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Abstract, Multiphasic function was used to describe the lactation curve of monthly test- day average of
12020 Holstein Friesian milk records in the Kingdom of Saudi Arabia. The data represented four lactations
with 3793, 3500, 2470 and 2257 records for first, second, third and fourth or later lactation, respectively.

Records with lactation period less than 100 or greater than 450 days were excluded from the analysis.
Monophasic function exhibited inadequate fitting for the data. The curve was flat with no peak and no
steepest ascent at the early stage of lactation (15 day through 105 day). Diphasic function showed close
fitting with actual data, but some residual (actual - predicted ) existed, particularly at the first and second
month of lactation. Triphasic function with nine parameters gave the best fit through the whole lactation. The
contribution of each phase of triphasic function was different for the four lactations.

Introduction

The multiphasic function proposed by Koops [1} and Koops ef al. [2] for describing the
growth curve for mice has been applied by other researchers to describe the lactation
curve of dairy cattle [3-5]. Multiphasic function ranked best among other functions of
the lactation curve {6-7]. Moreover, multiphasic function has some advantages over
other functions used to describe the lactation curve , including: (1} Fitting monthly test
yield results in smaller and random errors as measured by small autocorrelation among
residuals [2]. (2) Exact total of 305 day milk yield can be predicied [3].(3) The
multiphasic function has more than one phase and power transformation can be used
with phase one to ensure appropriate modeling for the early portion of the lactation
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curve. (4} Reparameterization of multiphasic model reduces the collinearity between
parameters. {$) The multiphasic function 1s appropriate to model multiple peaks, a
situation occurring after injection of bovine somatotropic hormone [5].

The objectives of this study were two folds: Fitting monthly test- day milking data
using multiphasic function as a mathematical model to describe the lactation curve and
using goodness of fit measures to determine the appropriateness of each function in
describing the lactation curve of Holstein cows.

Material and Methods

The data used in this study was based on 12020 monthly test-day milk records
collected between 1980 to 1992 from six dairy farms located in the central region of the
Kingdom of Saudi Arabia and having similar management conditions. The number of
records for first, second, third and fourth or later lactation were 3793, 3500, 2470 and
2257, respectively.

Records with lactation periods less than 100 or greater than 450 days were excluded
from the analysis. Holstein dairy cows in Saudi Arabia are characterized by a lactation
period greater than 305 days due to their relatively low rate conception (45%) as
reported by Salah and Mogawer[8].

Frequency distribution has shown that 73% of the records have lactation period
greater than 305 days . Fifteen monthly test-day records (kg milk/day) were taken at 30
day intervals starting at day 15 after calving. Means of 15 monthly test-day yields for the
overall data and for each panity were computed and used as input data to fit
monophasic, diphasic and triphasic functions .

Model: The multiphasic function based on the sum of logistic functions as described
by Grossman and Koops {3] is as follows :

n (1

=S -]

i=1
where

Yt =milk yield at time t (days ).

n = number of phases.

tanh = the hyerbolic tangent.

aj is half asymptotic total yield (kg),
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bj is the rate of yield relative to aj (day-1).
¢ is time of peak yield (day) for each phase.
The cumulative yield from 0 to 305 -d milk yield can be computed as:

s [ s ) -l 0

i=1

(2)

Functions of parameters for three phases were:
initial yield computed from equation (1) att=0,
peak yield was represented by aj by

Duration, defined as the period in days required to attain about 75% of asymptotic
total yield during that phase is computed as 2.

Marquardt's method of nonlinear regression [ PROC NLIN using Marquardt, SAS [9]
was used to estimate the parameters because Marquardt is equivalent to performing a
series of ridge regression which correct for colinearity or near singularity problems that
arise from the correlation between the parameters of the lactation curve as given by
Batts and Watts [10, p.811.

Residual mean square (MSE)} and Durbin Watson statistics (D), a measure of first-

order autocorrelation of residuals [11, pp.199-2011), were used to measure goodness of
fit of the multiphasic model.

Results and Disucssion

Fitting multiphasic function by non-linear regression model resulted in estimating
three parameters for monophasic, six for diphasic and nine for triphasic functions (Table 1).
These parameters were inserted in function (1) to estimate the predicted value for each
point of the lactation curve and in function (2) to compute 305-milk yield. Initial milk

yield, peak yield, time of peak and the duration of each phase were also computed as
functions of the estimated parameters.

Actual and predicted values of the fifteen loci of the lactation curve are given in
Table 2. The magnitude of the difference between actual and predicted values (residual)
of monophasic functions reflects the inadequacy of fitting the data. The curve of
monophasic function (Fig.1) is flat with no steep ascent at early stage of lactation (15
days through 105 days) and consequently no distinct peak exists. Moreover, the
monophasic function overpredicted the actual test-day milk at the first month of
lactation,followed by underprediction from 45 day through 135 day and overprediction
from 165 day through 315 day and from 357 day through the end of lactation.
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Tablel. Lactation parameters for mono, di and triphasic functions for different lactations and overall data
Monophasic
b, c,
Cverall 10724.9 0026 38.4
Diphasic
Lactation a bI <, a b2 c,
Overal 1615.5 0101 68.0 5850.8 0031 2271
1 st 284.1 027 69.0 7612.8 0028 1605
2nd 1354.6 0115 67.7 6197.1 0032 2044
3nd 4943 1 0028 3152 3048.3 0081 726
4th 2850.9 0084 71.2 4767.3 0029 271.0
Triphasic
Lactation a b, c, 2, b <, a, b, c,
Overall 3448 0267 485 46108 0029 3370 24349 0073 102.5
1 st -296.7 0295 64.0 77029 0026 172.3 188.6 0153 143.9
2nd 339.1 0295 50.0 47.0 0029 3358 2574 0072 1033
3rd 3593 0283 478 45428 0028 4328 32521 0073 102.2
4 th 495.9 0227 479 4065.1 .0027 4354  3246.2 0071 107.3

a j =a half asymptotic total yield, bj = rate of yicld relative to a Ci = time of peak

Table 2. Actual ( A) and predicted vnlm:(;:r)l of multiphasic function for overall data and for different

lactations
Overall st 2nd 3rd 4th
Time A Mon Dj Ti A Dip) A Dip) A Di(p) A Di(p)
15 227 279 245 228 189 197 229 250 250 273 257 277
45 31z 280 287 311 49 245 327 299 349 316 348 321
75 305 277 307 307 277 278 316 321 338 337 342 341
105 287 271 298 282 240 243 295 308 317 330 321 332
135 266 263 272 269 231 222 273 217 290 302 2.1 30.0
165 250 251 244 252 225 212 258 248 268 264 26 26.1
195 231 238 221 231 217 213 238 226 240 229 234 225
225 211 223 204 209 201 207 218 211 210 202 208 19.7
255 192 206 192 191 195 2000 197 200 184 182 181 17.6
285 175 190 181 176 185 190 180 188 161 16.8 154  16.1
315 163 173 17.t 164 173 179 166 176 152 158 143 15.0
345 156 156 160 155 168 166 I56 163 148 150 135 14.0
375 146 141 148 147 154 152 148 149 140 142 127 131
405 137 125 136 139 134 138 136 135 132 135 123 122
435 13.2 11.1 123 130 134 124 134 120 {35 127 12.1 11.3

1 Predicted and actual values are almost the same for triphasic function
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Fig. 1. Mopophaic lactation curve and overall actuzl data.

Diphasic function showed some improvement in fitting the data since the predicted
values were more adjacent to the actua] fifteen points of the curve.Yet, diphasic function
1s not the most accurate function to represent the actual data, since some residual (actual-
predicted) existed, particularly at the early stage of lactation i.e during first and second
months (Fig. 2).

Triphasic function with nine parameters gave the best fit, minimum residual, because
the actual values imposed exactly on the triphasic curve through the whole factation
{Figs. 3-7).

Grossman and Koops [3] concluded that two phases were sufficient to describe the
lactation curve for their data. On the other hand , De Boer et a/. [4] found that curves for
monthly test day milk records were fitted accurately with a triphasic function.

Functions of parameters are given in Tables 3 and 4. These functions are important
in describing the components of the lactation curve (initial yield, peak time, peak yield
and duration), representing the differences among different phases of the lactation curve
and cxhibiting discrepancies between different curves of different classes like parities.
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Fig. 6. Triphasic lactation curve and third lactation actual data.
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Table 3. Components of lactation curve as estimated by using parameters of multiphasic function of

overall data

Function Phase no initial Peak yield 305-day Time of peak Duration of
yield yield phase
Monephasic 277 279 7518 38.4 769.2
1 10.5 16.3 2549 67.9 199.7
Diphasic 2 114 17.9 4887 160.0 709.0
Total 21.9 74306
i 2.4 9.2 641 48.5 74.9
Triphasic 2 5.8 13.6 3062 337.0 680.4
3 10.6 17.8 3737 102.5 274.0
Total 18.8 7440
Table 4 . Functions of estimates of parameters for triphasic functions for different parities
Lactation No Phase Initial Peak yield 305-day Duration Time of yeak
yield yietd yield
1 8 8.8 580 64.0 67.8
st 2 16.4 19.9 5761 172.3 774.1
3 .1 2.9 370 143.9 138.7
Total 17.3 6711
1 1.9 10.0 644 50.0 67.7
nd 2 6.0 13.5 3096 336.0 695.0
3 11.1 18.5 3924 103.3 277.8
Total 19.0 7664
1 2.4 10.2 674 48.0 70.6
3rd 2 39 12.6 2241 433.0 7239
3 14.2 23.6 4978 102.0 2740
Total 20.5 7892
1 4.1 11.3 891 48.0 88.1
4th 2 34 11.2 1987 435.0 7287
3 13.6 232 4975 107.0 281.7
Total 21.1 7853
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For the overall data : (a) the monophasic function (Table 3} gave initial yield of 27.7
kg and peak yield of 27.9 kg which indicated that the initial vield was actually a peak
yield while no distinct inclining phase was shown by the curve of monophasic function,
Time of peak was 38.4 days, duration phase was 769.2 day and 305- milk vield was
7518 kg of milk. (b) In diphasic function, comparison between the two phases showed
that about 48% of the initial yield was contributed by the first phase(10.5 kg) and about
52% by the second phase(11.4 kg). For the first phase, initial vield was about 64.4 % of
the peak yield (16.3) while for the second phase it was 63.7% (17.9 kg).

Total 305-day yield for the first phase accounted for 34% (2549g) of total yield,
while that for second phase accounted for 66% (4887kg). First phase was characterized
by an early peak (68 day) whereas the second phase exhibited the late peak (160 day).
Duration of the first phase attained at 200 days . Yet,duration of second phase included
the entire 305-days of lactation(709 day). Discrepancy between the results of Grossman
and Koops [3] and those of the present study can be explained by differences in the
data, their study analyzed mean milk yields from pure bred Dutch Friesian Black and
white cows for 15 test-day with 20-day intervals starting from 10 day in milk, whereas
this study analyzed means from Holstein Friesian cows for 30-day intervals beginning
with day 15 after calving. (c) In triphasic function, the contribution of the first, second
and third phases for each function of the overall data (Table 3) was as follows: initial
milk yield was 12.8%, 30.9% and 56.3%, respectively, peak yield was 9.2, 13.6 and
17.8 (kg), respectively, time of peak was 48.5, 337.0 and 102 day, respectively.

The yield of each phase as a percentage of 305 day yield was 8.6%,41.2% and
50.2% for the three phases respectively. Finally, duration for three phases was
74.9,680.4 and 274.0 day, respectively.

Functions estimated from the parameters of triphasic functions across lactations are
given in Table 4. For the first lactation, second phase was the most important phase in
determining initial milk yield, peak yield, 305 milk yield and duration. The percentages
of second phase contributions on initial milk yield (16.4 kg) and 305-day yield (19.9kg)
were 95% and 86%. Initial yield (16.4 kg ) accounted for 82% of peak yield. Moreover,
second phase showed a late peak (172 day ) and a long duration ( 774.1 day ).

For second, third and fourth lactations, more contribution resulted from the third
compared with the first and second, phaes. The contribution of the third phase in initial
milk yield was 58% (11.1kg), 69% (14.2 kg) and 64 % (13.6 kg) for second, third and
fourth lactations respectively. Initiai yield accounted for 66%, 60% and 59 % of the peak
yield of the third phase for second,third and fourth lactations, respectively. Peak yields
for the third phase were 18.5, 23.6 and 23.2 kg for the three lactations, respectively. The
contribution of the third phase for 305-day yield was 51% (3924 kg), 63% (4978 kg) and
63% (4975) for second, third and fourth or later lactations, respectively.
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On the other hand, second phase played a major role in determining the time of peak
and the duration for second, third and fourth lactation. The time of peak was 336, 433
and 435 days for second, third and fourth lactations respectively. Corresponding
duration of second phase was 695,724 and 729 days respectively.

Third phase gave peaks at 103,102 and 107 days and durations of 278,274 and 282
days for second, third and fourth lactations, respectively. As indicated by Grossman and
Koops [3] the duration of a phase can be interpreted as being associated with persistency
of lactation, the shorter the duration , the lesser the persistency. These authors stated that
the duration of the second phase of lactation was a possible measure of persistency.
Second and third lactation cows were 100 to 200 day shorter in duration of the second
phase than first lactation cows, hence, cows of second and third lactations were
considered to be less persistent than first parity lactation, Similar results were found in
the present study, second phase of the second,third and fourth lactation cows being less
in duration by almost 50 to 80 days than the second phase of the first lactation. This is
an indication of the lesser persistency of the former cows.

The criteria used to test for goodness of fit for different models (Table 5) were

autocorrelation, Durbin Watson, coefficient of determination (RZ) and mean square error
(MSE). Autocorrelation between residuals after fitting the overall data by non linear
regression, was 0.17.-0.14 and -0.44 for mono,di and triphasic functions respectively.
Small autocorrelations existed because the data points represented the means of monthly
test-day milk which are far apart from each other. Durbin Watson Statistic (D)
was1.271,1.996 and 2.785 for the three phases, respectively, where a D value of 2
indicates no autocorrelation ,a lower value indicates more positive autocorrelation and a
higher value indicates more negative autocorrelation (Theil [11,pp.199-201]).

Table 5. Autocorrelatian,R2 , MSE and Durbin Watson between residuals after fitting the overall
data by different functions

Monophasic Diphasic TRiphasic
Autocorrelation 0.168 -.143 -0.436
Durbin Watson 1.271 1.996 2,785
R? 0.997 0.999 0.999
MSE 5.036 1.649 1.005

The (R2 ) value, which measures the part of variation explained by the model, was
high (.99) for the three models3 high value being a desired statistic for testing goodness
of fit. Yet, a large value of R by itself would not assign the best model. In a study by

Koops [1] the values of R’ of one, two, three and four phases models, on growth curve
data were .99 and higher.
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Mean square error is an important criterion for testing the adequacy of a certain
model to fit the data because it is a measure of the deviation of the predicted value for
the actual data. The mean square error equals the square of the bias (the average of
deviation between predicted and actual yields) plus the variance of the predictions, the
smaller the mean square error the more appropriate the mode 1. The mean square value
was 5.036, 1.649 and .101 for mono, di and triphasic functions, respectively.

Acknowledgement. Appreciation is expressed to M. Hussein for revising the
manuscript.
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