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Abstract. An ctlicient numerical method for the solution of the transient hent ennduction problem is
developed using the orthogonal collocation method. The method is based on dividing the domain of
temperature change into two zones; a zone for which the ternperature protile is steep and a zone with no

tempernture change.  As time increases the inactive zone disappears and a moditicd collocation method is
uged.

Totroduction

‘Ihe preblem of transient heat conductien in a bady has attracted the attention of many
investigators.  Finlayson [1] presenis some of the methods used for its numerical
solution including finite difference, finitc clement and orthogonal collocation. Villadsen
and Michelsen [2] pointed to the need for applying special methods for shott time since
the stecpness of profile at this period necessilates the use of a large number of
collocation points which in turn incrcascs the stittness of the differentiul equations
making them meore difficult to solve. Soliman and Ibrahim [3]applicd 2 one pomnt
collocation to the problem. Thus an approximate solution is ohtained. We used in this
work the concept of dividing the domain for short time into an aclive wune and an
inactive (dead zone). In this paper we extend this approach to multi-point orthogonal
collocation method. In addilion the method is applied successfully to transient diffusion
problems with chemical reactions. Only one dimensional conduction is considered.
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Method Development

The transient heat conduction problem is represented by

Q_u atu
& 5t raor
witlt the tnitial condition
at t=0,u=190 lor re[0,1]
and the boundary conditions
@ =0 at r=0, tz0
ar
@:Bi(l—us) at r=0, t>0
ar

(1

(2)

(33

)

where u is the dimensionless temperature, u, is the surface temperature, r is the
dimensionless distance, and a takes the values of 0,1,2 for a slab, cylinder and spherc

respectively.

Two coilocation methods have been suggasted by Villadsen and Michelsen f2).
One of them gives collocation points which depend on Biot number Bi, This is difficult
to apply in multi-point collocation, The other method rclates the heat flux at the
surfacc to the average temperature. Either method suffers from inaccuracy at short time
because of the stegpness of the temperature profile. Tn this paper we use the second

method for long time and develop a method suitable for short time.

For long time, we notice that

1
afr‘ udr
du o .
— = ——— =Bi(l-u,)
ar | et ot

Using Radaun quadrature, we could write the average temperature as

1 N
ﬁ:‘[raudf= Zw,— W+ Wy U,
2

i=1

(5)
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where N is the mumber of collocation poinis, and w,’s are the quadrature weights
obtained from programs presented in reference[2]. Thus equation (5 can be Wwritten us

du, 7y N

The time derivalives of the temperature at the collocation poinls are obtained by
applying the collocation method Lo equation (1) to obtain

N

du a o

e D (B A A BN T ALND s
(I '

&
=12, N

where A’s and B's are the weights for the discretized first and sccond derivatives
respectively.

The collocation points are chosen as ihe zeros of Jacobi orthogonal
polynomials P& (x) satisfying the orthagonality conditions

)]
with a=Li=(@-1/2 and X=r {10

1
j(l - 1P PP g POP (0 dx—0 nzm
4}

I

For short time, we divide the domain into a <one of temperatnure change and a zone of
no temperature change. We use the following coordinate transformation

) (TA0)°
(1=’
and the temperatira is given by

for hETL] (11}

u="0 for Osr<i {12)
Also let

Y (13)
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such that

Yy =1 (14)

substituting equations (11 and 13) in equations (1 and 5) we obtain

d__ 1 [Fv - _av_((l—z)gv__gjd(lx)’}
ot

(1-2)2| 822 (z{l-M+M) dz \ 2 & 2/ a

v du =) (15}
u (1-4) di
and
i
A=, ‘[(z(l—?\.)+?\.)a vdz (16)
g =Bi(l-u,)
dt

Tn addition to these cquations, we need an equation which determines the boundary of
the active zone. From reference [4], the following condition is used,

v (17)

v(o) j"| ep =0
274

The solution of equations (11-17) has been attempted with little success because

{a) the cquations are very stifl since they have (1-A) in the denomminator. This takes a
value of zero at zero time.

(b} The usual collocation puints obtained from equations (9) and (10) may not be the
best for equation (15) since the mature of the equation changed due to the
Iransformation (11). To avoid these difficulties the following averaging a pproach is
developed.

We develop the method for the case of a slab (a=0} and then extend the method
lo other shapes.
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First we apply the collocation method at points z = 7; for equation (15) to obtain

dv; 1 = N
F=—(1_M1|:ZBJ v, +B v —(ZAU Vi+Aiwa)

i-1 1

(1-7) d(1-2)’ +Lid(lfm2 v du(d-2) (18)
2 dt 2 dt u {1-%) dt
i=12,....N

Then we requirc that the numnerical integration of cquation (15) is zero, Le.

N

dv;
L.
2w (19)

i=}

This would mean that although the individual vi’s change with time, their average is
constant. Next we muke the following approximations:

N
ZBij Vit B N4 =47 v, i=12,...N (20)
o1
N X
1—
zwi(ZAiiVﬁAm.a} d-z) ZZ‘)=§2v, @n
i=1

)3 -

where ¢, 5% are parameters to be determined,
Substituting equations (18, 20 and 21) into equation (19} we obtaifi

2 (=2 deug(1-)
a-n? | ug d

dt (32 05

(22)

This is the equation needed to be solved for & expressing the movement of the
active zone. Togelher with equation (16), these arc the only equations needed to be
solved in the active zonc.

Now to obtain ¢Zand vi’s we need to solve the system of equations (20) subject
to equaiion (17).
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To obtain &%, we need to carry out the following asymptotic analysis. From a
Laplace transform analysis of the governing equalions {1 - 5) we obtain, ast — 0_and
Bi »0,

1
ﬁ=us('lfk)jvdzﬁ>Bil 23
[
1 _»2B1\/t“ (24
kL

We also notice (hat cquation (20) is the discretized form for the equation describing
diffusion with a first order reaction for which as ¢— , we have

1

J‘vclzﬁ)-i 25)
d ¢
From (23 - 25), we obtain
(1—L)4@ (26)

Tor the case of Bi — = and t — 0, we will have

24t

(=22 @7
T

Also as t — 0, we have

. 2
(1-2) d(u,(1-%)) N d(l- l_)__

(28)
u, dt di
and as
- - L-3)"
u, = 1(Bi ey STMAWA-AY _ LdU-1) (29)
u, dt 2 dt
Thus equation (22) becomes as t — 0,
a2 2
i SR (30)
dt (82 +0.5)

and



Stizdies on the Method of Crthogonal Collecation 1L ... 181

an-n? e%
—d‘T——A-SE (B]—)OO) (31)
Now we choose
_ny? 2
dd-2) = L 03 {(fort—>0) (32)
di (52 0y
1+Bi
and
4 g
— 70.5] +Bi—
52 _E_“ A 3
T @B

Note that the asymptotic values of (1—-2)(26,Bi—0)and (27, Bi —» o) are satisfied
in ecquations {32,33).

Now we can state the procedure for solving equations (1-4) for the casc of a slab (a
= () as follows:

(1) Solve the non-linear equations (20, 17) for ¢*, and vi, Calculate &° from euation
(33).
1
(2) Oblain E, = J. vdz
o
(3) Solve equations (16, 22 {(or 32 fort = OPfor u,, {1 - A) untit k= 0.
Calculate a=u, (1-2)E,
() Solve the differential equations (7, &) and oblain ¥, =~ and
1)}

5
|

E, = J‘de until B, = Ey. Notice that ¥; =v,. We continue the solution of step (3)
g
1 1
using equations (7 and §) and nsing the values v, and calculale T= .[ udr—u, J-V dr.
0 0

In effect we arc using cquations (7 and ¥) for Tong lime and corrclating U for
short time using equations(t6 and 22).
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Let us now exlend the method to any shape and include a non-linear source term
which could represent a diffusion problem with chemical reaction. In other words we
would like to solve the equation.

<u

Ry (34)

Hu_Fu am
ot T or

or?

Without going into the derivation which is similar to what we have done, we need 1o
solve the following equations for short time

g d :
Ika{a-x)uﬁ}[[;u A f ud.z:’

1
=Bi(l 1) ~(1-1) [Rw, vifz(1 -3 + 4% vile . (35)
[
92 +0- U=h) d(ug(1-2) (36)
da-a? | Ut
adt (5203

where

N
. AL-RIQ (A v +A, L)
— J=1
° Z{ AT Py

(37)

u,

R N
‘LKM]/ZWNP-
i=1

with equation (32} as the limit of equation (37) as t — 0.

Note that to ovaluate the integrals in equation (35), we need to interpolate for
values of v, at the collocation points of o= 1, B= 0,1/2 sothat we can cvaluate
integrals containing z; (using weights for o= 1, B~ 0)and z?

(using weightfora =1, [} = 1/2).
For long time we solve the differential equations,
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du; = a a

T B AU By T Ao ) U ~R(L)

= b ’ (38)
i=12,..N
and
du;

[Bil-1,)- >, w; (F+Ru) 30
du, _ dt ! R {39)

dt Woce

The steps 1o be taken to switch from short time to long time equations are the
same as for a slab.

Numerical Results

In this section we compare three methods for the solulion of transient heat
conduction and diffusion problems The first method (M1) is the standard coliocation
method based on the discretization of the flux in equation (14). The second method
(M2} 1s the collocation method uging equations (7 and &) or (38 or 39) in the wholg
time interval. The third method (M3) is thc onc developed in this paper based on
patching together a short time and long time solution.

The following three examples are solved to ilustrate the performance of the
diffcrent methods, Tn all cxamples the exact solution 15 oblained by sixteen points
standard collocation method.

Example 1: Transient Heat Conduction in a Slab

Three different values for Biot number (Bi= 1000, 10, 1) are tested. Different
numbers of collocation points are tried, but in the Figures we only report the cases of
N = 1, and N =2, For the case of Bi — 1000, M1, M2, (Fig. 1) gives almost identical
profiles because (he surface temperaturc is accurately determined by either method. In
facl M? requires the solution of stiff cquations (large Bi) and thus M1 is preferred in
this case. M3 gives betier results. For one point collocation method, M3 is nuich better
than M1, M2. For the case of Bi = 10, Fig. 2, M2 becomes more accurale than M1 for
the same number of collocation points and approaches the accuracy of M3, For the case
of Bi =1, Fig. 3, the performance of M2 becomes very close to that of M3 whercas M1
is not accurate for a low number of collocation points. The reasons are that for low Biot
number (he profile is not very steep at initial time and the surface temperature is not
accurately determined by M1.

Example 2: Transicnt Diffusion with a First Order Reaction
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Tn this casc R{u) in equation (34) is given by
R{u) = 100u

In Fig. 4 the results are given for the case of Bi — 10, The present methad (M3)
performs much better than M2 and M1, even with one collocation point. The profile 15 steep
for all time and thus for M3 the short time sohution is used for all timeforN=1, 2.

Example 3: Transient Diffusion with a Sccond Order Reaction

In this case, R(u) is given by
Rfu) = 100 u?

In Fig. 5 the resulls are given for the case of Bi = 10. M3 is the best for one point
collocation.  For two points collocation the performance of M2 is close ta (hat of M3,
For one point collocation the shorl time solution is wsed for M3 whercas for two
collocation points the short time solution is used upto t = 0.14,
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Fig. 1. Comparison of average temperature for different methods and number of collocation
points(FExample 1).
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Fig. 2. Comprison of average temperature for different methods and number of eollncation points
(Example 1).



186

Fig. 3. Comprison of average temperature for different metho
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Fig. 4. Comprison of average temperature for different methods and number of collocation points
(Example 2).
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Conelusions

A collocation method 1s developed in this paper for transient heat conduction and
diffusion problems. The method takes into consideralion the steepness of the profile at
short time. Numerical results indicate that the method gives accurate results with a low
number of collocalion points.

Notation
a Shape factor in ¢q. (1)
Bi Biol number
N Number of collocation points
T Dimensionless distance
t Dimensionless time
u Dimensienless (emperature
1, Surface tempcrature
u Avcrage temperature
W Quadrature weights
Greek letters
S Pimensionless distance of the inactive zonc
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