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Abstract. This paper deals with the calculation the volume function for orbits of nonsyminetric isotropy
irreducible coset spaces. This paper also studies the volume function for orbits of regular clements of these
spaces. The compact examptes presented here are special cases. Also in this paper we find the critical points of
this function, and when the orbits are minimals or maximals.

Introduction

A Lie-subgroup H of a Lie group G by adjoint action h g = hgh'l,h eHand g € G, The
orbit of the element g € G is denoted by O (g) and given by O(g)={hgh':heH} and is a
sub-manifold of the Riemannian manifold G equipped with the bi-invariant metic. The
aim of the present paper is to find the volume of O(g) which we denote by Vol O (g).

Let M be Riemannian and G be a compact, connected Lie group of isometries of M
(G CI(M)). The Riemannian metric gy on G is called bi-invariant if Ly, and Ry are
isometries with respect to gy for all xe G. If the scalar product (X.Y) on T,G, is
invariant with respect to the representation Ady, then it can be used for constructing a bi-
invarant metric on the Lie group G, The metric (&,0)y = (L _178L 176} for £, and
Le Tx(Q) is a Riemannian metric on G (ct. [1-2]. The above metric is invariant with
respect to all left translations, i.e., the metric (X, Y) is invariant with respect to the
adjoint representation Ady, xe G:(X, Y)=(Ad,X,Ad, Y); X and Y €T, this implies that
it is a bi-invariant metric on G. It is easy to show that the scalar product (X, Y)g is
invariant with respect to the adjoint representation Ady, xe G on the Lie algebra TG of
G, which is defined by: (X, Y)g= -tr adady; X and Ye TG, and is called the killing's
scalar product. This metric is invariant, i.e., (Ad,X, Ad, Y)k=(X, Y)g; X and Ye T.G.

Theorem [3]. Let ge G, be any element in the compact marrix Lic group G, H a closed
subgroup, which acts on G by an adjoint action, and T(g)={he H; hg=gh} is a centralizer
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of g under this action. Let ej,..., e, be a bases of the Lie algebra of the subgroup H by
mode algebra C (g) of I'(g). Then

Vol H {det(F; 'fj)k"
Vol (g) det"(ei,cj)k"
killing's metric on the Lie algebra of G.

Vol Ofg) = where f, =g le,g-¢;, and (XY)x is a

Volume Function of Irreducibily Homogennous Space

Let W be a Riemannian space and G a compact, connected subgroup of isometries
of W, i.e. G=I,(W). A Riemannian space W is called irreducible homogeneous, if W is a
factor space W=G/H, and the Lie algebra of the Lie subgroup H acts irreducibility on the
tangent space (ct. [4; 5]

Wolf (6] ubtained a classification of such spaces. All irreducible spaces W prescribe a
semi-simple compact Lie group H, which has a representation p :H— GL(W), and a
simple compact Lie group G, where p{H}C G CGL{W). Now if p(H) acts on G in the

followmg form: for every element he p(H) there corresponds a ansformation h:G-a6,
where h(x)-hxh !, xe G: Let 0)g) be the orbit for this action i.e.,
O{g)=( h(g) he p(H)={hgh!; he p(H))= {pthdg(p(h)y!; he the Lie algebra of H}.

The general method for computation of the volume function of the irreducible
homogeneous space as described in [3] is as follows:

1. Select a basis ej,...., ey in the representation space.

2. Select a basis hj,...., hgof the Lie algebra of the Lie group H.
3. Compute a basis hj,...., hg of the Lie algebra of the Lie group p(H).
All operators has a matrix expression: dp(ﬁi)cj =0t§ ey dp(ﬁi-,) = "a;‘", by the basis

€i.......eN. Select the basis hy,...., hy, k £ Nfrom the basis h;,...., _hg by module the
centralizer (g) of a regular elcmcnt g € Q. A regular element of the Lie group (G belongs

to a fixed maximum torus TCG.
-1 =
4. Compute the matrices 81 = & hag~hy . 1=12,..k.

S Compue det (hy + hy) = By and det (f;, ;) =

6. Compute the volume of the orbit i.e., Vol O (g) = Const ‘/% .

Let b, =U(m+1) acting on the space of tensors a_ii; ij = L2,..., m+], with trace equal

zero, where aj = — aj. This action preserved all quadratic foms Za}a{, and this
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implies that p(h;) is a subgroup in the group of transformation of the space V with

determinent e%ual one. Here p:U(m+1)— GL{V) which corresponds the representation of
N=dim V =m-+2m.

Theorem 1. Let g= diag (¢1%,...., €M) he a regular element of the group SO(N) (i,
i ¢5; i # j). Then for m=1,

Vol Ofg) = Const {(cos (@) —02)—1)? + sin (¢, -, )}-, where O{g} is the orbit of the
element g € SO(N) with respect to representation of the acting group p(U{m+1) on the
group SON),

Proof: We follow the following steps for computation of the volume in this example.

a. We have the representation p:U{m+l)— GL(V), N= dim V. V space of
representations (space of corresponding tensors). A base in the space V

0 li_ 11 1]
{eg_li 0; ch—ii ].Jﬂy—_l i it

b. The general method for computation of the volume of orbit O(g).

where N=m2+2m.

We find the centerlizer T{g)={hep( hj)/gh=hg} of the element g in thc Lic group
p(U{m+1)), and take the basis e,, ...., ey of the Lic algebra L (p(U(m+1)) by modulo Lie

algebra L{ ['{g))=C(g). We have the equality C(g)=dp(L(T)).

Therefore for construction comresponding to a basis ey, ...., enin the representation space;

must take a base of Lie algebra U(m+1) by mudulo Lie algebra L(T), and carry it with -
the help of dp in L{p(U{m+1)).

¢. A basis of Lie algebra U{m+1) by modulo Lie algebra of standard maximal torus;
. H] +]
which in the form: {h(y” = [ ]j by = [ ]j}
Iy i 1
d. 'We calculate the base of Lie algebra d p{U{m+1):
MQD) (0 e (2) px) - ki ki
¢ phf”)=h{?, d p{)=h{D; d pBf) e, = Y alf & 5 o5y eC
1=1
¢. We calculate the matrix
ok N ) - )
9 = g5' b gy - b{Y, g = diag (... ).

. {(B) plm)y (k) plm}y _
We computa det (3™, hy Y=, det(fy”, fg") =0
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In this case . Vol O(g) = Const ‘/% .

To demonstrate the calculation we take m=1, then N=3, h;=U(3) and G=80(3). This

means that the representation p must be defined by p(h)X=hXk!, from U(2) into GL
(End R2), where he U(2); and X € End R2=V. The derivative of the above
representation can be written in the form: dp(h) X=hX - Xh = [h,X].

- 0 1] - 0 i
Choose a basis in U(2): [h,; =[ : O]; hy =[i 0] }. and the basis in

V‘—EdRZ-x—O g, =21 X—i 0
T B P e

Now, calculate dpchyy, and dpChy )

1. 'We compute the values:

- - - ¢ 0
dphy (X)) = by X = Xhy = [0 0:|,

- - - 2i 0
dph] (X2 )= hIXQ - XZhl = [0 21] = ZXq

dpﬁi(x3)=[ ‘ zi] =-2X;
-2 0

2. Wedetermine the element h;:
dphy (X)) =3 X +AaXa +AXs,
dphy (X7 ) =X +poXa + BaXs,
dphy(X3) = 0y X + 00 X5 +03X;5.

A Ay A ¢ 0 0
hy = =0 0 2

From this system we have 1=|H K2 M
0y Oy Oy 0 2 4}

Similarly: dph, (X)) =-2X3, dphy(X5)=0, and dphy(X5)=2X;,

0o 02
and cbviously; ha =1 0 0 0
-2 00
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This means that the basis of Lie algebra dp(H) can be written in the form:

00 0 0 0 2
{hl = 0 [ —2 > h2 = 0 0 0 }
02 0 2 00

The value of (hy, hy} = o hthy = —8, and similarly
(hly, hp)=-8 and (h;,hy)=(hz, h))=0. Then

_lthy, by) (hy, hy)
"(hi’ hi)ui,j=1,2 lha. hy) (hy, hy)

Now, let g=diag (e, e ) bea regular element of U(2) then,
gl =)

o -1_| 0
PRIX|=gXig = [_c-im ~op) 0

:|=7LX! +].LX2 +0J(3.

To determine the values o, A @ It is clear that =0 and from the solution of the system:
lO1m02) _ i, e 1792) = 34 i we have

el(01—02) _ —i(¢1-b2) ) .
p= 5 = (0, -02); and A=sin($ —¢q), ie

P{g)Xy =cos (¢ —02)X; + sin (91 ~02)X, +0X; n

By the same way;

P(E)X2 =sin (0] —92)X) +cos (¢ ~97)X; +0X3 (2
and
P(E)Xa = 0X; +0Xa2 + X3 (3
From (1), (2) and (3), we have:
cos (4 —dz) —sin (¢ —¢;) O

pig)=|sin{d; —d,) cos(d —¢,) ©
0 0 1

Finally, we know that: f; = |:)(g)hip(g)'1 -h;; i=12, then

0 0 =2 sin($—¢s)
fi = 0 0 —2(cos{d; —¥>)—1| and
~2 sin(dy — ) 2{cos(d —by)—1 0
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0 0 =2 (cos(d; —d)—1)
f2= 0 0 =2 sin(¢; —¢2)
=2 cos(hy —dy)-1 -2 sin(p;—¢s) 0

This implies that

(f1, f)=spur £, f| = 8sin>(9; —4p)+(cos(d; —¢)- 1))
(fz, I2)=-8{(cos(dy — 63)~ 1) +sin? (§; 0,)], and

(£, £3)=(fy, £))=0.

it is clear that

e ”ij=1.2 = 16{(cos(dy = 62)—1)? +sin® (9 0, )}2’ and

N(fi- Fid|

Vol 0(}=Const, | ——
b, by

i,j=12

Table series of the volume function of orbits vf the regular elements for some nonsymmetric isotropy
Irreducible spaces

hy v G G/h, g Vol 0g)

SU) a¥ =—a¥ SU)  SUBY, surs diag(ew‘ .... oty Const I (cl(¢k'¢l)_])
LALTRE S 1£k<I<6
L+kT

(R0 ety
(eiﬂﬂk"ml)71)

SU@  wi=ad UG SUBMguch  disgle®,..c®0),  CONSt2Ap +2Ag +Ay).
i j=1...3. B %5 17 (2A13+2A36 + Ay ).
(BAgs+2A+An):
Ay = (iR _yy
(e,
I k=L...,6.
SUM)  o¥ =g SUUD)  SU(Yosy) diag (... 0y, CONST(2A15+ 2Ag5 + Agg+ Ago)
ij= L4 [ LTRSS (2815 +2A3+ Asg +Aq o)
(2A +2Ag+Ag + Agin).
(2Az+2A3 tA g+ Ag ).
(2Az9+2A499 + Asp + Ag 1)
(28310 +2A 1 T A+ Ay )
Ay=(e'hhl_yy
PRICTT T
kl=i,..,10,
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Tuble series of the volume function of orbits of the regular elements for some nonsymmetric isotropy
Irreducible spaces

h; v G G/h ! Vol 0g)

SU@D) g sug  SHEYpSUQ) ding(e® .. ci%y,  ConstlAz + Aus)Azs+ Agg)
XSU@3) i=1.2; xSUG) iy i#j. {Ala+Aa A+ Ags +Aqg )
o=l,...3 Ay = [ ),

(eitt=hd 7y,
k, t=1,....6
SUD = S0)  SOGMoy1y  diag (6,6%2,e); Const {Cos(y =42)=11 +
ij=12. g0 iz (Sin® (b = 62)-1)}
with_trac ={,

To study the case, when this orbit is a minimal or a maximal orbit:

Let f(¢) —¢2)=Const(¢ - )~ 1)% +sin? (4 — ¢ )} which is a maximal or minimal
when (1-cos(d;—¢;) is a maximal or minimal. This means that when (¢;—¢2)=n—2nk,
ke Z the set of integers.
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