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Abstract. We use some concepts from sliding modes theory for the analysis of differential equations with discontinuous right hand sides. We prove, under some relaxed conditions, that starting from any point the trajectory of a dynamic gradient system associated with the convex quadratic programming problem converges to its solution in finite time. To prove the convergence, Lyapunov type functions, and theorems are used. Some examples are presented to demonstrate the results.
Introduction

Consider the quadratic-programming problem noted in what follows as the QPP

	
[image: image1.wmf]{

}

0

x

b

Ax

to

subject

Qx

x

Min

i

T

³

=


	(1)

	
	


[image: image9.wmf]ï

þ

ï

ý

ü

ï

î

ï

í

ì

=

a

³

a

=

å

å

Î

Î

)

x

(

I

j

)

x

(

I

j

j

j

j

j

1

,

0

x

:

))

t

(

x

(

f

))

t

(

x

(

K

where Q is symmetric positive semi-definite, A is an m by n matrix, and b is an m by 1 vector. The solution of this problem has been addressed and very efficient solution methods are available. See [4] for good presentation of different classical methods for the solution of this problem. More recent methods based on interior point have also been developed [6]. Some of the available methods, however, are iterative and require a feasible starting point. This is a major drawback of these methods. Another class of methods is based on the solution of some differential equations. A gradient system for 

the solution of the QPP may be constructed as follows:

Define the following
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 Now consider the unconstrained optimization problem  

	[image: image11.wmf]{

}

n

T

R

x

x

x

u

x

V

x

V

u

x

V

Î

"

-

³

-

=

)

(

)

(

)

(

:

)

(

0

0

0

d


	


Or
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Where (x) and (x) are scalar functions of x. The continuous gradient system  
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	(3)


can be used for the solution of the QPP. The differential equation in (3) is not well defined for all x in the nth dimensional space. The right hand side of the system is discontinuous. This makes the analysis of the behavior of the above gradient system not possible in the standard framework of analysis of differential equations. However, it is possible to study the motion of the trajectory of x(t) using some tools developed for the analysis of differential equations with discontinuous right hand sides. The approach followed in [2] is based on the theory of sliding modes. In the following section, we present some notation developed in [2] and some of the results of [1] developed for the linear programming problem.

II.  Notation and Background

The sets Si, i=1,….. k are non-overlapping open sets in Rn. The union of Si (the complement of Si  is equal to Rn, and B(Si ) is the boundary of Si , B(S) is the union of B(Si ), I(x)={i  such that x is in B(Si )} , and IB(x) is the intersection of B(Si ) for all i in I(x).

Define the differential equation 
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	(4)


with f(x(t)) defined in the union of Si , and fi(x(t))=f(x(t))  if x is in Si, where fi(x(t)) is defined and continuous on Si. Now define T(x) to be the tangent plane to IB(x), and K(x) the smallest convex closed set containing the vectors fi(x(t)) for i in I(x),  (i.e. K(x) is given by the following) 
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Define also S to be the intersection of K(x(t)) and T(x). Let V be a function from Rn to R, and let 
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denotes the gradient of V if it is continuously differentiable. Define the sub-differential  V(x0) of the convex function V(x) at x0 as 
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Then the sub-differential G of G(x) denoted (x) is given by
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	(5)


	
	


Denote the orthogonal projection onto the null space of A by P, where P is given by  
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P=I-AT(AAT)-1A, and define the following constant
	(6)


Finally, define the following sets 
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Define also D to be the intersection of D and D2, and D* the set of optimal feasible solutions. We now present two sufficient conditions from [1] for any trajectory of the gradient system to reach the set W-1 in finite time.

Result I [1]

Suppose there exists V(x) : Rn to R, continuous and differentiable on W, and there exists an epsilon  > 0 such that for all x in (W|BS), we have VT f(x) < - , then any trajectory of the differential equation in (4) reaches W-1 in finite time and stays there for all future values of time.

Result II [1]

Suppose there exists a convex function V(x):Rn to R, and there exists an epsilon ( > 0 such that 

(1) For each x   (W|BS),
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(2) For each x  (W intersect B(S)), if S is not empty,  then 
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then any trajectory of  the system in (4) reaches W-1 in finite time and stays there for all future values of time.

III. Analysis of the Situaiton

 In this section, we present three lemmas, and one theorem, which will lead us to the main result of the paper, presented in theorem 2. The lemmas and the theorems are developed in order to analysis the solution of the differential equation given above in (3).

Lemma I

Let (x), and (x) be selected such that 
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Let Z=(AAT)-1A, then
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Proof:

If x is not in D1, then
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Lemma II 

Let (x), and ((x) be selected as in Lemma I, Then any trajectory of the differential equation (3) reaches the set D1 in finite time and stays in it for all future values of time.

Proof:

The proof of Lemma II is he same as hat of Lemma 4 in [1] with the change of ((x) to be as given in Lemma I.

Lemma III

1) The dynamics of any trajectory of system (3) when restricted to move in D1 only, satisfies
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2) Suppose D is not empty, then if Ax-b=0, and xi <0 for some i, then

[image: image26.wmf]{

}

2

2

2

T

T

T

P

)

x

(

G

Qx

)

x

(

G

P

)

x

(

P

)

x

(

G

)

x

(

)

x

(

G

P

Qx

P

)

x

(

G

)

x

(

PQx

)

x

(

G

))

x

(

G

)

x

(

Qx

(

P

)

x

(

G

f

V

Ñ

-

Ñ

g

-

=

Ñ

g

-

Ñ

£

Ñ

g

-

Ñ

£

Ñ

g

+

-Ñ

=

Ñ


Proof:

Part 1: 

The dynamics of x(t) is given by
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 If x is in D1 for all t, then

[image: image28.wmf]Part 2: 

The proof of part 2 parallels that of Lemma 6 in [1].

Now, we are going to present the following theorem, which guarantees that any trajectory of the general system, reaches the feasible region in finite time.

Theorem I

Suppose the parameters (x) and (x) are chosen according to he bounds in Lemma I, then any trajectory of (3) reaches the feasible region D in finite time, and stays in it for all future values of time t.

Proof:

 Lemma II ensures that any trajectory of the gradient system will reach D1 in finite time. Now we need to show that the trajectory will reach D2.
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If x(t) is in D1, then by Lemma III

We can now use result II with V(x)=G(x), and f(x) as the right hand side of the above differential equation. V(x) is convex, and W-1=D2. Let x(t) not in D2, and xi different from 0 for all i (i.e. x is in (W|B(S)). Then
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 The right hand side of the last equation is less than zero by the bounds on (x) and (x ). So
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This verifies part (1) of result II. To verify part (2), note that x in B(S) implies xi =0 for some i, and T(x)={z such that zi=0 if xi=0}. Now the differential of V is given by
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The set K(x) is given by
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Now, we have 
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Now, if the bound on ((x) is imposed, we get
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This verifies requirement (2) of result II. So, any trajectory x(t) reaches D2 in finite time and stays in D2 for all future values of time.

Now we present the main result. This theorem guarantees the convergence of any trajectory, starting from any initial conditions, to the solution of the convex QPP.

Theorem 2 

With the choice of ( (x), and ( (x) as described in Lemma 1, any trajectory of (3) reaches the solution set of the QPP in finite time and stays in it for all future values of time.

Proof:

By Theorem 1, any trajectory of the gradient system will reach D in finite time and remains in D for all future values of time. If x(t) is in D, then 
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Now let J*=x*TQx* be the minimum value of he objective function. Define V(x) according to V(x) =xTQx-J*+(x)G(x).

V(x) is convex, and 
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With this definition, W-1=D* (the set of optimal feasible solutions). We now use result I and II with the above V(x) to prove theorem 2. We need to satisfy both requirements of result II. 

Part (1):

Let xi > 0 for all i, then G(x) =0. The gradient of V is equal to Qx, and f(x) = PQx, now
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 If PQx=0, then x is an optimal solution of the QPP. To see this, note that PQx = 0 means Qx is in R(AT). Now let x1 and x2 be two different feasible points. Then A(x1 -x2 ) = 0 (i.e. x1 - x2 is in the null space of A: (N(A)). But N(A)=P(R(AT))  (The orthogonal to AT). This means that (Q x1 )T(x1 - x2)=0, and (Q x2)T( x1 - x2)=0. Equating the above two quantities, we get (x1 )TQ x1 = (x2 )TQ x2   (i.e. x1 and x2 give the same value of the objective function).

This takes care of the first part.

Part (2):

 Let x1=0 for some i, and let v be an element of the sub-differential of V, then v has the following form 
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but G(x) = 0 for all x in D. So, v has the form Qx +  (x)w, where wi is in [-1,0], if xi = 0, and wi = 0, if xi > 0. 

Now, the rest of the proof parallels that of theorem 4 in [1].

IV. Examples

In this section, we present two examples illustrating the use of the results for the solution of QPP's.

Example 1

It is required to find the solution of the QPP with the following parameters.  
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 The optimal solution generated by a standard optimization package x* =[0 1 1]T.  Now the solution of the gradient system is generated using the Range-Kutta method with an initial condition at the origin. The solution x* = [0.00001 0.99998  1.00001]T was obtained by solving the differential equation associated with it.  

Example 2

We need to solve the QPP with the following parameters. 
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The solution from standard methods given by x*=[0.347 0.135 0.826 1.102 1.317 0.957] T with an objective function of xTQx = 4.684. The solution from our scheme is given by x* = [0.3535 0.1334 0.8286 1.1027  1.3053  0.9587] T   and the value of the objective function is 4.668. 

Note that in solving the above examples, we can start the solution of the gradient system with any initial conditions and the scheme will generate the same solution. 

V. Conclusion

In this paper, we used some results from sliding modes to study the behavior of the solution of a differential equation associated with the solutions of QPP's. Our results are extensions of the work reported in [1]  where they studied Linear Programming problems. We do not claim that the proposed scheme is an alternative to the available schemes for solving QPP's. However, it has the following good features. (1) The solution of the QPP can be generated starting from any point which is not necessarily a feasible solution. (2) The theory used may be utilized to study the convergence of existing schemes for comparison purposes. The concept of rate of decay of the Lyapunov functions may be used for these purposes. Another thing is :(3) It is possible to extend the results of this paper to some class of nonlinear programming problems. One key issue in generating the solution is the selection of the , and   functions in Lemma 1. These are easy to generate for the linear case but it requires some trial and error to generate for the QPP case. We intend to study the effect of the selection of , and  on the solution. We also have some preliminary results on the sensitivity study of the solution. Both will be reported in a later contribution. 
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معادلة تفاضلية لإيجاد حل لمسائل البرمجة ثنائية الدرجة

فؤاد محمد السني

قسم هندسة النظم، جامعة الملك فهد للبترول والمعادن

الظهران 13261، المملكة العربية السعودية

(قدم للنشر في 20/6/1421هـ ؛ وقبل للنشر في 13/10/1423هـ)

ملخص البحث .أستخدت بعض مبادئ خاصية الانزلاق لتحليل معادلات تفاضلية غير متّصلة. برهناً  أن حل معادلات مقترنة بالبرمجة غير الخطيّة يتقارب إلى حل مسائل البرمجة ثنائية الدرجة أستخدمت بعض الدوال شبيهة بدوال ليابونوف وبعض النظريات من أجل البرهان. واستعرضت الورقة بعض الأمثلة.
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