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Ahstract. Since sample autocorrelations play a key role in identification of time series models, the study
of their properties has always been of great interest in the literature of time series analysis. The assumption
of normality for the distribution of autocorrelations made its mean and variance the main focus of study.
Various methods are employed for estimating the variance but results are valid anly asymptotically und
with approximations sacrificing the accuracy.

The present study explores the empirical distribution using simulation techniques whereby we can
test the reliability of these asymptotic results for small samples. Graphical methods are used to test how
far the assumpiions of nommality holds for the distribution of sample autocorrelations. The extent of
departure from normality for different models is noted and reported.

Introduction
Autoregressive Moving Average (ARMA) models have been used successfully so far
for representing time series ensemble [I; 2]. The most important tool to identify
these models is the autocorrelation function which, for a zero mean, second order,
stationary series, X, is defined as Ye

P =

where il
7 =E[(X)X 0l k=0,12...
In recent statistical literature there have been use of simulation studies in time

scrics analysis for example Batagalia [3]. Also, therc arc some studics where Monte
Carlo methods are employed to investigate some propoerties of ARMA models for
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example {4; 5]. Since most of the theoretical results obtained to determine the
parameters of central location and dispersion of sample autocorrelations are valid
only asymtotically, this opens up the desirability of simulation studies to validate
these results. In this work a simulation procedure is used to investigate these theoret-
ical results, The study also pays attention to the normality assumption for (he distri-
bution of sample autocerrelations. The departure from this assumption of normality
is noted for different modcls and reported.

Location and Dispersion Parumeters for Sample ACF

For a given observed time series X, X,, ..., X, the sample ACF is defined as

n?

_ = 2ot K=Ky -X)
" X X - X

where X = Z':=1 X /n, the sample mean of the series.

From the definition of r,, a ratio of quadratic functions of Xs, it should be
apparent that the sampling properties of r, will not be casily obtained. Even the
expected value of r, is difficult to derive. We have to accept a general large sample
result and consider its implications in special cases.

For a stationary Gaussian prooess, Bartlett [6] has shown that for k > 0, and
k+j>0,

.1 &
Coviry,tej) 2 > X (PiPixj + Pisk+iPi-k
j=—pa

2
—2PkPifick—j = 2Pk+iPiPi-k * 2PkPr+iPT)

For large n (e.g. [7;'8]), 1, is approximately normally distributed with mean p, and
variance

- 2.2
Var(ry) = % . Z(Pi2 +PiskPiok — WPEPiPi-x + 20kPT)

i=—o0c

For processes in which -pk = 0 for k > m, Bartlett's approximation becomes var
(r) ==(1+2p2+ ... + 2p2).

1f X, is a purely random process (white noise), the variance of 1, reduces to
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Var(ry) = 1 . k=0,12,..

n
This has been considered as a crude theuretical estimate for the variance of r, for any
ARMA model.

If X, is modelled as X, = X, | + a,, with p, = ¢¥, k> 0, then [7; 9]

1 e)i=*)

1 . —2kg?*
n I-¢

Var(rk ) =
In particular,

Var(r1}=%{1—¢2}

Monte Carlo Experiment

A simulation procedure is used to generate realizations from some ARMA
madels. The disturbances are generated as mutually independent and uncorrclated
random normal variates. The IMSL subroutine GGNML is used to generate these
numbers for different seed values. The algorithm employed has been rigorously
tested by Learmonth and Lewis [10]. The series length selected are 500, 300, 100 and
30 tepresenting large size, medium size and small size series. It will give us an oppor-
tunity to compare empirical results of varying series sizes with the corresponding
thearetical results. The ARMA models used to generate the series are AR(1),
MA(1) and ARMA (1,1).

The first 200 values of each series were discarded to get rid of the transient
effect.

Simulation Results for AR(1} Model

To conduct a Monte Carlo experiment, first we generated series of length 500
for AR(1) model, X, = X _; + a, with ¢ = 0.9. We obtained 1000 realizations for
this model and computed 1, for each realization. Thus we got a sample sizc of 1000
for r, and estimatcd the parameters of central location and dispersion for r;. This pro-
cedure is repeated for the AR(1) models, X, = ¢X_; + a, with ¢ = 0.6 and ¢ =
0.2.The results so obtained are compared with the corresponding theoretical results
and are set in Table 1.
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Table 1. Results of r, for AR(1) models with series length 500

No of realizations for each model = 1004

Parameter Empirical results Asymptotic resulis
[ Mean (r,) Yar(r,) skewness  Mean(r,)  Var(r,) =21(1-¢% <
0.9 0.874 0.0108 ~5.704 0.9 0.00038 0.002
0.6 0.584 0.0094 -2,019 0.6 0,00128 0.002
0.2 0191 0.0026 0524 0.2 0.00192 0.002

The experiment is repeated with series tength 300, 100 and 50. The results of the
experiment are set in Table 2, 3 and 4.

For the AR(1) models with ¢ = 0.9 from Tables 1, 2, 3 and 4, we see that the
empirical mean of r is departing to the left of the normal curve as compared to the
theoretical mean and this deviation to the left is increasing successively for the series
length of 500, 300, 100 and 50 which is in accordance with the assumption of asymto-
ticity for the theoretical mean of r;. These findings are confirmed when the distribu-
tion of r; for these cases are displayed by frequency curves as shown in Figs. 1al, 1a4,
1a7 and 1al0. The same pattern in the behaviour of the empirical mean of r, for
AR(1) models with ¢ = 0.61s also emerging as shown in Tables 2, 3 and 4. The graphs
in Figs 1a2, 1a5, 1a8 and 1all are again confirming this behavior. For AR(1) model
with ¢ = 0.2, the behavior of the mean of 1, is similar to the former models. The mean
still deviates from the theoretical mean as for the other models. It still increases with
the decrease in sample size. The deviation is minimum for the series of sample size
500 and it is maximum for the series of sample size 30 which is again in confirmation
with the assumption that the distribution of r, is approximately normal when the sam-
ple size tends to infinity with its mean approaching the theoretical autocorrelation.
If we look at the AR(1) model with varying parameter values but having the same
sample size, we find that the percentage variation of the empirical mean compared
to the theoretical mean is decreasing successively for g =0.9, ¢ = 0.6 and for ¢ =0.2.

The behavioer of the empirical variance of r; as compared with the theoretical
variance for the models considered is as follows, For the AR(1) model with ¢ = 0.9,
we find that the difference between the empirical variance and the theoretical
approximation is decreasing with decreasing series length. The same behavior is
observed for AR(1) model with ¢ = ().6. For the AR(1) model with ¢ = 0.2, it seems
that changes in series length also effect the difference between the empirical variance
of r| and its theoretical appromixation similar to other two cases.

The behavior of these variances is also depicted in Figs 1al-1a10.
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Table 2. Results of r, for AR(1} models with series length 300

111

No of realizations for each model = 1040

Parameter Empirical results Asympiotic results
¢ Mean(r)  Var(r)  skewness Mean(r)) Varir)=21(1-49 +
0.9 0.859 0.0150 4,486 0.9 0.000633 0.0033
0.6 0.573 0.0080 -3.012 0.6 0.00213 0.0033
0.2 0.189 0.0037 -0.191 0.2 0.00320 0.0033
Table 3. Results of r, for AR(1) models with series length 100
o of realizations for each model = 1000
Parameter Empirical results Asymptotic results
) Mean (r,} Var(r)) skewness  Mean(r,)  Var(r)=3(1-¢% <
0.9 (1.826 .M70 —3.446 {19 ) 0.0019 0.01
0.6 0.554 0.0120 -1.268 0.6 0.0X64 nm
0.2 0177 0.0098 -0.003 0.2 0.0086 0.01
Tuble 4. Resulis of 1, for AR(1} models with series length 50
No of realizations for each model = 1000
Parameter Empirical results Asymptotic results
& Mean (r,) Var(r,) skewness Mean(r,}  Var(r) '-&(l—tbz) +
0.9 0.792 0.0092 -1.015 0.9 0.0038 0.02
0.6 0.533 0.0139 —1.368 0.6 $.0128 0.02
0.2 0.165 0.0185 -0.061 0.2 0.0192 0.02
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Simulation Results for MA(1) Moel

For MA(1) model, X, =a, - 8a, ;, we generated time series of lengths 500, 300,
100 and 50. The values for the paramcter & are taken 13 0.9, 0.6 and 0.2 for each series
length. For each combination of parameter values and scrics length 1000 realizations
are obtained. The autocorrelation at lag 1 (r,) is computed for each realization of the
model. Similar to AR(1) model, the empirical and theoretical results are compared.
These results are set in Table 5, 6, 7 and 8 as follows:

For MA(1) models with 8 = 0.9, the results indicate that the empirical means deviate
from the theoretical means to the same extent for the scrics length of 500 and 300.
The amount of deviation for the series length 100 and series length 50 is greater for
the empirical mean as compared to the theoretical mean. The similar pattern is
repeated for MA(1) model with # = 0.6. In case of MA(1) model with 8 = 0.2, the
difference between empirical mean and theoretical mean is fluctuating as series
length varies from 500 to 50.

For all MA(1) models under consideration, empirical variances of r; are smaller
than the corresponding theoretical variances except for series length 500.

Simulation Results for ARMA(1,1) Models

We discuss simulation results for ARM(1,1) models X, = ¢X,_ | + a,—6a,_,, for
different values of ¢ and 8. These results are set in Tables 9, 10, 11 and 12. The mcan
of sample autocorrelation 1, for series length 500 is very much affected by the vari-
ation in parameter values as shown in Table 9. The value of mean in all cases is not
far from the theoretical mean. This fact is further established if we look Figs 2al-2a2.
These figures illustrate that the distribution of sample autocorrelation r, is very ¢lose
to normal distribution. Therefore the results validate theoretical assumption of
approximate normal distribution for sample autocorrelation r,.

In case of series length 300 the behavior of sample autocorrelation r, is very simi-
lar to the previous cases shown in Table 10 and Figs 2a3-2ad. The empirical variances
are bigger than before but graphical representation display a very close proximity to
normal distribution and therefore validate theoretical assumptions. If we look at
Table 11 we find that the difference between empirical means and theoretical means
is sklightly larger than in the two previous cases and empirical variances are also larger
than the case of series length 300. This pattern continues to series length 50. The
graphical representation as shown in Figs 2a5-2a8 again validate the theoretical
assumptions.
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Tabke 5, Results of r, for MA(1) models for series length 500

No of realizations for each mudel = 1000

Parameter Empirical results Asymptotic resolis
e Mean (r,} Var{r,) skewness Mean(r,) A+ Zp:)ln :1_
0.9 —0.485 0.006 3.676 —0.497 0.00524 0.002
0.6 —0.435 1.005 3.272 —0.441 0.00344 0002
02 -0.186 .03 0.695 -0.192 0.00216 0.002

Tabla 6. Results of r, for MA(1) models for series length 300

No of reatizations for each model = 1HN

Parameter Empirical results Asymptotic results
54 Mean (r,) Yar(r,) skewness Mean(r,) {1+ Zp:)ﬂ'n +
0.9 -0.486 0.006 2.966 -0.497 0.00873 0.0033
1.6 434 0.005 2.468 -{.441 0.00573 0.0033
0.2 -0.187 0.004 0.242 -0.192 0.00360. 0.0033

Table 7. Results of r, for MA(1) madels for series length 100

No of realizations for each model > 1000

Parameter Empirical resulls Asymptotic results
] Mean(r;)  Varr)  skewness Mean{r) (1+2p}in -+
0.9 -0.481 0.000 1.521 -0.497 0.0262 .01
0.6 =0.427 0.009 1.103 =-0.441 0.0172 0.01

0.2 -0.186 0.8 0.001 -0.192 0.0108 0.01
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Table 8. Results of r, for MA(1) model for series length 50

No of realizations for each model = 1000
Parameter Empirical resulls Asymptotic results
¢ Mean(r,) Var(r, skewness  Mean(r,) (1+2plyn L
0.9 —.481 Rt 0.255 —0.497 0.0524 0.02
0.6 -0.428 011 0.216 —(.441 0.0344 0.02
02 —.197 017 0.074 -0.192 0.0216 0.02
Table 9. Results for ARMA(L,1) models for series length 500
No. of realizations for each model = 1000
Parameter Empirical results Asymptotic results
] ¢ Meanir) Var(r})  skewness Mean(r,) (i+2p}/n <
0.9 0.2 -0.394 0.00102 (120 -0.396 0.0026 0.002
0.2 0.9 ¢.832 0.00078 -0.510 0.844 0.00458 0.002
Table 10. Resulis for ARMA(I,1) models for series length 300
No. of realizations for each model = 1000
Parameter Empiricat results Asymptotic results
0 ¢ Mean{r)  Var(r})  skewness Mean(r)) (L +2pdn 4
0.9 0.2 —0.396 0.0021 —-0.052 -0.396 0.0044 0.0033
0.2 0.9 0.523 0.0017 -0.552 0.844 0.0081 0.0033
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Table 11. Results for ARMA{1,1) models for series length 100

No. of realizations far each model = 1000
Parameter

Empiricai results

Asymptotic results

[ Mean(r,) Var (r,}

skewness  Mean(r,) (1+2pd/n L
0.9 0.2 0391

n
0.0058 0.190 -0.396 0.013
0.2 0.y 0.780 0.0071

0.01
—.603 0.844 0.024 0.01

Table 12. Results for ARMA(1,1) models for serles length 50

No. of realizations for each model = 1004
Parumeter

Empirieal results

Asympiotic results
Mean(r,}  Var(r))  skewnmess Mean(r)}

{39

1+ 2p3/n !
0.2

o
—0.383 0.013

0.446 -0.396
0% 0.711 0.015

0.2

.26 0.02
-0.866 0.844 0.048 0.02
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Conciunding Remarks

The study reveals some interesting results for the sample autocorrelation r, in
case of AR(1), MA(1) and ARMA(1,1) models. For AR(1) models the empirical
means are smaller than the theoretical means for parameter value ¢ = 0.9, 0.6 and
0.2

For AR(1) models, Kendall and Stuart f11] give an approximate formula for
computing mean of r; as follows:
1436

mean {r; )} ~¢~ —

In our case the simulation results correspond closely with this approximation for
paramcter values ¢ = 0.9, 0.6 and 0.2. The results are as follows:

le size Parameter value Mean (r;} Simulation result for Mean (r )
500 09 0.893 0.874
500 0.6 0.594 0.584
500 0.2 0.147 0.191
300 09 0.888 0.859
300 0.6 0.591 0.573
300 0.2 0.195 0.189
100 0.9 0.863 {826
100 0.6 0.572 0.554
100 0.2 0.184 0.177
50 0.9 0.824 0.752
50 0.6 0.543 0.533
5 02 0167 0.165

The simulated results are invariably smaller than Kendall and Stuart results.

In contrast to AR(1) models, the empirical means in MA(1) models are larger
than theoretical means and the distributions of r, for these models are skewed to the
right. In general the empirical variances are larger than theorctical variances for
series length 500 and 300 but in most cases the opposite is true for series length 100
and 30,
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For ARMA (1,1} models, empirical variances are invariably smaller than
theoretical variances. The empirical means are bigger than theoretical means for all
cases for parameter values 8 = 0.9 and ¢ = 0.2. The opposite is true for parameter
values 8 = 0.2 and ¢ = 0.9. Figures 2al-2a& show that for ARMA (1,1) with bigger
AR parumeter the frequency curves are skewed to the left and the opposite is true
with bigger MA parameter. We also observe that distributions of r, for ARMA (1,1)
models bear a closer proximity Lo normal distributions than the other models under
consideration.

The overall picture which emerge from this study conveys the message that the
theoretical assumptions for autocorrelation r, are valid and the accuracy of the
results increases with increasing sample size. Also similar studies for higher order
ARMA models and for higher order autocorrelations are plausible and could be
suggested for the future.
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