no anaysis will be presented.

5. Other Examples

5.1. Example 5.1

In a given region, water authorities are interested

in determining an optima operating policy for a
conjunctive use of ground and surface water for a
planning horizon of severd years. Decisions concern
the totd rdesse of water to peform from the surface
source, the totd size of groundwater to pump from
the aquifer, and possibly the totd amount of atificid
recharge to inject in the aguifer from the surplus, if
any, of surface water. These decisions are to be made
a each irrigation period of each year of the planning
horizon. A fundamentad stochastic factor of the
decision process is the tota demand of water & each
irrigation period. In order to estimate this demand:
Aggregate analysis: First, estimate the distribution of
this demand by using some appropriate stetisticad
prior distribution such as the norma or the lognormd
distribution. Next, update this prior distribution using
the most recent observetions of the demand in order
to obtan a posterior distribution through Bayes
theorem.
Disaggregate analysis: Use the same approach but &t
the level of each grower. Next, use convolution of the
obtained posterior distributions to generate a posterior
distribution of the tota water demand in the region
for a particular irrigation period.

Clealy both approaches may yidd different
results, and hence the“ optima” decision policy may
depend on the type of andysis to be caried out in
estimating water demand.

5.2. Example 5.2

An industrid firm is interested in providing a
fiveyer waranty to its product. This initidive
would be worthwhile if the rdiability of the product
over five years of operation is a least 95%. To
estimae the rdiability of the product using the
Bayesian updaing, one may sdect the type of
andysis to perform.
Aggregate analysis: First, construct a prior
distribution of the falure rae of the product. Then,
use observed data on the performance of the product
to obtan the posterior distribution of the falure rae
Findly, deduce from the fdlure rete the rdiability of
the product over five years of operation.
Disaggregate analysis: First, construct a prior
distribution of the falure rate of each component of
the product. Then, use obseved data on the
peformance of each component to obtan the
posterior distribution of the falure rate of every
component. Next, propagate the obtaned posterior
distributions a the component levd to the entire
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product (using for instance ardiability block diagram
or a fault tree representation of the falure of the
product) to obtan a posterior distribution of the
falure rate of the product. Findly, deduce the
reliability of the product over five years of operation.
(For a detaled study of this example, see Azaiez and
Bier (1994, 1995, 1996)).

5.3. Example 5.3

In an evauation process of the qudity of its
savice, a bank undertekes to estimate the average
waiting time of a customer from ariva to the bank
until service completion. Assume that the Bayesian
updating is to be used. Once again, the concept of
aggregation is involved.

Aggregate analysis: Construct a prior distribution of
the totd time spent by a customer in the bank from
ariva to depature Then using some obsevations,
compute the posterior distribution of the totd waiting
time (both in queue and with the server) of the
customer in the bank.

Disaggregate analysis: Construct aprior distribution
on the waiting time in queue. Then, update the prior
distribution using few obseveions to obtan a
posterior distribution of the waiting time in queue
Similaly, construct a prior distribution for the
savice time and updae it with observaions to
obtain the posterior distribution of the time spent by
a customer in savice Findly, convolute the two
posterior distributions to obtan a posterior
distribution on the totd time spent by acustomer in
the bank.

This example may be extended to more complex
structures of queuing systems.

Hence, this oconcept of aggregation can be
involved in a large vaiety of decision problems.
Therefore, caution is to be taken whenever an
aggregate andysis is considered since perfect
aggregation is very unlikdy.

6. Conclusion

The present study introduces the concept of
aggregaion in decision problems in a Bayesian
context. This concept, which is neglected, may arise
in a large variety of problems. The decision to be
made may depend on the type of andysis sdected.
An aggregae andysis is usudly practicd both in
terms of the size of the problem and of the cost of
data collection and andysis. A disaggregate andysis
that exploits dl the data availableis costly but usualy
more accurate. However, aggregation error (obtaned
by peforming an aggregate andysis) may be
significant and may result in choosing the “ wrong

decision”. Severd examplesinvolving this concept of
aggregation are discussed and some important results
are given. In addition, some tools for estimating the
size of the error (or its bounds) are provided. Future
work will identify the optimd intermediate leve of
aggregation to tradeoff the cost of a type of andysis
against the accuracy of its results.
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