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Abstract. This work presents a detailed model of symmetric laminated plates with oblique piezoelectric patches. The model is developed to predict the static behavior of laminated plates subjected to bending moments induced by piezoelectric strains. The model considers plates of orthotropic layers and obeys the classical plate theory. The piezoelectric patches are symmetrically bonded at off-axis orientation on the plate upper and lower surfaces. Furthermore, the patches may have straight and curved boundaries. The action of the active patches is represented by the singularity functions. Analytical solutions of specially orthotropic plates, i.e., plates for which bending-twisting coefficients D16 and D26 are zero, with simply supported boundary conditions are developed. The solutions rely on the Navier’s approach. Numerical examples of plates with oblique PZT patches that have straight and curved boundaries are presented. These examples demonstrated that the use of oblique patches could provide control authority that is difficult to be provided by the traditional orientation. The results of the present study can be directly used to perform various analysis of shape control of laminated plates. Analytical solutions of plates with two opposite edges simply supported and the remaining two edges having any possible combination of boundary conditions are natural extension of the present study. 
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Introduction

The use of active materials to control the position, noise and vibration of flexible structures has successfully been demonstrated. Although several kinds of active materials are available, piezoelectric materials in particular the ceramic PZT is often preferred for the control applications. When the state of a plate is monitored and rectified by rectangular PZT patches, the patches are usually placed with their edges parallel to those of the plate. In many applications, for instance torsion shape control, the active patches are obliged to supply torsion deformation. Unfortunately, the parallel and rectangular patches cannot generate enough deformation. Therefore, the patches are

required to be off-axis or to have curved edges to provide the necessary control. In the literature, modeling structures with oblique PZT patches is limited to either one-dimensional beam model or to numerical methods. Wang and Rogers [1] presented a mathematical model of composite plates with rectangular piezoelectric patches. They did not propose any solution to the problem.  Moreover, they selected patches of edges that are parallel to plate edges. Xi-Qiang et al. [2] presented analytical solution of simply supported plate with rectangular patches. Agrawal et al. [3] proposed a finite difference model of plates with rectangular actuators. Furthermore, the actuators edges were parallel to those of the plate. Koconis et al. [4] employed Ritz technique to obtain the deflection of laminated plates. Other researchers [5-7] presented finite element models of plates with rectangular patches. The orientations of the patches were also parallel to the plate edges. In these works, the objective was to control the shape of the plates. Proulx and Cheng [8] presented a simulation model for the active control of a rectangular plate using piezoelectric patches of arbitrary shape. Each patch is discretized into a number of small rectangular cells, and the actuation effect of the whole patch is considered to be the superposition of the all cells. Sonti el al. [9] analyzed piezoelectric actuators in terms of their equivalent forces and wavenumber spectra. They considered actuators of rectangular-shape, rhombus-shape, and elliptic-shape. The aim of Sonti et al [9] work was to develop a basic understanding of the influence of the actuator shape on the modal response characteristics of a flat plate.

The objective of the present work is to develop detail model and analytical solution of laminated plates with piezoelectric patches of straight or curved boundaries. Furthermore, rectangular patches that have off-axis orientation are considered. The model is based on the classical laminated plate theory, and the actions of the active PZT patches are represented by the singularity functions. Analytical solutions of simply supported laminated plates are developed. Numerical examples of plates with oblique PZT patches that have straight and curved boundaries are presented. These examples demonstrated that the use of oblique patches could provide control authority that is difficult to be provided by the traditional orientation. 

Mathematical Model

a laminated plate with piezoelectric patches of uniform thickness, as shown in Fig. 1, is considered. The patches are bonded symmetrically to the plate top and bottom surfaces. Furthermore, the patches can have straight or curved boundaries and can have off-axis orientation. The main assumptions for the plate and the patches are as follows: (1) the plate is symmetric and obeys the classical laminated plate theory; (2) the piezoelectric patches are positioned with identical poling direction, as shown in figure 1, and are perfectly bonded to the host plate; (3) the patches operate out-of-phase by two opposite electric fields, as shown in figure 1; (4) the thickness of the patches is much smaller that that of the plate; (5) the plate is not subjected to external loads other than that from the piezoelectric patches.


Fig. 1. A laminated plate with piezoelectric patches of uniform thickness.

Variational formulation  

The strains from the piezoelectric effect must be included in the expression of the strain energy. This is required to guarantee that the strain energy be positive definite and path independent. Thus, the strain energy of a laminated plate with piezoelectric patches is expressed as (the notation of ANSI/IEEE Std 176-1987 is used [10]) 
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where Tij and Sij are the components of the stress and strain, respectively; Sijp are the components of the piezoelectric strain; and V is the volume of the plate system. It should be emphasized that the piezoelectric strains are linearly related to the applied electric fields. Moreover, the coefficients connecting the electric field and the strains are the piezoelectric coefficients. It should also be noted that the integrand of  (1) “strain energy density” is analogous to the electrical enthalpy in the thermodynamics formulation. To place U in terms of strains, the constitutive relationships for an orthotropic lamina given below need to be used
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where Q’ij denote the elements of the reduced stiffness matrix in the geometrical coordinate system. 

The Kirchhoff hypothesis (assumption 1) requires the displacement functions to be such that
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where (u0, v0, w0) are the displacements along the coordinate lines of a point on the xy-plane. The strains associated with the displacement field (3) are given by
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 EMBED Equation.3  [image: image9.wmf]

 EMBED Equation.3  [image: image10.wmf]
All other strains are zero.

Governing equations

To derive the governing equations, the principle of stationary potential energy is used
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where is the first variational operator, U is the strain energy and W is the work done by the external loads.

Since the plate is not subjected to any external loads (assumption 5), the variation of W is identically zero. Substituting equations (1), (2) and (4) into (5) and then performing some mathematical manipulations, we obtain the plate governing equations in terms of displacements.
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where the linear symmetric operators Lij = Lji (i, j=1,3) are given by

L11 = A11 dxx + 2 A16 dxy + A66 dyy
L12 =  A16 dxx + ( A12 + A66 ) dxy + A26 dyy
L13 =  - B11 dxxx – 3 B16 dxxy - ( B12 + 2 B66 ) dxyy - B26 dyyy
L22 =  A66 dxx + 2 A26 dxy + A22 dyy                                                            (7)
L23 =  - B16 dxxx – ( B12 + 2 B66 ) dxxy – 3 B66  dxyy - B22 dyyy
L33 =  D11 dxxxx + 4 D16  dxxxy + 2 ( D12 + 2 D66 ) dxxyy + 4 D26  dxyyy  + D22 dyyyy

the resultants due to the piezoelectric strains expressed as
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and the differential operator and the stiffness matrices are, respectively, given by
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Four boundary conditions are required at the plate edges to solve the above governing equations. 

Piezoelectric moments description

The singularity functions have been long known to be a powerful tool in the representation of loads in distributed or concentrated form. Recently, investigators have expressed the piezoelectric line moments by the Heaviside singularity function, as, for instance, in reference [9]. In the present study, the Heaviside function will be exploited to describe the piezoelectric moments along straight and curved line. Owing to its practical popularity, piezoelectric ceramic (PZT) patches will be considered in the analysis. For a PZT patch, which possesses in-plane isotropy, the piezoelectric twisting moment Mxyp vanishes and Mxp = Myp. These piezoelectric bending moments are represented by
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with
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where H is a Heaviside or step function, (f1, f2, g1, g2) are functions that define the boundaries of the patch, and, with reference to equation (8) and the fact that Sxp   =  Syp  and Sxyp = 0, the piezoelectric moment Mp is given by


[image: image18.wmf]ò

-

¢

+

¢

=

2

h/

2

h/

p

x

12

11

p

zdz

S

)

Q

Q

(

M

                                    (12)
with


[image: image19.wmf]3

31

p

x

E

d

S

=


where d31 is the piezoelectric coefficient and E3 is the electric field. 

The boundary “footprint” of patches that have linear and curved edges will be presented next. This footprint description will include rectangular patches oriented off-axis, triangular patches, elliptical patches and patches of irregular shapes.

Off-axis PZT patch

Consulting Fig. 2a, the functions describing the boundaries of an off-axis rectangular patch are given by


Fig. 2(a). Laminated plates with (a) off-axis PZT patches, (b) triangular PZT pathches.

f1(x, y) = (x-x1)- (y-y1)/tan(), f2(x, y) = (x-x4) - (y-y4)/tan()
g1(x, y) = (x-x4) + tan() (y-y4), g2(x, y) = (x-x3) + tan() (y-y3)              (13)

with 

x1 = xp –Lp cos()/2 – Wp sin()/2,  x2 = xp + Lp cos()/2 – Wp sin()/2,  
x3 = xp + Lp cos()/2 + Wp sin()/2,

x4 = xp – Lp cos()/2 + Wp sin()/2,

y1 = yp – Lp sin()/2 + Wp cos()/2, y2 = yp + Lp sin()/2 + Wp cos()/2,

 y3 = yp + Lp sin()/2 + Wp cos()/2,

y4 = yp – Lp sin()/2 – Wp cos()/2                                     (14)

where xp and yp are the coordinate of the patch center in the x- and y-axis, respectively, is the off-axis angle of the patch and Lp and Wp are the length and width of the patch, respectively.

Triangular PZT patch

For this shape, four linear functions are needed to define the boundaries of the patch. In the interest of simplicity, a right-angle shape as shown in Fig. 2b is considered. The functions of the boundaries are given by

f1(x, y) = x - 0, f2(x, y) = x – y, g1(x, y) = y – 0, g2(x, y) = y – b                (15)

Fig. 2(b). Laminated plates with triangular PZT pathces.

Elliptic PZT patch

Figure 3a shows a patch of an elliptical shape. The ellipse axes are parallel to the plate axes. The patch contour is described by the following functions
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g1(x, y) = y - (b/2-b2), g2(x, y) = y - (b/2+b2)                              (16)

where a2 and b2 are the lengths of the major and minor axes, respectively. It should be noted that the above description can represent a circular patch by making a2 = b2.


Fig. 3(a). Laminated plates with (a) elliptic PZT patches, (b) irregular PZT pathches.

Irregular PZT patch

The patch shown in Fig. 3b has two curved edges and one straight edge. The curved edges are not parallel. This shape is considered to be irregular. The functions defining the boundaries of this particular shape are given by

f1(x, y) = x - 0.5√y , f2(x, y) =x - 0.6 √(y/0.6)

g1(x, y) = y – 0, g2(x, y) = y – b                                           (17)

Other specific irregular shapes can be treated the same way.

Analytical Solution

The bending problem of a simply supported rectangular plate with PZT patches will be analytically solved in this section. According to assumptions 1 and 3, the stiffness matrix [B] and the in-plane resultants (Np) are identically zero. This will reduce the problem to a plate in bending and the only portion of equation (6) that need be considered is 
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the above equation (18) represents the equilibrium equation of the transverse deflection of an orthotropic laminated plate subjected to piezoelectric moments. If the laminated plate is specially orthotropic (D16 = D26 = 0), solutions can be analytically attained and equation (18) reduces to 
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Fig. 3(b). Laminated plates with (a) elliptic PZT patches, (b) irregular PZT patches.

The simply supported boundary conditions on all four edges of the rectangular plate (see Fig. 1) can be expressed as

For x =0, a: w0  = 0, Mx = -(D11 dxx + D12 dyy) w0 - Mp  =0

For y =0, b: w0  = 0, My = -(D12 dxx + D22 dyy) w0 - Mp  =0                   (20)

The Navier’s method can be used to obtain analytical solutions. In this method, the displacement w0 is expanded in a double sine series and so is the piezoelectric moment; viz.
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where  = n/b and  = m/a, and
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The coefficients Wmn are determined by substituting series (21) into the equilibrium equation (19). 
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It may, at first glance, appear straightforward to evaluate the above solution by carrying out simple integrations. However, this is not true since the determination of Mpmn involves cumbersome integrations of complicated Heaviside functions. This is especially true for laminated plates with off-axis patches or with patches of curved edges.

Numerical Examples and Discussion

Numerical examples are presented for the deflection response of simply supported laminated plates with piezoelectric patches of shapes given in section 2.2. The laminated plate consists of eight identical graphite epoxy (T300/5208) layer of symmetric scheme [0/90]2S. The properties of the materials used in the examples are given in Table 1.

Table 1. Material properties used in the numerical examples

Property
Graphite/Epoxy (T300/5208) [8]
PZT-5H [9]

Axial modulus E1, GPa
132
60.6

Transverse modulus E2, GPa
10.8
60.6

Poisson’s ratio 12
0.24
0.29

Shear modulus G12, GPa
5.65
23

Shear modulus G23, GPa
3.38
23

Piezoelectric coefficient d31, pm/V
-
-274.8

Ply thickness, mm
0.127
0.1

The exact solution derived in the previous section will be used to calculate the bending moments and the deflection developed by off-axis, triangular, elliptic and irregular PZT patches. In all calculations, the number of n terms and m terms of the expansion series is ten. 

Plots of the dimensionless transverse deflection and bending moments are shown in Figs. 4a and 4b, respectively, for plate with off-axis PZT patches (Fig. 2a). The geometry of the patch is taken to be: xp/a =  yp/b = 0.45, Lp/a = 0.8, Lp/Wp = 4, and = 45o. This PZT shape and orientation creates transverse deflection that is biased toward one of the plate diagonal. To create a similar deflection using patches of traditional orientation (i.e., patches with edges parallel to x and y-axis), one would need number of them that are arranged along the diagonal.  In the case of triangular PZT patches, the dimensionless transverse deflection and bending moments are shown in Figs. 5a and 5b, respectively. It is clear that the deflection is concentrated at the region of the patches. Figures 6a and 6b show the dimensionless transverse deflection and bending moments created by elliptic patches. The major and minor axes of the ellipse are assumed to be parallel to the plate plane axes and a2 = 0.4a, b2= 0.2a. The deflection and moments caused by irregular patches are shown in Figs. 7a and 7b, respectively. Here, the contours of deflections follow the patch shape.


Fig. 4. Dimensionless (a) transverse deflection, and (b) bending moments of a plate with off-axis PZT patches.


Fig. 5. Dimensionless (a) transverse deflection, and (b) bending moments of a plate PZT patches.


Fig. 6. Dimensionless (a) transverse deflection, and (b) bending moments of a plate with elliptic PZT patches.


Fig. 7. Dimensionless (a) transverse deflection, and (b) bending moments of a plate with irregular PZT patches.

The previous four examples demonstrate the ability of various PZT patches to provide static deflections. By modifying the shape of the patch, one could provide control authority that is difficult to be obtained by the traditional rectangular patches. 

Conclusion

A model is developed to predict the static behavior of laminated plates subjected to bending moments induced by piezoelectric strains. The model considers plates of orthotropic layers and obeys the classical plate theory. The piezoelectric patches are symmetrically bonded at off-axis orientation on the plate upper and lower surfaces. Furthermore, the patches may have straight and curved boundaries. The action of the active patches is represented by the singularity functions. Analytical solutions are proposed for laminated plates with PZT patches of different shapes and orientations. With the analytical solution, it is possible to show the detail local deflection change information. Using the proposed solutions, one can analytically perform shape control analysis.

Numerical examples are given to demonstrate the applications of the solution. These examples demonstrated that the use of oblique patches could provide control authority that is difficult to be provided by the traditional orientation. The results of the present study can be directly used to perform various analysis of shape control of laminated plates. Analytical solutions of plates with two opposite edges simply supported and the remaining two edges having any possible combination of boundary conditions are natural extension of the present study. 
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الحلول الدقيقة لصفائح طبقية تحتوي على شرائح قابله للانضغاط كهربائيا

والموضوعة باتجاه مائل
أسامة بن جاسم الدريهم

قسم الهندسة الميكانيكة، كلية الهندسة، جامعة الملك سعود، ص.ب 800 ،

 الرياض 11421، المملكة العربية السعودية

البريد الإلكتروني:  odraihem@ksu.edu.sa   

(استلم في01/01/2002م؛ وقبل للنشر في19/05/2002م)
ملخص البحث. يعرض هذا البحث نموذج رياضي مفصّل لصفائح طبقية متماثلة تحتوي على شرائح قابلة للانضغاط كهربائيا والتي وضعت باتجاه مائل. وبإمكان هذا النموذج تحري السلوك الاستاتيكي (الساكن) لصفائح طبقية معرّضة إلى عزوم ناتجة من انفعال الشرائح القابلة للانضغاط كهربائيا. وأعتمد النموذج على النظرية الكلاسيكية للصفائح وأخذ بعين الاعتبار إمكانية أن تكون طبقات الصفائح مصنعة من مواد مركبة. وأما الشرائح القابلة للانضغاط كهربائيا فقد لصقت بوضع مائل ومتماثل على السطح العلوي و السفلي للصفيحة. واهتم النموذج أن تكون الشرائح القابلة للانضغاط كهربائيا ذات حدود مستقيمة ومتعرجة. وتم تمثيل تأثير الشرائح القابلة للانضغاط كهربائيا بواسطة الدوال الفريدة.
وقدم هذا البحث حلول دقيقة لصفائح ذات شروط حواف بسيطة ، حيث استخدمت طريقة نافيير لإيجاد هذه الحلول. وعرض البحث عدد من الأمثلة لصفائح طبقية تحتوي على شرائح قابله للانضغاط كهربائيا ذات حدود مستقيمة ومتعرجة. حيث تبين من خلال هذه الأمثلة أن الشرائح المائلة وذات الحدود المتعرجة بإمكانها أن توفر مقدرة تحكم من الصعب الحصول عليها باستخدام الشرائح التقليدية. 
ويمكن الاستفادة من نتائج هذا البحث مباشرة في عمل تحكم استاتيكي لصفائح طبقية ومركبة. ويمكن تطوير البحث الحالي بعمل دراسة شبيهة لصفائح طبقية مثبتة بطرفين متقابلين بسيطين وبطرفين آخرين ذات حدود كيفية.     
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