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Abstract. This paper discusses estimation of the population total in double sampling for stratification in
the presence of nonresponse, Formulae are provided for the variance and estimator of variance. These
expressions are shown to reduce to familiar forms in deuble sampling when response is complete,

Introduction

In double (or two-phase) sampling a first large sample, s, say, is drawn. Information
provided by this sample is then utilized in a ratio or a regression estimate or for
stratification purposes. When the objective is a ratio or a regression estimate, s, is
used to get measurement on an auxiliary variable x. In case of stratification, informa-
tion supplied by s, is utilized in different ways. Neyman [1], who was the first to pro-
vide a theory for double sampling for stratification, considered the situation in which
a predetermined set of strata exists in the population, and the reason behind selecting
s, is to estimate the strata weights. In another application, (Sdrndal & Swensson 2D
no subdivision of the population into strata is assumed made prior to the taking of s,
and information provided by this sample is used in dividing it into strata. In all cases,
a second smaller sample s, is selected from s, and observations are made on a charac-
teristic y for all units in s,. This information is then used to estimate a population
parameter such as the population mean or total through a ratio, regression or
stratified random sampling estimator.

In this paper we consider the second application of double sampling for stratifi-
cation. In other words, we consider the situation in which the first sample is used to
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form strata from which a second smatler sample is selected by stratified random sam-
pling. However, unlike what is usually encountered in sampling texts, we relax the
(usually implicit) assumption that the second sample is complete.

Description of the Problem

We assume we have the population U = {1,2,.. k,...N}. A first-phase sample s,
of size n;, is to be selected from U according to the probability distribution
{P,(s,).5,CU} with inclusion probabilities for unit k (keU) and units k and L (k,LeU)
given respectively by m, and ;. We define A, = n ., — m,, =, . Data provided
by s, is used to partition s, into H_ strata, the vth, s, say, is of size n,. A subsample
§,, Of size n,, is then selected from s, (v =1,... . H, ) by simple random sampling. The
union of the s,, is s,, the second-phase sample, and the union of the n,,_ is n, its size.
The n,, are assumed to be specified by the sampler for the given set of strata. Further-
more, the same set of strata and the same sampling fractions within strata, are
assumed used everytime the same first-phase sample s, is drawn, but that this need
not be so for two different samples.

Forallk.Les,, the sccond-phase (conditional) inclusion probability for unit k is

(2.1a)

‘nkisl = HZV'IH]V = fIv

and forunits k and L (k # L)

TxLjs, =1, (ny, — Diny, = 1) (2.1b)

ifk & L. belong to the same stratum s, , but equals f,, £,y if they belong to two differ-
ent strata v and v'. Also Tyils, = Tls, -

Define

AkLl::'] - ‘nkl_\s] - ﬂ:kfsl J'tL|.-,] (21C)

The value of a characteristic y, the variate of the study, is to be observed on units

in s, the ‘intended sample’, and the resulting observations used to estimate the popu-
lation total t = Z V- Where, with y, the value of y tor unit k, we used Z v, to denote

Y. v, where A 1<_; a set such that A C U. Our problem is to estimate t aisummg that
keA

some of the units in s, failed to respond.
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The Extended Response Homogeneity Group Model

To estimate the population total in double sampling for stratification in the pre-
sence of nonresponse we adopt the approach of looking at the response set 1 say,
as a (third-phase) subsample that is generated from S, according to a certain response
model. This approach is adopted, within the framework of single-phase sampling, by
a number of authors including Oh and Scheuren [3] and Sdrndal and Swensson 2]
El-Beshir [4] followed this approach in the treatment of nonresponse in double sam-
pling for regression. The response modcl we shall assume is ‘the response
homogeneity groups’ (RHG’s) model of Sarndal and Swensson 12].

To formulate the model in the present context, we assume that a first-phase sample
s, is selected from U and a sccond-phase sample s, is selected from s, asin § 2. The
second-phase sample s, is partitioned into H_ disjoint groups (strata) the hth_s;, say,
of size n}, in such a way that units within each s, respond independently with the
same response probability €. Thus if we denote by 1, the response set in sy, we
have fork, L esl, (h=1,.. ,H%):

Pk erls,s,) = Plkeryls;s,) = Tfsysy =~ Ohs,y

(3.1

P(ka Le r|51 52) = P(k= Le I’h|S] 52) = nkL'\s]s? = JT‘k]sis.f_, nL‘.slsz

where 1 is the union of the r, ‘s and the suffix in © is meant to indicate that the
response probability may differ from one group to the other and from one s, to the
other. The model specified by (3.1) is the RHG model extended to include the casc
of double sampling. Because of this we may refer to it as the ‘extended response
homogeneity groups model’ (ERHG).

Assuming the ERHG model holds, the situation is identical 1o a three-phase
sampling set-up with arbitrary design at phase one, stratified random sampling at

phase two and a stratified Bernoulli sampling at phase three. The groups s, in the
ERHG model correspond to strata in a stratified Bernoulli sampling, and the

response probability @, to Bernoulh probability. Note that the stratification princi-

ple used in phase two need not be the same as that used in phase three. In fact, in
phase two we may use such factors as age, education,...etc. to demarcate strata,

whereas for the nonresponse problem the factor of classification in phase three is
always the response probability.

Our plan for the rest of the paper will therefore be to develop a theory of estima-
tion for a three-phase sampling problem with stratified random sampling at phase



132 Z.A. Ei-Beshir

two and stratified Bernoulli sampling at phase three. This theory can directly be
looked at as one for nonresponsc in double sampling for stratification under the
ERHG model, the only difference being that in the casc of nonresponse the ERHG
model is merely an assumption rather than an actually imposed randomization
scheme.

Suppose now, that we have a stratified Bernoulli sampling at phase three with
strata sy, (h = 1.....H, ). Suppose further that the probability that unit k (k € s}, ) is
included in 1y is O, ‘and the inclusions are independent. Given that a fixed set

m = {m,, m,...., m,....my } of counts is realized, and that s, and s, are also fixed,
. . 5 . % - PO %
ry is a simple random sample ©f m,, units from n;, units. We then have. for units in S3h

= P(k € r]s] ,sgm) =m, /n:2h =1, (3.2a)

k|ﬁlv82m

and
nkLlsl-ng = P(k, Lerlsl,szm) =f;, (mh—l)/(n;h—]) i k 2 L (3.2b)

ifk & L. belong to the same stratum s3, but equals £, . f,,., if they belong to two differ-
ent strata h and h’. (This implies that response is independent of the variable of
interest y). Also

T =
ick]s; .5, m :r[k]sJ Sym (3.2¢)

In what follows we shall repeatedly use a general result given by El-Beshir [4] for esti-
mation of the total in three phases sampling with arbitrary design in all three phases.

It states that for such a design the estimator.

Lo = 2 Vi (3.3)

is unbiased for t with variance:

S,

Vi) = D Y A0 vivi + E, 22 By, Vit |+ EE EZA,{LFW oy
" 5 2

(3.4)
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and estimator of variance:
T‘” ZzAakL Vi yL/nkL + zzAkLh Yk yL/(“kqs,nkas,sz]

(3.5)

" ff’
+ ZZA!(L}SS Ye Y1 kL\s,s2

where for a subset A of U we use } Z Ctodenote } 2} C,,.Also,in(3.3)-(3.5)
keA LeA
|| “m” to refer to flrst-pahse second-phase and third-phase expan-
respectively. Thus for example,

LY

|n I

we used
sion

i = YTy (k €U), Y; = y;(/nklsl (k es;), Yy = Y;/ﬂkmz (kes, sy
(3.6)

The quantities Mis,s, and 7, ), o, indicate the third-phase inclusion probabilities of
unitk (k €s, Cs; ) and units k&L (k, Les, Cs,) respectively. Also Ay, o o = Myys o
= Myls,s, Tlsysy: For convenience we put 7y = 1, Mg s, Ty s, Fmally E,in (3.4)
refers to expectation with respect to sampling distribution in phase one and E (/s;)
to expectation with respect to sampling distribution in phase two given s, is drawn in
phase one.

A Conditional n** — Expanded Sum Estimator for the Total

Given the set m of realized counts (or responses) and assuming my 2 1 forh =
1,... ,H5 an unbiased estimator of { can be obtained from (3.3) using (2. 1a) and (3.2a}

as

H
52
- -l 4 .
Lopes = Eflvz,th ¥y (4.1)

where 1, is the subset of units that belong to both stratum v (of phase two) and
stratum h (of phase three}.

If the first-phase sample is a simple random sample of size n, then
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m,=n /N (4.2)

and (4.1) becomes, remembering (3.6):

H, H
bl 52

- _ -1

s = N 3w, S T, 3
v h I'vh

with W = n, /n, the relative size of stratum S1yr

If in addition there is complete response, f,, =land )} Y (*)isequivalenitoy. (*)
h

vh 52y

so that (4.3) reduces to the well known form for double sampling for stratification

(with complete response):

s,
L =N> W, 7, (4.4)
where ¥, = }. y./n,,. Comparison of (4.3) and (4.4) shows that the adjustment to

nonresponse takes the form of ‘expanding’ the totals of the responding setsr,, (v =
1,...,H51) in the response homogeneity group s;, by dividing each by the response
probability of 5, .

Variance Formula

To arrive at an expression for the variance of t .. that reflects the stratifications
of phase two and three we first note that the first term in (3.4) depends only on the
first-phase inclusion probabilities and hence will remain in the same form in the vari-
ance formula.

On the other hand, since for kes, ., Les,,, and V # V', AkL\sl = (), the quantity
within brackets in the second term of (3.4) can be written as:

e

1151 \12 )’) \.”
T ' kY L=k
Il YAy X DA, 2 ‘
Ezﬂkusl Ye Yi z kksy e kL|s) -
5y v ‘.\|.~1 I.‘.\'l

Sy R‘-“] v Sy



The Treatment of Nonresponse ... 135

so that using (2.1a) - (2.1c) and completing the square in the second term we finally
get:

22 KLs, ykf’(L = nlzw flv S y(slv)/ 2v

where in this paper we use S$* (XA) to denote the variance of the numbers x, in a set
A ofsize n, given by { ¥ x2 — ( L x, ) }(ny — 1).
A A

The second term in the variance expression then becomes:

E, ZW f1v S y(slv)/nzv (5.1)

Let s, be the set of units in both s, and s}, . The second-phase sample s, is the union
of s, over all v and h. It is also the union of 53, over all h. Noting that for any two units
kes,, and Les,, AkLIsIsQ,r,r_n is nonzero only if h = h’ we can write assuming m, = 1:

IIg7

l
DRSS AN e

v Suh SEh
Using (3.2a), (3.2b), (3.2¢) and (3.6) we can put the right hand side of (5.2) in the
form:

Hyg

Z
“% thz(l - fzh)szkb’:;a /mh

h

(5.3)

* __ * . z n' .
Where W, = n,, /n, and where S (YSzh) can be expressed in terms of f, as
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The full variance expression is then, given my = 1for all h,

cn** zzAakL Yk yL + E EW lv S ysl /nzv

HSI L1y
+E,Egpl By ngzws(pfzh)szys;h/mh 5, (5.4)
k

where E | indicates expectation over all realizations of m, and E denotes expecta-
tion over all stratified random samples in phase two given s,. We recali the assump-
tion made in §2 that exactly the same stratified design is used cverytime the same s,
is selected. Note that the second and third terms in (5. 4) must be left in the form of
an expected value since the conditional inclusion probabilities may depend on s, and
s;. The third term represents the nonresponse component of variance. It vanishes
when f, = 1i.c. when response is complete.

Example (1)

As an example, we consider double sampling for stratification with simple ran-
dom sampling at phase one. In this case:

Tae = Mo = /N =1 w0 =10, = 1)/IN - 1) k=L (55

The variance (5.4) then becomes:

2 2 i,
) = 0000 eSS 9 o

HS
N’n3 5.6
+ EgEgr| Epy—+ zwh 1_f2h [ o J/mh 51 (5.6
- n[ 2h
with y* = £,y and E,, denotes expectation over all simpie random samples. A part

from the third term, which disappears when response is complete, (5.6) is the usual
form of variance of the total in double sampling for stratification with simple random
sampling at phase one (see for example Sarndal and Swensson [2].
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6. Estimate of Variance

An expression for an unbiased estimator of Vt,,..) can be obtained through a
term by term analysis of (3.5).

6.1 First component

From (3.5) an unbiased estimator of the first component in (Vt,.)givenmand
assuming m, = 1 (all h) is

= ZzﬂakL yli yll,/(ﬂakl, Ttk]_‘s] n“—‘lsl-“’zﬂj (61)

It is not possible to put (6.1) in a more explicit and more compact form. In fact
example (2) below shows that even when the first-phase design is assumed, simple
random sample of the form of (6.1) is still cumbersome.

Example (2)

Suppose the first-phase sample is a simple random sample of size n,. Put

g HS].
STy G = 2w
h Lyvh v Ivh
and let

v~ l)(n;h -1

m
Ny, — 1){m, — 1

Dy = (m - Ty | 3 vy,
Tvh fvh Tvh

Then using the result

D RTIPWH VY EEZFQﬂ+2222%ZEQ

v vi#v h° v'h’ h#h’ rvh

+2222C2< DIDWIIEH R

vovTEv bore, hon'zh ovooevh” Tl
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together with completing the square technique, and assuming the event my = 1
occurred, we see, after a straightforward but tedius algebra, that \7l takes the form:

10

: N*(1-1 / 2 !
e DRI W {Eyk
1 v 2%

57

Moy =1 2
+ Zfﬁhthr h

M m h

— o
i)

il

2
It -
£ KGy - 22| VRG] + Y Dy, (6.2)
v h

with:

Ky = 1= /m =10 Ky = (o =1/, )

It is of interest to see the form {(6.2) takes when response is complete, and strata

of phase three are themselves the s, drawn at phase two i.e. there is no subsampling
at phase three and each s} is equal to one of the s,, ‘s. This is the case of double sam-
pling for stratification with full response. For such a situation we have, for any given
h,r,=s,, (v=1.....,H) where s, is the empty set except for one v, say v’, for which

S, = S, - Hence ? Y. (*)isequivalent to Y, (*)and we have:
Tvh Sav

G, = zh
Say

Ky = 0 (6.3)

th = flv(nlvi])/(n?_v_l) -1
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So that (6.2) takes the relatively simple form:

. NP (1-f _ .
W = YU0S 0 (10.) Sy + 125 G = |60
! v

n -

where:

and

?szv = zyk/“l\- > 1& = Z \V\ ?}:7\.
S v
Here. ¥, is the sample mean for stratumss,, and {Lis the weighted mean of strata sam-
v

ple means.

6.2 Second component

The estimator of the second component in (3.4) is the sccond component in
(3.5). Given m and m, = 1 for all h, this latter term is

ZZAijSJYk yz/[ﬁkhjs] nkl_\s,szmj (6.5)

Now, fork #1, AkL|51 is nonzero only if k and L betong to the same v. Hence we can
put: '

EzAulslckcl- = z[ﬂk(v)iz,ci * Akl,{\')EZCKC].xk
T

v oo, W

1

+ Amv>Zch PP
Bt

]
h'zhor . J

(6.6)
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where A, ) denotes Akk‘s for kes,, and A, ,, denotes Akk|s fork, Les,, . Using (6.5)
and remembering (2.1) and (3.2), the expression (6.5) becomes:

_ -2 (l-flv) _.71{ N (”.;.n _1) 2
= ;flv _(nzvml).gfml”zv L+ (mh~l) 2.‘;.

wh

2
Zf ( )— fth Zyk RPN 6.7)
Tun h Tuh

Example (3)

Let the first sample be obtained by simple random sampling. Then (6.7) takes
the form

N% .

Vsiz = —5 V3 (6.8)
1

n

whereV} is of a form identical to that of V the only difference being that y in V, is
replaced by y, in Vé If in addition we assume that reponse is complete and the strata

in phase three are the s, ‘s then, noting (6.3) and the remark immediately preceding
it, we see that (6.8) reduces to

Vgz = N ZW (1-1},) (Ys,\. )/nzv {6.9)

a familiar form in the context of stratified sampling

6.3 Third component

The third component in (3.5) is an unbiased estimator of the third term in (3.4).
It can be expressed in terms of stratifications of phase two and three given m and m,,
2 1 (all h) in a way similar to that used for the second component. Thus observing
that AkL‘5152m is nonzero only for h = h’ we have
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22 ApenCiCr = Ufaun DO+ S 2 Lo

o v

s TA L T6 @10

vty b

Using (6.10) together with the definition of the inclusion probabilities, the third com-
ponent in (3.5) takes the simple form:

= n;zw;z(]—th)Szy;n /I’l’lh (6.11)
h

Note that this term vanishes with full response.
Example 4.

If the first-phase sample-is simple random of size n,, (6.11) becomes

Vas = nzf—zzwh 1=f,) Z(Y:m )/mh (6.12)

using the remark following (5.6}.

The full estimator of the variance Vt__..} in double sampling for stratification in
the presence of nonresponse under the ERHG model and given m, 2 1 (all h)is then:

-

Vi) = V1t V2t ¥y (6.13)
with V|, V, and V, given by (6.1), (6.7) and (6.11) respectively.

When sampling in the first phase is simple random (6.13) takes the form

-

Va=Vi+ Vo + \7 (6.14)
with the three terms glven by (6.2), (6.8) and (6.12) respectively. If in addition we
have complete response V., is zero and (6.14) becomes

L]

Vg = Van + Vi (6.15)
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where V;, and V:,, are given by (6.4) and (6.9) respectively. It is easy to see that
(6.15) can be put in the form:

This last form of variance estimator is the form given by Rao [5], Cochran [6, p.334]
and Sirndal and Swensson [2] for double sampling for stratification with complete
response. We note, however, that Rao and Cochran gave their result for the concep-
tually different situation in which it is assumed that there exists a predetermined set
of strata prior to the selection of the firsi-phase sample s,.

In single-phase sampling, Sarndal and Swensson pointed out that the approach
of forming the strata in the light of the selected sample has the attractive feature of
enabling the sampler to take into account the survey operations to which units in the
selected sample are exposed. In double sampling, adopting this approach enables the
sampler to take into account information in s, in forming the s,, and survey opera-
tions to which units in s, are exposed in forming the s;,.

Thus response rate may be affected by such factors as interviewer’s, skill, age,
sex or race. It may also be affected by the respondent’s age, sex, profession ... etc.
This can be reflected in the response mocel by partitioning s, into groups that corres-
pond to interviewers or, if possible, to interviewers crossed with respondent age -
sex-profession groups.

7. Proportional Allocation

If the stratified sample in phase two is performed with proportional allocation
some simplification is gained in the formulae for the estimator t__.., its variance and
estimator of variance. Thus since in this case

f,=ngn,  V=1,.H,

the estimator .. given by (4.1) becomes:

n Y Wa¥r, (7.1)
h
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where ¥, is the mean of the y, in the responding set in 53, and W the relative size of
r . .
s3,- If in addition sampling at phase one is simple random, (7.1) takes the form.

NY W,
h

On the other hand, only the second and third terms in the variance formula (5.4) are
affected by the type of stratification at phase two. Thus the second term reduces to

E. m(n:l_ nz)z\‘wv S 2(y;1v )
2 v

and the third term becomes

H,
EEgr|Ey n’fZWf (l_fzh)s2 (Y;*zh)/mh 5
h

where §¢ (y;zh) is the variance of the y; for the k'sin s;, .

As for variance estimator V (1,++) simplification resulting from proportional
allocation is not appreciable. Some simplification is achieved in V, by replacing f;, by
n,/n;. Also we have

‘73 = “i? ZW? (1 oy )32 (Y;*zh )/mh

for the third component. A more simple expression for this component is attained
when the first-phase sample is obtained through simple random sampling.
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