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Abstract.  Previous work identificd the kind of Jocobi polynomials suilable tv solve boundary value
problems of the diffusion type in a slab, cylinder or sphere. In this paper we identily the general form of
boundary value problems for which facobi orthogonal polynomials are optimal when they are used wilhio the
framework of the method of orthogonal collocation.

Introduction

For boundary value problems expressing diffusion with tirst order reaction, Villadsen
and Michelsen [1] compared different methods of weighted residuals for their solution
and concluded that Galerkin method is the best. A collocation method where the
residual is required to be zero at the zeros of the proper Jacobi polynomial could give the
same tesult as the Galerkin method. Villadsen and Michelsen [1] identified the proper
Jacobi polynomial for a slab, cylindrical and spherical geemetry. The question arises of
what the general form of boundary value problems, for which a general Jacobi
pulynomial is the optimal choice. We address this guestion in this paper and give some
general forms. Numerical results confirm the efficiency of the method of collocation as
applied to this general form. In the previous two parts of this series [2,3] we upplied the
method of urthogonal collocation te the transient heat conduction problem.
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Jacobi Orthogonal Polynomials

Jacobi polynomials Pffﬁ (x} satisty the orthogonality condition

I
Ja 0" 1P pEE o peB (k) dx =0, m=n
0

=0 m=n,
m=12..n
o, pe—-1
x<f0,1]....
For brevity we will wrile
P (x)=D3E )

They satisfy the following differential Fq. [4].
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which can be put in the following form
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Differential Equations for which Jacobi Pelynomials are Optimal
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@
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Villadsen and Michelsen [1] concluded that Jacobi pelynomials are optimal for
problems of dilfusion and chemical reaction with ¢ = 1,3 =-1/2,0, 1/2 for aslab,
cylinder and sphere, respectively. The question arises if there are differential equations

for which other values of c and 3 are optimal.

Let us have a look at the gencral differential equation
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Mm@ DEMO-X=@DN (2, 3)
(1-x?
and
wly — 1 (6)

where © 1s a constant.
Tf we write the solution u(x) as

H
ux)=1+{1-x) Za—lP\ (x) (N

i=0
where
P,(0)=E" ()
and a’s are constants then substitute Eq. (7) into Eq. (5), we obtain

1 d

;“_dxlz Pt ep oy °‘) 1 x)* EaP(x)}ﬂ.ZaP(x)
ol R
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1=0

By virtuc of Eq_ (4), the left hand side of Eq. (8) can be writlen as

1 d
Fa{ FH (1 - x) ¢ “’—(1 " ZaP()\):lﬁ-ch[;dP(x)
&)

N
AN

3=l

where the b's are constants related to the a’s.

Thus the terms containing P(x) in both the left hand side and the right hand side
of Eq. (8) become 7ero if we use the zeros of Pu(x) as coflocation points. This is the
desired property which makes this specific polynomml optimal since the solution
will be accurate at the collocation poinls up to x" whatever the valuc of ay, Notice
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integral which can be evaluated sccurately using Radau quadrature and which is similar
to the effectiveness factor is

1
I1=S_|l(1—x)“'}xﬂu(x)dx (10)
0
where
_ T{a+p+1y
[ ()" (B + 1)
Since

1
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0
1 N
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! N
=S J-[(l_x)a_l P+ (1-0% xP zbi"; ()] dx
0 i=0

The term containing Py(x) will be zero if we use the zeros of Pu(x) for the evaluation of
the quadrature. Another general system of differential equations for which Jacobi
polynomials are suitable is the following:

A d] gy w4 L UlEx e fI-x)
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with ul) =g (12)
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and u(o) = f (13)
If we write the solution u(x) as

N
u(xy= gx + f{1-x) + x(1-x) Zbi Pi(x) (14

1=

and makc usc of Eq. (3) we will note that both sides of Fq. (11) will have the term
containing Py(x} zero if the collocation points are the zeros of Pu(x). The following
intcgral will be evaluated accurately using Lobatto quadrature,

1
n-—SIx”“ (1-x)*" u(dx (15)
[H
where
Do+
[T (e} (B)]
Since

1 N
n—_s_[xp“ (1= ax+d(1- %) +x(1-0) T b.P (x)]d
0 i=0
angd (he term containing Py(x) will be zero.

For problems of this kind, an arbitrary extra collocation point can be used to
improve the profile.  Also the dead zone method [1] can be used for large values of .
In this case there will bc a boundaty layer near x = 1 and another one near x = 0. The
dead zone will be in the middle.

A perturbation analysis of Eqs. (11-13) for small ¢° will indicate that ¢” term
contains a cubic polynomial in x and ¢)“ term contains a polynomial of fifth order in x.
This is in contrary (o the syslem (5-6) where the order of the polynomial incrcases by
one as the order of ¢1 increases by 2, (sce appendix A)

Thus we need more collocation points for the system (11-13) to get the same
accuracy in ¢° as for system (5 and 6). Thus it is desirable to identify cases for which

Egs. (11-13) can be transformed into equations (5 and 6). The following two cases are
identified.
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The [ollowing transformation

ux) = x v(x)
y=x

will transtorm Egs. (11-13) into
d?y v,
Ay ——+2{B+2)—=0"v
dy dy

V(i) = g
(i) g=f=1,and x = p

In this case we usc the transformation

y = (1-2x)2
to abtain
d?u ((B +0‘§)du (1-PMB+2)+c
dy2 t-y dy A1-y)
La=By_¢?
(l—y) 15

Finally the system of differential equation

x(1-

=-¢* u(x)

will have a solution other than the trivial sulution u(x)=0if

¢'= n(ntaf1)
u(x) = b Py(x)
and

Thus ¢” will be the eigenvalues and Pp(x) are the eigenvectors.
The foltowing integral

(16)

(17)
(18)
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1
n:j 0% xP u(x)dx
0

equal 7ero (if n ¥ 0) and this will be true il the collocation points arc taken as the zcros

of Pp(x) and we use Gauss gquadrature.

In this section we give numerical results for three examples. The resuits show that
we can get high accuracy with low order polynomials. Examples (1) and (2} are lincar
boundary value problems. Although the development for this paper is for a linear
system, example (3) shows (hat good results can also be obtaincd when we apply the
collocation method to a nen-lincar problem.

Example 1

For Eg. (5) and the case of c=0 and

Numerical Rcsults

iy w=2,p=-4

i) a=4.p 2

i) w=3,p=3

and 42 = 8, obtain the numerical solution for u and n for N=1to4
Tn the following table, we list the values of u (o) and 1

N=1 N=2 =3 N4
=2, =4 w0} 0.3846 0.5236 0.5082 0.5081
n 0.4242 08231 0.8231 08231
a=A, -2 u(e) 0.5294 0.5852 0.5805 0.5808
n 0.7311 0.7300 0.7300 07300
a3, p-3 wo) 0.5000 035814 0.5729 0.5735
m 0.7857 0.7847 0.7847 07847

As expecled 1) is calculated accurately with few collocation points.

Example 2

A first order reaction of a gas dilfusing in a liquid film is given by
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The solution is given by

u_gsinh¢x+ fsinh¢(1-x%)
a sinh ¢

compare the numerical solution of u,

and l:i(udx

x=1 0

with the analytical solution for the case of & =10, g=1,f=0.1.

We first note that the above diffcrential equation is obtained from the general
differential Eq. (11} by letting ¢ = 0, « - 1 and p = 1. The following results arc
obtained:

U Cakeulated

X u Anulytical N=2 N=4 N=6
0.0000 0.10000 0.1000 0.1000 01000
0.1000 0.10000 0.1068 0.1001 0.1000
0.2000 0.1102 01149 01100 0.1102
0.3000 0.1314 01285 0.1313 1314
0.4000 0.1659 0.1570 01660 0.1659
0.5000 02171 0.2063 02174 0.2171
0.6000 0.2902 0.2830 0.2903 02903
0.7000 0.3926 0.3940 0.3024 0.3926
0.8000 05346 0.5460 05344 0.5346
0.9000 0.7305 0.7458 0.73060 0.7305
1.0000 1.0000 10000 1.0000 1.0000

1 0.3196 0.3208 03196 031%6

D 3.1468 2.8375 31364 3.1466
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Example 3

In this example we treat a non-lincar problem where the R H.S of Eq. (5) equals to
20 w2

Forthecaseofc=0and (i) =2, =4 (i)e=4,p=2;W)e=3, =3,
we obtain the numcrical solution for u (0) and n for N =1 to N = 10.

In the following table, we list the values of u(0) and 7 .

N=1 N=2 N=3 N=4 =5 N=6 N=7 N=8 N=Y N=10

x=2 w0111 05967 0.3755 04626 04319 04419 04388 04397 04395 0.4393
p-4 1 0.5767 0.5532 0.5517 03516 05516 0.5516 0.5516 0.5516 0.5516 0.5516

w=4 u@) 03777 05375 04970 05068 0.5046 05051 05050 0.5050 05050 0.5050
g2 04271 04109 04102 04102 04102 04102 0.4102 04102 04102 04102

x=3 u@ 02980 03631 04720 0.5007 04928 0.494% 04944 04945 04945 04945
=3 q 0.5039 0.4845 0.4835 04835 04835 04835 04835 04835 04835 04835

We notice that 1  is obtained accurately for N = 3. However a large number of
collocation points are needed (N = 9) to oblain accurate value for w(0). Certainly the
efficiency of the method will be affected by the degree of non-lincarily as with any ather
numerical method.

Acknowledgment. The authors gratefully acknowlegde the Research Center at College
of Engincering, King Saud University, Riyadh Saudi Arabia for its support of the
project.

References

[11 Villadser, J. and Michelsen, M.L. “Solution of Differential Equation Models hy Polynomial
Approximation.”, Englewood Cliffs, New Jersey: Prentice-Hall, 1978,

|2]  Chibara, T.8. “An Introduction to Orthogonal Polynomials.” New York: Gordon & Breach, 197%.

[3]  Soliman, M.A and Ibrahim, A A “Studies on the Methed of Orthogonal Collocation [ A One -Point
Collocation Mcthed for the ‘Transient Heat Conduction Problem.”” J. King Saud Unrv, Vol. 10, Eng, Sci.
(2). 1418 H, 163-181.

41 Seliman, M.A. and lbrahim AA, “Studies on the Methed of Orthoponal Collocation 11. An Efficient
Numerical Methed For the solution of Transient Heat Conduction Problem.” J. King Saud Univ,, Vol. 11,
Eng. Sci. (2) 1419 H, (In Press).



200 M.A. Soliman and A A, Ibrahim

Appendix A

Substituling an expansion of the form

u=ug+diu, +4tu, 4. (A1)
in Eqs. (5,6} and collecting terms of the same order in $, we obtain

n (B+2ya+l-c i
paw YOt Y (A2)

T+ Da-o) (BrDa-o(B+2)a+r1)-o)

u=i

As can be seen the term containing ¢* is first order in x and the tetm containing ¢
is second order in x.

The root of P, (%), x, is given by

- B+l

) "3

a

If we substirute x, for x in Eq (A.2), we ohtain,

. # (ot 1y . otsn?
T (ar BB+ Da-e) (o By (B Da—o)

where u, is the value of uatx,. We notice that the first three terms form a geometric
sequence. Il we assumc that further terms will follow the same patterne we cart sum the

geometric series to obtain

1
9 (a+1)
(e +B+2X(P+Da—c)

On the other hand if we substitute an expression of the form

(v ~D(i-x)
e Z TN
(1-x,)

in Eq. (5) and apply the collocation method at the root of P,*F (x), x, , we obtain

us=l (A.5)
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1
. (I)z (x+1) (A6}
e+ B +2)(P+ya—c)

We notice that u, from (A€) is the same as u, in (A.4). Thus the one-point
collocation is equivalent to summing up the regular perturbation expansion of v at the
collocation point as if it is a gecometric serics and for a problem of the type of Eq. (3).

Now substitute the regular perturbation expansion (A.l) in Egs. (11-13} and
collecting terms of the same order in ¢, we obtain

(g-DH-P) )
_ IS P (I-a)fr¢c -2(l1at )
u=gx+E(1-x)— ¢ x{1- ) [( T

(AT
_ (g-f)x
(l1—a)P+ec—-2(+u+P)

Wc noticc here that the zero order term is first order in x and the term containing

¢* is third order in x. Similarly the term containing ¢*will be fifth order in x, and so
on.
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