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Abstract. This work discusses solutions and sufficient conditions for the boundedness of the solutions of
the class of nonlinear differential equation of the fourth order. The equation of the form:

x® + f(%,%,%)% + h(%) + g(x) + @, x=p(t)
constitutes the base of our work, and we give a theorem dealing with sufficient conditions for the bound-
edness of solutions for the above equation. In course of the proof, a function V(x,y,z,w) will play an essen-

tial role. Two lemmas are given on the function V and its time derivative V, and by virtue of them the proof
of the theorem is completed.

Introduction
We consider the following real non-linear differential equation of the fourth order
X&) + f(x,%,%)% + h(x) + g(x) + o, x=p(t)

in which e, is constant, and f,g,h, and p depend only on the arguments displayed,
with the dots denoting, as usual, differentiation with respect to t. The forcing term
p(t) is assumed to be continuous. The non-linear functions f,g, and h are continuous
and constructed in a way that the uniqueness theorem is warranted. Moreover, we

assume that the derivatives f. = a_g’ f. = Eiand g' (x) :_dg exists and are continuous.
X Q% X Oy dx

Usingy = %,z = y and w = 7 the differential equation(1) can be transformed to
the equivalent system

X=y,y=z,2=w,Ww= —f(y,z,w)w-h(z)-g(y)-a4x + p(t). 2)
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Our main result is expressed in the following theorem:

Theorem

Assume that the following conditions hold:
(i f(yz,w)=a;>0 forally,z,wanda,>0;
(ii) h(0) = 0and h(z)/z = a, > 0 (z # 0);

(iii) g(0) = 0 and g(y)ly = a3 >0 (y # 0);
(iv) there is a finite constant A > 0, such that

{ogay, —g' (y) oy — oy f(y,2,0) = A forally,z;
(v) g'(y)—eg(y)y<§, forally # 0, where §, < 2a, A /(o 03);

z
(vi) —i— OI f(y,£,0)dC — f(y,z,0) < &, for all z # 0, where 8, < 2 Ay/(c2 a3);

3
64
(vii) 0= h(z) a, < ¢’ forallz+ 0, where &’
z O‘i
' Loy AN a3
0<e'<e<min{ @y 2a; a;Dy da;Dq
(20‘4A0_ 5,) , 2
a, o} V74D,
240,
(52— 8), 3)
a0

_ -1 .
Dy=aja, taya0y 5

(viii) yf, (v,2,0) <Oandzf (y,2,0) <0 forally,z

(ix) zf, (y,2,w) + dyyt,, (y,2,w) =0 forally,z,w, whered, = € + a, ;' ;
t

(x) 0_[ [p(t)|dti<sA<o forallt=0.

Then, given any finite X, y,, z, and w,, there is a finite constant D = D (x,, ¥y, Zy, Wo)
such that the unique solution x(t) of (1), which is determined by the initial conditions
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x(0) = %9, X (0) =y, X (0) = 2y, % (0) = wy,
satisfies

|x(t) | <D, |%(t)| <D, |%(t)|<D,|s(t)|<D forallt=0.
Remarks

1) When f (%, X,%) =, h(X) = a,% and g(x) = a;%, then the hypotheses (i) — (ix)
reduce to

a1>0,a2>0,a3>0,a4>0,{alaz—a3}a3—a%a4>0,

which is the Routh-Hurwitz criterion for the asymptotic stability in the large of trivial
solution of the equation

x® + % + aX + ok + ax = 0.

2) If f(%,%,%) = a;, h(X) = %, and g(x) is arbitrary, then the hypotheses (i) — (ix)
reduce to that of [3]

3) When f(x,%,%) = f(X), h(X) = a,% and g(x) is arbitrary, then the theorem
reduces to [4].

4) When f(x,%,%) = f(x,%), h(X) = a,% and g(x) is arbitrary, then the theorem
reduces to [1].

5) To exemplify the existence of functions with the desired properties, i.e.,

f(y,z,w)=a; >0 forallyzw
Lo ty, 6,0t~ f(y,20) <5, forally,z(z #0)
fy and f, exists and are continuous for all y,Z,W
¥, (y,2,0) <0 and zf, (y,2,0)<0 forally,z
zf, (y,z,w) + dyyf,, (y,z,w) =0 forally,z,w,
we give the following:

Let f,(z) be an arbitrary function with
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a +1<f, (Z)<a2a3a;1 for all z and
L% ¢ (de - f,(z) <5, — L forallz#0
= 0 1 1(2) <8, —5 fora z#

then the following function satisfies the above properties in the considered domains

fl(z)—z(l—e'yz'wz) fory=0,1zz=0,w=<0

f, (z)—(l—e'yz‘wz) fory=0,z=1,w=<0
f(y,z,w) = s o
fiz)+z(1—-e¥Y™) fory<0,-1sz<0,w=0

f,(z)—(1 - e'yz‘“’z) fory=s0,z<-1,w=0.

Preliminary
Our treatment of the theorem is indirect, i.e., in terms of solutions of (2) above:
Obviously, solutions of (2) above exist for t > 0 and are uniquely defined by their ini-
tial conditions. So, let (x(t), y(t), z(t), w(t)) be the solution of (2) satisfying
x(0) = x,, y(0) =y, 2(0) = z,, w(0) = w. 4)

Then, the theorem will follow as soon as it will be shown that there is a constant D
= D(Xg; Yo Zo» w,) such that

|x(t)|$D,\y(t)lsD,Iz(t)lsD,|w(t)|$D for allt = 0. (5)

An Auxiliary Function

Our proof of (5) depends entirely on the properties of an auxiliary function V =
V (x,y,z,w) defined by

2V = aydyx? + (agd, — agd)) Y +2 o g(n) dn
Z z
+2 /(@ n© — 4,0 dt+2 of“ Ty, L0 dE
T, w2+ 2a, xy + 2adpxe + 2dyy o H(y, €, 0)d €

+ 2d,zg (y) + 2d,yw + 2zw (6)
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where
d=¢+ aI], d,=¢+ a4a'1,
€ > 0 being the constant in (3).
Now, let
1 z
Z—Of f(y,5,0)d ¢ forz+#0
$(y,z,0) =
f(y,0,0) forz=0
it follows from (i) and (vi) that
¢ (y,z,0) =0, >0 forally,z
¢ (v,2,0) —f(y,z,0) <8, forally,z.

Further, we define

g fory#0
v(y)= y
g’ (0) fory=0

Because of the assumptions (iii) — (v), we obtain

Y(y)=a;>0 forally

{eya, =y ()} a3 — a; o £(y,2,0) = A, forally,z

g'(y)—v(y) =y, forally.
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™)

®)

)
(10)

(11)

(12)
(13)
(14)

Since the condition g(0) = 0 implies that y (y) = g’ (By) (0 <8 < 1), the inequality

(13) is obvious from (iv).

The following two lemmas are essential for the proof of the theorem.

Lemma 1

Under the hypotheses (i) — (ix) of the theorem, V (0,0,0,0) = 0, and further-
more, there is a positive constant D, depending only on €, ag, a,, as, oy, 8;, 8, and

A, such that



174 H. Bereketoglu and C. Kart

V=D, (x®2+y?+22+w?) forallxy,z,w. (15)

Proof

We consider now the function V (x,y,z,w) defined by (6). Since g(0) = 0 it is
obvious that V (0,0,0,0) = 0.

By (ii), we thus have that
2V 2 0, dy 32 + (ady — aydy)y? + 2 of7 g(m)dn
+ (@ dy = dy) 22+ 2 o f° Th(y.L0)dE
+ d,w? + 22,xy + 2a,d;xz + 2d,y sz f(y,,0)dg

+ 2d, zg(y) + 2d,yw + 2zw
2

= {a,d, — —d 1 g2
{a,d, Y(Y)}x

+ {agdy — aydy = 26 (1,2,0) }y2 + {2 (o gm)dn — y2¥(3) }

+ {agdy — dy— 2y (y) }22 + {2 o UO,L0dE - 20 (v.2,0) )

1
A oW a;%,m (W +2(y,2,0) + dyyd(y,2,0) )
+ ﬁ {ax + yy (y) + dizy (y) ¥

From the definition of d, in (7) and from (12) it follows that

a,d, ——} x> = aex.
{ 422 ,Y(y) 4

From the definition of d, in (7) and from (9), we obtain

1
{4,

-} w2=ew?
¢ (y,2,0)
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and hence,
2Vza,ex?+ew? £V, +V, (16)
where
V= (oyd, — agdy — B0 (32.0) } v + {2 o g dn =y O},
V= {ady — dy= By () ) 2+ {2 of L(3.L.0dE — 22 6(y,2,0) ).
Using the relation
of g’ () dn = ya(y) - of Y g(n) an
and the inequality (14) we get

2 o &) dn - y2x(y)

of g dn— o ng'n) dn

of Ly =g () }ndn

01
—2_y2‘

=
Furthermore
ad, - ad, - d% ¢ (y,2,0) = d, {0‘2 —dyy(y) - d,$ (y,z,0)} + d, {dz y(y) — a4}

>dy {oy — dyy (y) — 9 (y,2,00} by (7), (12)

and from the definition of ¢ in (8), we obtain
¢ (v,2,0) = £(y,z,0), where z = 62,0 < 9 < 1.

Hence, by (7) and (13)

@ = diy(y) ~ df(20) = (&~ YY) ~ 2% 11.2.0)) — e(50) + £7.50))

0 -1
= e —
= a0, & (a0, + a,050")

Ao
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and we obtain

a4 Ao _ 2_81 2
A4 333(5173 eDyy?—5y
1 2A0a4 2a4D0
== - €—8,}y%.
z{alag Qa3 1}y
2
But by (v),0 < %ho _ 8, and so,
alag
2
\2 B%{ao—fo— 81} y?=0 by(3).
a1a3

In the same way from the relation

of LE3,800dt=20/ 1, £,00dT - of ¢ o (1.5, 0)dE
we get
2 o LHY, 50 dE—20(y2.0) = ([ TH(y,C,00d— ([ Ly, 0T
= of 4, 5,0 = ¢ (3, ¢, 0)} Lt
>_2 5 by (10).

Furthermore, by (7), (i) and (17) 2

ad, —d, - d:ll Y(y) = d; {a, — dyy (y) — d, f(y,2,0) } + d, {d, f(y,z,0) — 1}
=d; {a, — dyy(y) — d, f(y,z,0) }

A
Bdl{a1£3 —eDg}-

We thus have
1 Do _ ) %
V2>E1{ala3 eD,}z 52
1 2A0 2Dy
=7 {2—-— - 'a—r— € — 82 } ZZ

al a3
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2
since by (vi), 0 < zﬂ— 8, then (3) implies that

1%
2
V2>%{ﬂ —5,} 2>0.
“?a3

Substituting these estimates of V, and V, in (16), we obtain

2 A 2A
2V2a4ex2+21‘—{ X 0—81}y2+%{ 0—82}z7-+£w2
alag a%a3

which proves that there is a positive constant D, such that

VZD,(x2+y?+ 22+ w?).

Lemma 2

Under the hypotheses (i) - (ix) of the theorem, there exist positive constants D,
and D, depending only on €', €, a;, a,, a3, oy and A, such that, if (x(t), y(t), z(t),
w(t)) is any solution of (2), then

V= S—t V(x(1), y(1), z(t), w(t)) S — Dy(y2 + 22+ w2) + Dy(3 + y2 + 22 + w2) [ p(t)).

Proof

Given any solution (x(t), y(t), z(t), w(t)) of (2), a straightforward calculation
yields

V = a,dyxy + (ad, — ayd))yz + zg(y)
+ W(dh(z) = dyz) + 2 Lh(y, T, 0)dT + zwi(y.z,0)
+dyw { —f(y,z,w)w — h(z) - g(y) — ax + p(t)}
+ oy’ + axz + a,dyz + a,dxw
+dyz o 10,0 AL+ dyy { of 2, (v, €, 0)dC + wily.2,0))

+ d,wg(y) + dz%g’ (y) + dzw
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+ dyy { —f(y,z,w)w — h(z) — g(y) — ex + p(t)} + W2
+z{ —f(y,z,w)w — h(z) — g(y) — a,x + p(t)}

=z o th(y, &, 0)dC — dyf(y,z,w)w? + agy? + dyz o[ yi,(y, ¢, 0)dt
+ d,z2 f(y,z,0) + d; g’ (y)z? — d,yg(y) + w? — a,2?

—U-W+(dw+dy+z)pt),z=0z(0<6<1).

where

U = — a,d,yz + d,yh(z) + zh(z) — 2%,

W = {f(y,z,w) — £(y,2,0)} zw + {f(y,z,w) — f(y,z,0)} d,yw.
Because of (viii), it follows that

z §A 5, (v, £, 0)dg < Oand dyz of° ¥E, (v, €, 0L <0
and by (iii) yg () = agy>.
Then, using these results we get

V(1) < — {dya; — a,}y? — {a — dig'(y) — dyf(y,2,0)}22

— {d,o; — Jw2 = U = W + (d;w + dyy + 2)p(1).

From (7) it follows that

dya; — a, = eay ,djoy — 1 = €a
By (7) and (iv)
@~ g () — dE(1.2.0) = &~ & ) o T20) ~[8' @) + £ (.2.0)] ¢

A S0 by ().

2(11(13

Then, we have

Ao
2ajas

V(t) < — ey’ — 22 — ga,w? — U — W+ | d;w + dyy + 2| p(t) |. (18)
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Further, U = 0 when z = 0, and from (ii) if z # 0
U= o) @+

h d3y2
= - (_§—22 - az)_i'ty_"

Therefore, U satisfies

d2
U= - (@ - 4;\12)2Tyz forally,z

and so, by (7) and (vii) the last result can be expressed as follows:
U= —¢ agy’

W = 0 when w = 0, and from (ix) if w # 0

w = (fzw) - f5.2.0) y py2 4 (£0:2W) - f(y,z,OL}dzsz

= {zf,, (y,z,uw) + dyyf,, (y,z,uw) } w2 where0<pu <1
=0.
But
|y +dw+z| <Dy (ly| +]z] +|w)
where D; = max {1,d,,d, }. Hence, since
lyl<l+y%|z|<1+2%|w|<1l+w
for all y,z and w, we get

|dy +dw+2z| <D;(3+y2 + 22 + w?).

179

Then substituting these estimates of U,W and | d,y + d,w + z | into (18) we obtain

Ao

2 aq1 a3

V(t) < — (e — &)agy? =

<-D,(y2+22+ w2 +D;(3+ y2+ 22+ w?) | p(t) |

where D, = min { (e — e’)oz3,T(;a3 ,

72 —eayw? + Dy (3 + y2 + 22 +w?) | p(t) |

ea, }. This completes the proof of the lemma.
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Proof of the Theorem

The proof is based on a method devised by Antosiewicz [2]. We consider the
function V given by (6). By Lemma 1, V satisfies

Vxyzw)=0, xXZ+y2+z2+w2=0

VEyzw)>0, x2+y2+z22+w2#0

V (x,y,z,W) = oc as x2+ y2 + 72 + w2 — o<,
Let (x(t), y(t), z(t), w(t)) be the solution of (2) satisfying the initial conditions (4) and
consider the function V(t) = V(x(t), y(t), z(t), w(t)) corresponding to this solution.
From (15) it follows that to prove (5) it will be sufficient to show that there is a con-
stant Dg= D¢ (X, ¥, 2, W) > 0 satisfying

V() <Dg,t=0.
By Lemma 2, it follows that

V(t)<D; 3+ y2+ 22+ w2) [ p(t) |.
But from Lemma 1 again

1
2+ 22+ wrs= V(x,y,z,wW).

y it wsp, (x,y,z,w)
The we get that

V=D, [ p®| V<D, |p(t) |
where D, = 3D; and Dy = D4/D,.
Therefore we obtain the result

1

YOS

(VO + D, (' Ip (@) | 1(3) do),
where

x(©)=exp (- Dy f | p(o) | dv).
Since (t) < 1 for t = 0, and by hypothesis (x)

V(t) < (V(0) + D,A) e DsA ¢ >o.
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Because V(0) = V (X, Yo, Zy, W), We have for each t = 0
V(t) <D,

and hence the existence of D = D (x,, ¥, Zj, W,) > 0 is shown. The proof of the
theorem is thus completed.

Conclusions

Let us note that the function V defined by (6) is a slight modification of the
Lyapunov function considered by Ezeilo [4].

Although in the proofs of Lemma 1 and 2 we have mainly followed the same
steps as in the article by Abou-El-Ela [1] the proof of our theorem is different. Since
in obtaining the inequality (3.1) of [1] the derivative of the function V' v(t) may not
exist for certain values of t.

Comparing our equation (1) with the equation
x® + £, (%) ¥ + £, (%,%) + g(X) + h(x,x) = p(t)

which is considered by Lalli and Skrapek we note that there are certain differences
between hypotheses concerning our Theorem and Theorem 2 in [5], in particular (v)
in [5] and our hypotheses (vi) and (vii) are different. This is due to the fact that the
functions V and the paths followed in their formations are not identical.
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il JI Z,S'J.U&nf\,l..bw‘ﬂ.sbla.y.& J ol
L Oliy gl g
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by 2 dos Anl I By lll n s 2 Dslal J gl slg] Dyl 0dn ens . ol asile
P Al old Ll i G Dolally La3gae Sl oda Jad I L3N

)
x® 4 £z, 5,%) % +h(®)+g(+a x=P()

oda LY gt . oLl 0 339 J gl 39y yanis S DS by 2l &l el 43
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