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Abstract.  The behavior and the appropriate method of analysis for two-way slab systems supported by a grid of main and secondary beams are not fully understood. The overall objective of this two-part study is to investigate the applicability of the ACI code methods for evaluation of design moments for such slab systems. This part analyzes five beam-slab-systems of different configurations through the code and finite element procedures. One slab system was without secondary beams while the remaining four have secondary beams with bearing beam- to-slab depth ratios from 2.6 to 5. The secondary beams were found to reduce the floor weight by upto 30 % when the five slab systems were of equal stiffness. However, achieving slab-systems of equal stiffness is not straightforward and cannot be evaluated from section properties only.  It was found that derivation of equal stiffness of the slab systems based on section properties alone resulted in an error of 38 % in computed deflection. In beam-slab systems, the rib projection of the beam poses a modeling challenge. Two options were considered: physical offset with rigid link option or equivalent beam option in which the size of the beam was increased to compensate for the rib offset. In this part the study, the advantages and drawbacks of both modeling approaches are discussed.
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Introduction

Slab systems with secondary beams (Fig. 1) are among the alternative systems that can be used for large floor areas. The distinguishing feature of two-way slab on beams from slabs on secondary beams is that the former has vertical supports (columns and/or walls) at each beam intersection, while the latter does not. The system under consideration offers designers opportunity to stiffen reinforced concrete slabs with a grid of secondary beams in order to reduce slab thickness while keeping interior space clear of columns to increase functionality of the space.

The secondary beam slab system has not received sufficient attention in the literature and thus there are unanswered questions about its behavior and determination [image: image26.png]a) Original flanged section A\
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of the appropriate method of analysis. This type of slab-system is usually designed in accordance with the provisions developed for two-way slabs on beams. Applying the provisions of two-way slab system to the secondary beam slab system is questionable and needs to be investigated. It should be realized that analysis of the slab-systems by code methods might have detrimental effects on code design criteria of strength, serviceability, durability and economy. 

The overall objective of this study is to investigate the applicability of code methods for analysis of slab systems with secondary beams. To achieve this objective the current part of this study focuses on preparing appropriate mathematical models that give some insight into the actual behavior of slab-systems with the depth of the secondary beam to slab ratio (BSR) being the main parameter. The models are analyzed using standard finite element software.  This part of study shows aspects of modeling techniques and difficulties associated with having secondary beams. The study reveals the influence of the BSR on the distribution of moments in the panels and provides insight into how to determine slab thickness that minimizes the weight. The resulting distribution of moments are used in the second companion part of this study. 

Background of the Problem

ACI-318-95 [1] code contains two procedures for regular two-way slab systems: the direct design method and the equivalent frame method.  They were adopted in 1971. However, applying the above methods requires that beams be located along the edges of the panel and that they rest on columns or non-deflecting supports at the corners of the panel [ACI-318-95 commentary]. Therefore, these procedures are not applicable to secondary beam slab systems.

Plate-based Code methods

For irregular two-way slabs on beams, the most widely used methods are the pre-1971 ACI-318 methods, namely Method 1, Method 2 and Method 3. These methods evolved from approximate solutions of the classical plate problem.  Among the most widely used methods is Marcus method (1929) that is known as Method 3 in the ACI-318-63 [2], as the Tabular Method (section 8-4-2-2) in the Syrian Code (1995) [3], and in a number of other international codes [4]. Method 3 presents coefficients in a tabular form for evaluation of positive and negative moments depending on the assumed rotational restraints at the edges, and the aspect ratio of the panel. The edges are assumed non-deflecting. 

The approximate method of slab design developed by Marcus is similar in derivation to the Franz Grashof (1820-1872) and William Rankine (1826-1893) formulas, but it introduces an important correction to allow for restraint at the corners and for the resistance given by torsion. It has been shown that the bending moments obtained in this simple manner vary by only 2 % from those which have been obtained from more rigorous analyses based on the elastic-plate theory [4,5]. 

Moreover, the method presented by Bertin, Di Stasio and Van Buren [6]  was recognized as Method 1 in the ACI-318-63 [2], as the Strip Method (section 8-4-2-3) in the Syrian Code (1995) [3], and as the simplified method (section 6-2-2-4) in the Egyptian Code (1996) [7]. Method 1 presents coefficients for distribution of the slab loads to the two spans taking into consideration the panel aspect ratio and inflection points.  Moments in each direction are computed using the continuous beams and one-way slab coefficients assuming rigid supports. 

Rigidity of beams

Extending plate-based code methods to continuous slabs introduces a degree of approximation in assumption of edge rigidity.  A major assumption in the plate-based methods is that a rectangular slab panel is rigidly supported on its four sides. For slabs supported on beams, it is of paramount importance to define what constitutes a rigid beam. The beam to the slab depth ratio (BSR) is employed as a rigidity criterion in the literature. For a BSR >3, the beam is considered rigid [8]. According to the Swedish regulations [4,9] a beam may be considered rigid if BSR is in the range of 2.5 to 5, depending on the aspect ratio of the panel. 

Numerical Investigation

Description of beam-slab systems

The overall layout and dimensions of beam-slab system used in this study were selected to resemble typical floors in practice. The slab is 14.4 m by 10.8 m supported on edge beams having a total depth of 900 mm and a width of 400 mm.  Corner columns are 400 mm by 400 mm, and the edge columns are 500 mm by 500 mm.  Floor height is 3.5 m. Secondary beams are placed in a symmetrical layout to partition the floor to twelve 3.6 m-square sub-panels. 

Five beam-slab systems are selected with the main variables being the slab thickness and the depth of the secondary beams as shown in Table 1. The slabs were designated as mathematical models (MM1 to MM5): MM1 is without secondary beams while the remaining models MM2 to MM5 have secondary beams. The BSR was the main parameter in this study and it was selected to be in the range of 2.6 to 5. The values for beam depth and slab thickness of the four models, MM2 to MM5, are so selected that the five systems undergo the same deflection under the applied loading. This process resulted in floors that had realistic and practical dimensions. 

Table 1. Details of slabs and secondary beams for the mathematical models

	Mathematical model designation
	Slab thickness 
	beam width
	beam total depth
	BSR
	Beam Equivalent depth

	
	hf
(mm)
	bw
(mm)
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(mm)

	MM1
	320
	-
	-
	-
	-

	MM2
	220
	400
	565
	2.6
	660

	MM3
	180
	400
	585
	3.3
	713

	MM4
	150
	400
	596
	4.0
	739

	MM5
	120
	400
	604
	5.0
	756


Minimum slab thickness for MM1

The slab thickness of MM1 was computed in accordance with the requirements of section 9.5 of ACI-318-95 [1].  To control deflection, minimum thickness is computed by Eq. 9-12 of ACI-318-95 [1] where m  >2
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where m is the average ratio of flexural stiffness of beam section to the flexural stiffness of a width of the slab bounded laterally by centerlines of adjacent panels, ln is  clear span in the long direction,  is the ratio of clear spans in long to short directions of the two-way slab, and fy is the yield strength of rebars and the most practical value is 420 MPa. Substituting the above parameters into Eq. 1 yields h=314 mm which can be rounded to h=320 mm.  

Slab and beam thicknesses for MM2 to MM5

The thickness computed by Eq. 1 can limit slab deflection to acceptable values. However, the equation cannot be applied directly to slab on secondary beams. Considering the two strips in Fig. 2, it is believed that if the section of Fig. 2-b possesses sectional properties equivalent to those of the slab in Fig. 2-a, then that section should satisfy the minimum thickness requirements specified by Eq. 1. Obviously, it would be impossible to equate all the sectional properties like area, second moment of area, and section modulus simultaneously. An approximation can be made by equating the second moment of area of the two sections by selecting bw and hf and solving for hw. 
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Loading 

For simplicity in comparing different models, selfweight was excluded. All models were subjected to a uniform load of 15 kN/m2, which corresponds approximately to the service dead and live load for a school building and it was treated as dead load in all subsequent calculations. 

Material assumptions

Reinforced concrete has a very complex behavior involving phenomena such as inelasticity, cracking, time dependency, and interactive effects between concrete and reinforcement. Extensive work has been done on modeling the behavior of reinforced concrete structures with various assumptions about constituent materials……. [10-14]. Depending on the objectives of a finite element analysis, however, some simplifications may be introduced. Strictly speaking, the assumption of isotropic linear material properties is valid only for uncracked concrete, yet it has a wide use for practical reasons. In a nonlinear analysis, the reinforcement quantity and its distribution are needed at the outset of the analysis, which for practical situations, are not known in advance. 

It should, however, be recalled that the assumption of linear elastic material is an acceptable approach by different codes of practice. Code design procedures usually use moments based on elastic theory and modified in the light of some moment redistribution. Elastic theory moments without modifications and moments from plastic methods form alternative design approaches which are recommended by some codes of practice [15]. Based on the forgoing considerations, it seems more appropriate to adopt a linear isotropic material for this study.  

Analysis tools

Linear and nonlinear finite element analyses have been used extensively to support the research effort required to develop appropriate analysis and design procedures for slab systems [16]. SAP2000 [17] is a general-purpose computer program based on finite element formulations to enable elastic theory solutions for structural systems with any loading and boundary conditions. The solution gives the distribution of internal forces in slab systems of arbitrary loading, layout, dimensions, and boundary conditions. In addition to its proper documentation, the program was checked thoroughly to ascertain its adequacy for conducting the current study. 

Slab modeling

 In most general-purpose computer programs, the basic element for modeling a slab is a four-node element combining membrane and plate behavior. For such an element, there are six degrees-of-freedom per corner node consisting of three translational displacements and three rotational displacement components with respect to the local Cartesian coordinate system. The plate may be thin or thick. In the thin plate formulation the transverse shear deformations are ignored whereas they are included in the thick plate. 

The slabs in this study were modeled utilizing a fine mesh in which the shell element size was 0.45 m by 0.45 m.  The shell element is a combination of thin plate bending and membrane elements. Its internal forces consist of membrane direct forces, membrane shear forces, plate bending moments, plate twisting moment, and plate transverse shear forces. Forces and moments are produced per unit of in-plane length. 

The element internal forces are generally computed at the integration points of the element and then extrapolated to the nodes of the element. The differences in the nodal forces from different elements connected at a common node provide a means for evaluating the refinement of the mesh.  This technique was used to check appropriateness of the mesh. 

Modeling of floor beams

Beams built monolithically with slabs tend to have web projections below or above the slabs forming a T-section or L-section. In three-dimensional analysis, beams are generally modeled as one-dimensional two-node frame element having six degrees-of-freedom at each node. Section properties are computed at the centroid of the section. In the case of slabs supported by beams, the centroid of the composite flanged section is located at a distance from the centroids of both the component sections.

The centroid offsets of slab and beam-web impose practical difficulties and require special consideration. The treatment falls into two categories: physical offset with rigid link connecting the two centroids or artificially increasing the size of the beam to compensate for the offset. Both approaches were considered in this study.

Physical offset with constraints option

This option requires that the beam element be modeled by nodes located below the slab as shown in Fig. 3-a.  Accordingly, the vertical distance between the slab nodes and the web nodes is equal to the offset, which is half of the total beam thickness.  To ensure compatibility between beam and slab at a nodal location, the beam node and the slab node must be rigidly connected. This has been achieved in this study through the constraint option available in the program. 

The constraint equations relate the displacements at nodes i and j in terms of the translations (u1,u2,and u3), the rotations (r1,r2, and r3) and the coordinates (x1, x2, and x3) as follows [18]:
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where (x3=x3j-x3i. The remaining four displacements are identical for node i and node j.  The eccentric beam bending moment at a location is to be computed from the direct bending moment in addition to the couple generated by the axial force on the beam as given by Eq. 3. 
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where Mi is the direct moment in the beam about x2 at node i, P is the axial force in the beam, and (x3 is the eccentricity of the beam. Accordingly, the beam moment is not obtainable directly from the postprocessor of the program but rather requires external intervention by the user by way of Eq. (3).

 It should be noted that Eq. 3 implies that P at node-i is equal to P at node-j where they make a couple P (x3. However, the variation of in-plane forces in the shell elements is not uniform as exemplified in Fig. 3-b.  It is obvious that the area under the curve in the figure represents the axial force in the slab for a selected width. Here, the user needs to exercise judgment regarding the width of the slab over which the axial force is computed. In summary, this constraint option is vital for precisely modeling the eccentric beams but it requires elaborate intervention from the user in interpreting the results.

Equivalent beam option

The second option is to find an equivalent beam that possess the same stiffness as the eccentric beam yet modeled concentrically with the slab as shown in Fig. 4. The equivalency is obtained by first computing the moment of inertia of the T-section, IT, about its centroid. Consequently, the moment of inertia of the equivalent beam positioned at the slab centroid is extracted by removing the moment of inertia provided by the slab about its centroid, Is [19].  Hence,
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where Ib is the second moment of area of the equivalent concentric beam, and Is is the second moment of area of the slab.

Results

Estimating minimum thickness requirements 

Table 2 presents the results of the two methods that are used for computing minimum depth for secondary beams to control deflection. The first beam depth, 
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, was computed based on equal moment of inertia as discussed earlier, while, 
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 was computed by trial and error in order to make the maximum deflection in the model equal to that of the datum, MM1.  As shown in the table, equating the moment of inertia underestimated the required depth by 12 to 16 %.  The effect of this reduction was reflected by an increase in deflection, which was in the range of 21 to 38 %. This variation of error in computing deflection does not permit sole reliance on the concept of equating moment of inertia for determining minimum thickness of floor beams.

Table 2. Estimating minimum beam depths for MM2 to MM5

	Mathematical model designation
	Slab, hf

(mm)
	Beam depth
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(mm)
	
	

	MM1
	320
	-
	-
	-
	-

	MM2
	220
	565
	496
	12.2
	20.8

	MM3
	180
	585
	506
	13.5
	28.5

	MM4
	150
	596
	508
	14.8
	33.6

	MM5
	120
	604
	508
	15.9
	37.5


Influence of secondary beams on floor weight

The equivalent models of the floors "MM2 to MM5” indicate “Table 2” that secondary beams facilitate substantial reduction of required slab thickness. The slab thickness for MM5 is less than 40 % of the slab of MM1 as shown in Fig. 5. It, also, shows that the total self-weight of floors with secondary beams decreases as the BSR increases. The highest reduction was 30 % which constitute saving in concrete for MM5. It seems logical that one should choose the least slab thickness when secondary beams are to be used. 

Comparing beam modeling options

Beam bending moments for a typical slab-system, MM3, using the rigid link and the equivalent beam options are presented graphically to the same scale in Figs. 6 and 7, respectively. The figures indicate that the moments from the link option are substantially smaller than those from the equivalent beam option. The moments in Fig. 7 are the full beam moments for the given loading, and require no modification. 
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In contrast, the moments in Fig. 6 represents “Mi” in Eq. (3), and one would need to evaluate the remaining terms from Eq. (3), in order to compute the correct beam moments. Doing so is complicated by the variability of axial forces as illustrated by Fig. 8 which shows the short direction variation of in-plane forces in the shell elements for MM3 using the rigid link option.  The figure shows that compressive forces dominate most of the floor except in the zones around the columns. Distribution is highly irregular and as such imposes practical difficulty in evaluating final moment from Eq. (3).  

The equivalent beam option is more convenient for obtaining beam moments. It is also easier for model generation than the rigid link option. Furthermore, the depth of the equivalent beam,
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, can reasonably be approximated by equating the moment of inertia of the two sections as illustrated in Fig. 4. Table 3 compares the estimated equivalent depth, 
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, with the equivalent depth computed based on equal deflection criteria, 
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 in which the difference is below 4 %. The difference in floor deflection was in the range of 4 to 6.5 % which seems acceptable considering the convenience. 


Table 3. Estimating equivalent beam depths for MM2 to MM5

	Mathematical model designation
	Slab,

hf

(mm)
	Beam depth
	Equivalent  depth
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(mm)
	
	

	MM1
	320
	
	
	
	
	

	MM2
	220
	565
	660
	685.7
	3.9
	4.6

	MM3
	180
	585
	713
	736.2
	3.3
	4.6

	MM4
	150
	596
	739
	764
	3.4
	5.2

	MM5
	120
	604
	756
	782.5
	3.5
	6.5


Behavior of a typical floor

A typical deformed shape for floor MM3 is presented in Fig. 9. The beam-to-slab depth ratio BSR for this case is 3.25, which could be interpreted as providing rigid supports. Accordingly, for truly rigid beams, the floor should have exhibited a multi-panel deflection pattern over twelve subpanels shown in Fig. 1. However, the deformed shape does not affirm such an interpretation. In fact, the floor deformation emphasizes that the floor is acting mainly as a single panel.


The same observation of flexible beams is supported by examining the beam moment diagrams shown in Fig. 7.  The moments at the secondary beam intersections are all positive, with the overall shape resembling beams supported only at the edges. 

The distribution of moments over the floors of this study should be a valuable tool in understanding the behavior of floors with secondary beams. Because of space limitation, the distribution results is presented and discussed in a companion paper.

Summary and Conclusions

1) This study directed the attention towards the two-way slab systems with secondary beams whose behavior and the proper method of analysis are not fully understood, despite their common use for large floor areas. Nowadays, it is a common practice to use the plate-based code methods for this type of construction with no modification to account for the flexibility of beams and the nonexistence of column at the beam intersections, a condition that the method presupposes. The applicability of these methods is questionable and it might have detrimental effects on code design criteria of strength, serviceability, durability and economy.

2) The overall objective of this study was to investigate the applicability of code analytical methods for slab systems with secondary beams.  To achieve this objective, SAP2000 [17] was used to analyze a number of typical beam-slab systems “MM1 to MM5” with beam-to-slab ratios in the range of 2.6 to 5.

3)  In computing floor minimum thickness for deflection control, ACI-318-95 [1] equations are not directly extendable to beam-slab systems with secondary beams under consideration. However, the simplified method tested in this study based on the concept of equal moment of inertia resulted in unsatisfactory depth values. The error in beam depth was from 12 to 16 % and the consequent error in deflection was from 21 to 38 %. 

4) Finite element models were developed for the beam-slab systems, where slabs were represented by a fine mesh of thin shell elements while beams and columns were represented by frame elements. Special techniques were used for treating the web projection of the beams. Numerical values for internal forces in the shells and frames were extracted for further analyses to achieve the objective of this study.

5) For modeling beam projections, the rigid link option and the equivalent beam option were compared in this study. While the rigid link option is vital for precisely modeling the eccentric beams, it requires elaborate intervention from the user in interpreting the results. On the other hand, the equivalent beam option is more convenient for modeling effort and extracting beam forces.  The percentage of errors in deflection calculations was found to be less than 6.5 %.
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قابلية تطبيق طرق الكود التصميمية على البلاطات الخرسانية المسلحة 
والمرتكزة على كمرات ثانوية- الجزء الأول: النمذجة الرياضية
أحمد بخيت  شريم
قسم الهندسة المدنية، كلية الهندسة، جامعة الملك سعود، ص . ب  800
الرياض  11421، المملكة العربية السعودية
( قدم للنشر في 06/06/2001م؛ وقبل للنشر في 13/02/2002م )
ملخص البحث. سلوكيات وكذلك طرق التحليــل المناسبــة لنظــام البلاطــات ثنــائي الاتــجاه والمدعوم بكمرات ثانوية تحتاج إلى مزيد من الفهم. الهدف الكلي من هذه الدراسة المكونة من جزئين هو فحص مدى قابلية تطبيق طرق الكود الأمريكي لحساب العزوم التصميمية في هذا النظام من البلاطات. 
هذا الجزء يقدم دراسة تحليلية لخمس بلاطات كمرية مختلفة من خلال متطلبات الكود و طرق العناصر المتناهية. أحد هذه النظم لا يحتوي على كمرات ثانوية بينما الأربعة الأخرى مدعومة بكمرات ثانوية تتراوح نسبة سماكة الكمرات إلى البلاطة ما بين 2.6 إلى 5.  وقد دلت الدراسة على أن الكمرات الثانوية تؤدي إلى خفض وزن النظام بنسبة تصل إلى 30 %  عندما تكون النظم الخمسة ذات صلابة متكافئة. ولكن تطوير أنظمة ذات صلابة متكافئة لا يتحقق بطريقة مباشرة من خلال خصائص المقاطع وحدها. فقد وجد أن الأنظمة التي اعتمد في تطويرها على خصائص المقاطع وحدها تشتمل على أخطاء تصل إلى 38 % في حسابات الانحراف. 
في البلاطات الكمرية، يؤدي بروز الكمرات إلى تحديات نمذجية  يصعب التعامل معها.  في هذا الجزء من الدراسة تم اعتبار خيارين أولهما الفصل الطبيعي مع وجود رابط صلب، وثانيهما خيار الكمرة المكافئة التي يتم زيادة عمقها للتعويض عن تأثير بروز الكمرة. وتناقش الدراسة بعضاً من مميزات و عيوب كلٍ من الخيارين.
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Fig. 1. RC floor on secondary beams.
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Fig. 2. Estimating thickness for slabs with secondary beams; a) thickness of a slab without secondary beams; b) equivalent slabs with secondary beams.
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Fig. 3. Modeling floor beam with physical eccentricity.
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Fig.4. Modeling floor beam using the equivalent beam option.
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Fig. 5. Influence of secondary beams on slab thickness and weight.
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Fig. 6. Beam bending moment diagrams for MM3 using rigid link option.
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Fig. 7. Beam bending moment diagrams for MM3 using equivalent beam option.
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Fig. 8. Contour of the in-plane forces in the short direction (KN/m) for MM3 under the rigid link option
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Fig. 9. Overall deformed shape of MM3 indicating flexible secondary beams.
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