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Abstract. This  paper  presents a modified k-( model for turbulent self-preserving  jets. It is well known that the standard  k-(  model  yields  reasonable solutions for both the plane and round jets , however, with different sets of coefficients. It is believed that such behavior might be due to the inadequacy of  the modeling of the  production/distruction  terms in  the (-equation,where  c ε1  and c ε2  are assumed to be constants.  Based on the analysis of the k- and (-equations at the state of equilibrium near the outer edge of the turbulent jet, a set of model constants and a variable form for the production coefficient in the dissapation equation, c(1​​, have been logically derived. This modification significantly improved the agreement of the calculations with experimet for both the plane and the round jets equally well with no need to tune any of the model coefficients. The calculated mean and turbulent profiles, the jet spreading rate and the mean centerline velocity decay rate are compared with the most recent experimental data.  The numerical solutions show that the modified turbulence model employed in the present study predicts both plane and round jets with the same set of constants and parameters equally well.

Introduction

A form of the k- model was first proposed by Harlow and Nakayma [1].  Since then, several attempts have been made to establish a set of universal model constants that lead to a good agreement between the predicted profiles and published experimental data for various shear flows.  For example, Launder et. al. [2] have done extensive studies on turbulent free shear flows and have re-evaluated the k- model constants. Hofman [3] examined the diffusion constants in the k- and -equations for channel flow.  Pope (1978) analyzed the turbulent flow field for the plane and axisymmetric jets.  He added an extra term in the dissipation rate equation for the round jet case to account for vortex stretching effect.  Hassid (1980) predicted momentumless wake using the k- closure and suggested another set of constants.  Hanjalic and Launder (1980) proposed a modified dissipation rate equation and added second order terms in the production of the k- and -equations.  They used this modified model to predict plane and round turbulent 

jets.  Their conclusion was that further improvements of the model would widen its application to a larger range of turbulent flows. Seif and Taulbee (1983, 1984) showed that the k- model yields solutions that smoothly approach zero at the outer edge of the shear layer if   = 2 k.  Based on this, other model parameters have to be changed to obtain reasonable solutions.  Malin (1988) used the standard k- model to primarily predict the flow field of turbulent radial jet.  He also paid attention to the plane and round jets in view of their importance as benchmarks for turbulence-model development.  He concluded that a modified production term in the k-equation improved the performance of the model in predicting the spreading rate of the radial jet.

More recently Chukkapall and Turan (1995) used an improved k- model to predict complex, adverse pressure gradient turbulent diffuser flows.  Their results indicated that there is a need for a better modeling of the -equation. Zhang et al. (1996) proposed a new Low-Reynolds number k- model to simulate turbulent flow over smooth and rough surfaces.  They reported that they used different values for the model constants (c, c1, c2, k and ) and model functions for different flows in order to obtain reasonable solutions. Lai and Yang (1997) made comparisons of the performance of four k- models, namely, the standard k- model and three low-Reynolds - number k- models. They investigated the flow field of developing and fully developed turbulent pipe flows. They found that for developing pipe flows the region of turbulence suppression predicted by the three low-Reynolds - number models is much more extensive than for fully developed flows; whereas the standard k- model has only predicted turbulence enhancement. 

It may be concluded from the above discussion that the use of constant coefficients in the k- model formulation is an obstacle in turbulence modeling.  Furthermore, predicting turbulent shear flows with model constants which are determined from other flows has proven to be one of the most challenging problem faced by turbulence modelers.  Also, there has been much discussion in the literature concerning comparisons of turbulence model predictions with experimental data.  In fact, it is very difficult to compare turbulence model predictions with experiment when different data sets do not agree with each other.  The differences between measured data and the theoretical predictions are usually attributed to the inadequacy of turbulent models. In the present study, an attempt is made to examine the k- and -equations, based on experimental data for self-preserving jets, at the state of equilibuim near the outer edge of the turbulent jets. The analysis indicates that  = 2k and that c1 is a function  the local state of turbulence as suspected earlier.

Equations of Motion

The general form of the modeled equations for the standard k- ε closure are well known and can be found in any of the referenced papers that are cited in the introduction. For fully developed turbulent free shear flows, it is assumed that: the motion is steady, the fluid viscosity is negligible, derivatives with respect to  x  are negligible as compared to those with respect to y except for the convective terms, the flow field is self-preserving (k2/( ( const) and the motion is either two dimensional (
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) or axisymmetric (
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).  Based on these assumptions,retaining only first order terms  and adopting the turbulence eddy viscosity hypotheses, the final form of the k- closure is given by (Seif and Taulbee 1984); 

Continuity:
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Streamwise momentum:
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k-equation:
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-equation:
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where  n = 0  for the plane jet case and  n = 1  for the axisymmetric jet,  t is the turbulence eddy viscosity which is assumed to be constant and is given by;
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      (5)

and c, c1, c2, k and  are model constants.

Proposed Model Coefficients

Near the outer edge of free shear layers, such as turbulent jets, the turbulent flow field reaches equilibrium. That is; the production of turbulent kinetic energy is equal to the  dissipation, consequently the convection is balanced by the diffusion.Based on this fact we have from equations (3) and (4) the following equations for the plane jet case.
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where Pk is the production of the turbulent kinetic energy which is given by;
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Near the outer edge of the turbulent jet the axial component of the mean velocity,U, as well as k and ( aproache zero,while the lateral component ,V , aproaches a constant value for the plane jet.Furthermore the gradients of k and ( in the lateral direction are greater than those in the axial direction. Based on these arguments, the first terms in equations (6) and (7) are negligibly small as compared to the other convective  terms at the outer edge of the jet, hence they can be neglected .  Then equations (6) and (7) can be integrated to give:
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where it can be shown that the integration constants are zero in this case.Dividing equation (11) by k and equation (12) by  and combining the two equations yield;
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Direct integration of equation (13) gives:
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Based on dimensional agument and the difinition of the turbulence eddy viscosity hypothesis (equation 5) the exponent of k must be  equal to 2.Hence;
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According to Seif and Taulbee (1984), with k = 1,  = 2 and c = 0.09, the k- closure yields a reasonable solution for turbulent self-preserving jets with c1 = 1.45 for the plane jet calculation and with c1 = 1.55 for the axisymmetric case, while c2 = 2 for both cases. Hassid (1980), also stated that unless  = 2, a self-similar solution for momentumless wake can not be obtained.  So, the choice of k = 1, as proposed in the standard k- closure, fixes  = 2.Note that the k-equation is nearly exact,since the only madeled term is the diffusen term.On the other hand all terms on the right had side of -equation are modeled.  It is believed that the inadequacy of the modeling of the -equation stems principally from the form of the production/ destruction term in which c1 and c2 are assumed to be constants. 

Lumley and Khaja-Nouri (1974) assumed that the production/destruction term in the -equation can be expressed as a single term, namely (2/2k), in which the dimensionless invariant  is a scalar function that depends on the local state of turbulence.  Hence, it can be expanded in terms of the invariants of the anisotropic stress tensor and the mean velocity gradients to give two parameters that are equivalent to c1 and c2 where both c1 and c2 are assumed to be functions of turbulence.  They argued that the production of dissipation must be related to the anisotropy of the Reynolds stress tensors, turbulence Reynolds number, mean  velocity gradients and viscous dissipation.  Now since the k- model does not provide detailed information about the invariants that can be formed on which c1 and c2 might depend, we may instead use the ratio Pk/  as functional dependence for these parameters.  Note that for high turbulence Reynolds number flows, Pk/  provides nearly the same effect that can be generated by the invariants cited above. Examining the experimental data of self-preserving jets, we see that the production of the turbulent kinetic energy, k, increases considerably from a minimum at the axis of symmetry to a maximum around half way toward the outer-edge and then decreases to zero at the outer edge of the shear layer.  On the other hand, the dissipation decreases from a maximum (near the axis of symmetry) to zero at the outer edge of the jets. Hence the ratio Pk/ increases from a minimum at   = 0  approaching unity at the state of equilibrium near the outer edge of the jets. On the other hand, a constant value for c1 that has been used in previous works is in the range 1.32 ( c1 ( 1.81.  This suggests that Pk/  might be the proper mechanism that allows c1 to increase from a minimum at the axis of symmetry of the turbulent jet to a maximum of c1 = c2 at the state of equilibrium.  A suitable functional form for c1 that satisfies the above conditions is given by;


[image: image18.wmf](

)

1

c

P

1

c

2

k

1

-

e

+

=

e

e





(16)

Note that when  Pk =   we have c1 = c2 which satisfies the equilibium conditions (equation (9)). Evaluating equation (16) for c1 using the data of Panchapakesan and Lumley (1993) and Hussein et al. (1994) across the turbulent jet we found that the values of c1 are in the range 1.24 ( c1 ( c2.  This range of c1 covers almost all the suggested constant values for c1 by numerous authors that are referenced in this paper,  (see also Taulbee (1989)).

Chen and Jaw (1998) examined the k- and -equations based on homogeneous  shear flow experiment and proposed a similar form of equation (16).  However, when their form for c1​ was tested with reference to the axisymmetric jet's data it did not give realistic values for c1. In the present study it is found that equations (15) and (16) yield excellent results in predicting the plane and the round jets equally well with no need to tune any of the model constants.  On the other hand, c2 has been obtained from the data of isotropic decaying turbulence (Reynolds (1976), Taulbee (1989)).  The data indicates that c2 is in the range 1.4 ( c2 ( 2, where 2 is the asymptotic value of c2 for the case of high turbulence Reynolds number flows.  Almohaisen (2001) used different values for c2 in his recent study of turbulent free jets and reported that c2 = 2 gives fairly good results for turbulent jet calculations.

Similarity Formulation

An important feature of turbulent free shear flows is their tendency to become self-similar (at least in principle) after certain development region downstream.For self-preservation of turbulent free jets, the turbulence motion must be characterized by a single length and velocity scales.  Hence all of the turbulent quantities must be so related such that:
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where (   is the turbulent shear stress, U is the downstream mean velocity, Uc is the centerline mean velocity,  is a turbulence characteristic length scale and ( is the fluid  density. Hence , the mean and turbulent quantities may be normalized as follows;
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and  = y/(x) for plane jet and   = r/(x) for the round jet.  Where f(), h(), g(), k() and E() are the normalized mean axial velocity, lateral component of the mean velocity, turbulent shear stress, turbulent kinetic energy and turbulent dissipation respectively and (x) is a characteristic length scale, which is usually taken as the distance from the line of symmetry of the jet to a point where U/Uc = 1/2.  Based on these assumption and using the continuity equation to eliminate the lateral component mean velocity, V, equations (2 - 4) are transformed into a self-similar form yielding;
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where G is obtained by integrating the continuity equation and is given by;
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The prime denotes differentiation with respect to  and  n = 0  for the plane jet and  n = 1  for the round jet case.  From similarity analysis, the spreading and decay rates of the jet are given by (Seif and Taulbee (1984));
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where a and c are the spreading and decay rate constants of the turbulent jet respectively.  The constants a  and  c  are to be determined from the numerical solution of the turbulent jets by imposing the momentum integral constraint (George et al. (1988)).  Now the governing equations (18-20) along with the integral equation (21) constitute a closed set which can be solved numerically.  The boundary conditions that can be imposed on the system of equations is that the flow is symmetric about the centerline, so that the gradients of  k  and  E  are zero at   = 0  and the normalized centerline mean velocity is equal unity at   = 0.  At the outer edge of the shear layer (((() f, k and E approach zero values. Note that the values of  k  and  E  at the centerline ( = 0) are not known.  However, when equations (18-20) are evaluated at the centerline we obtain the following system of equations;
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Hence the values of  k  and  E  at   = 0  will be determined from equations (24) - (26) as part of the computations at each cycle of iteration.

Numerical Solution

The set of ordinary differential equations (18) - (20) are non-linear and strongly coupled.Hence numerical solution of these equations for both the plane and round jets is not a trivial matter.Since the outcome of the solution is sensitive to how the various terms are treated in the computations. In the present study all terms that involve the gradients of k and ε are treated implicitly,while the other terms are treated explicitly as source terms.Furthermore  it is necessary to solve the system of equations in an iterative procedure.This numerical treatment seems to work well for this kind of non-linear equations. Using a finite-difference technique, the equations are transformed into a system of algebraic equations, which are solved simultaneously using Newton's method (Almohaisen (2001)). An iterative procedure was set up until convergence to a given tolerance is achieved.  With a tolerance of 0.0001, the solutions reached a convergence after 27 iteration cycles for the plane jet and 65 iteration cycles for the round jet case.

Results and Discussion

In the present calculations no attempt was made to tune any of the k- model constants to fit either the plane or the axisymmetric jet data.  A similarity solution using the present modified k- closure with  k = 1,  = 2, c = 0.09  and  c2 = 2  along with the proposed variable form of c1 (equation (16)) were obtained.  To display the quality of the agreement, the results are presented together with some of the best available data sets for turbulent jets.  For the plane jet results, the comparisons are made with reference to the experimental work of Gutmark and Wygnanski (1976) and Bradbury (1965).  For the round jet, the most recent comprehensive measurements are those of Panchapakesan and Lumley (1993), and Hussein et al. (1994). Figure 1 shows a plot of the normalized mean axial velocity for the plane jet.  The agreement with the experimental data can be considered fairly good except at the outer edge where the computations allow the velocity profile to tail off as (((.  The Reynolds stress profile for the plane jet is calculated using the eddy viscosity hypothes (
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) and plotted in Fig. 2. The agreement with the experimental data is good in the region 0<<0.14. The discrepancy between calculation and data appears to be near the outer edge of the shear layer. One of the likely reasons for this discrepancy is that the calculations do not account for the second order production terms.  The other reason is that estimate of 
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 at the outer edge by the experimental data is not quite accurate, because near the outer edge the relative turbulence intensity is very high. As a consequence, the measurements become increasingly unreliable toward the edge. On the other hand, the agreement of the calculated kinetic energy profile with plane jet data is fairly good as displayed in Fig. 3.  Figures 4 and 5 show the calculated kinetic energy and dissipation rate budget respectively across the plane jet.  The results show that the k- and -equations are well balanced.  Figures 6 and 13 show the  calculated variation of the parameter c1 across the plane and round jet respectively.  Note that the results of Figs. 6 and 13 are similar, but not necessarily identical.  It can be seen from both figures that c1 varies considerably in the range 0<<0.08 and approaches an asymptotic value toward c1 = c2 at equilibrium.  This range of c1 covers almost all the suggested constant values for this parameter in previous studies as stated earlier.  Note that Pk = 0  at   = 0, since the present calculation does not account for second order production terms.The calculated eddy viscosity (
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Fig. 1. Axil mean velocity profile across the plant jet.
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Fig. 2. Reynold stress variation across the plane jet.
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Fig. 3. Comparison of the normalized turbulent kinteic energy across the plane jet.
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Fig. 4. Calculated turbulent kinetic energy budget across the plane jet.
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Fig. 5. Calculated turbulent dissipation rate budget across the plane jet.


Fig. 6. Calculated distribution of C(1 across the planet jet.



Fig. 7. Calculated turbulent eddy viscosity across the planet jet 


Fig. 8. Axial mean velocity profile across the axisymmetric jet.


Fig. 9. Reynollds stess distribution across the axisymmetric jet.


Fig. 10. Calculation of the normalized turbulent kinetic energy across the axisymmetric jet.


Fig. 11. Caluclated turbulent kinetic energy budget across the axisymmetric jet.


Fig. 12. Calculated dissipation rate balance across the axisymmetric jet.


Calculated distribution of C(1 across the axisymmetric jet.

Fig. 14. Calculated eddy viscosity across the axisymmetric jet.

The overall results for the turbulent axisymmetric jet can be considered excellent.  Figure 8 shows a plot of the mean axial velocity profile which is in good agreement with the measured data. The Reynolds stress profile for the round jet seems to be in good agreement with data as shown in Fig. 9. Figure 10 shows a comparison of the calculated kinetic energy profile with round jet data.The agreement can be considered excellent within the accuracy of the data themselves.  Figures 11 and 12 show the turbulent kinetic energy and dissipation rate budget across the round jet, where it can be seen that both k- and -equations are well balanced. Table 1 shows a comparison with the measured data of the spreading rate and the centerline mean velocity decay rate for both plane and axisymmetric jets.  The spreading and decay rates for both cases display good agreement with data.  The value of the decay rate constant  c  seems to be slightly overestimated as compared with Hussein et al. (1994) experiment and under-estimated by nearly 5% as compared with Panchapakesan and Lumley (1993) experiment. 

Table 1.  A comparison of flow constants for turbulent self-preserving jets

Flow
Reference
Spreading rate (a)
Decay rate (c)

Plane Jet
Bradbury (1965)

Gutmark and
0.109
2.34


Wygnanski (1976)
0.102
2.35


Present Result
0.11
2.4

Round jet
Hussein et al. (1994)
0.094
5.8


Panch. and Lumley (1993)
0.096
6.06


Present Result
0.094
5.95

Conclusions

From the present investigation it was found that the standard k- model is not so sensitive to the changes in the diffusion constants as long as  = 2k. However, any slight adjustment in either c1 or c2 affects not only the profile shapes but also the spreading and decay rates of turbulent jets.  Correct predictions of the spreading and decay rates of turbulent free jets is certainly an indication of the accuracy of the predictions of any turbulence model, since these are important constraints to the conservation of mean momentum.  Failure of any predictions (or measurements) to conserve momentum is a clear evidence that predicted (or measured) profiles do not represent a fully developed turbulent jet in an infinite environment. As the most important results of this investigations, a single set of coefficients for the k- model that leads to reasonable solutions for both plane and round jet  was determined.This modification significantly improved the agreement of the prediction with experimental data for both the plane and round jets. From the results presented in this paper, we may conclude that the present modified k- model adequately predicts the mean and turbulent profiles as well as the spreading and decay rates for both plane and round jets with no need to tune any of the model coefficients. This leads us to believe that this modification is an important step toward the universality of the k- model.
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نموذج رياضي مطور للنفاثات المضطربة

أ. د. علي عبداللطيف السيف(1)، المهندس فهد محمد المحيسن(2)
(1) قسم الهندسة الميكانيكية ـ كلية الهندسة ـ جامعة الملك سعود 

(2) المؤسسة العامة للصناعات الحربية ـ الخرج ـ المملكة العربية السعودية

( استلم في 23/05/2001م،وقبل للنشر في 28/11/2001م )
الملخص : 

يركز هذا البحث على تطوير نموذج رياضي لتمثيل السريان الغير منتظم للنفاثات المضطربة وذلك من خلال تحليل المعادلات الرياضية في النموذج مع افتراض حاله التوازن للسريان قرب الحافة الخارجية المحيطة بالنفاث وبناء على ذلك تم إيجاد علاقات مباشرة بين ثوابت ومعاملات النموذج.

ومن أهم ما توصل إليه البحث هو إيجاد معامل متغير يعتمد على حركة الاضطراب اللحظية في سريان النفاث خلاف ما كان مفترض في الدراسات السابقة بأن هذا المعامل هو أحد ثوابت النموذج. تشير الحسابات الحالية باستخدام النموذج المطور بأن النتائج النظرية في توافق تام مع القياسات المعملية للنفاثات المحورية وذات البعدين على حد سواء مما يدل على أن النموذج المقترح أصبح الآن اكثر شمولية ويمكن تطبيقه لتوقع السريان المضطرب في مجالات عدة وعلى نطاق أوسع من ذي قبل. 

� EMBED Equation.3  ���





� EMBED Equation.3  ���
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