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Absiract. The NBUA class of life distributions, which is an intermediate class between NBU and NBUE,
and its dual class NWUA are studied. Relationships with other classes of life distributions are presented.
Closure of the NBUA class under formation of parallel systems is investigated. A shock model in which
shocks are arriving according to a nonhomogeneous Poisson process, is also studied. The Laplace trans-
form characterization for this class is established.

1. Introduction

In many reliability applications, various classes of life distributions and their duals
have been introduced to descibe several types of deterioration or improvement that
accompany ageing. It has been found very useful to classify life distribution using the
concept of stochastic ordering. For definitions of several classes of life distributions
e.g. IFR, IFRA, NBU, DCCS, NBUC, NBUAS, NBUFR, NBUE, HNBUE,
DMRL and their duals, see [1-7].

Let Y be a non-negative random variable representing a device life with distri-
bution F(t) and survival function F(t) = 1 = F(t) and let Y, be the residual life of the
device of age t with distribution F,(y) and survival function
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Fiy) = {ﬁ(t+y)/ﬁ(t), F(t) >0 (1.1)
A 0 F(t) = 0.

It is well known that F belongs to the IFR (DFR) if Y, is decreasing (increasing)
in t > 0 in stochastic ordering, F belongs to the NBUC (NWUC) class if Y, is smaller
(larger) than Y for any t > 0 in convex ordering and F belongs to DCCS (ICCS) class
if Y, is decreasing (increasing) in weak stochastic ordering (wst), i.e. Y,,, (o) ()
Ypforany0 <t <t, < oo,

Deshpande, et al. [5] introduced another set of classes in terms of stochastic
dominance. Their motivation was to relate the use of stochastic dominance in applied
economics to notions of ageing in reliability theory. One of their interesting classes
are the new better than used of second order NBU(2). However, they did not con-
sider closurc of these classes under reliability operations, or shock models. Abouam-
moh and Ahmed [1] studied NBUAS (NBU(2)) closure properties under some relia-
bility operations such as convolutions, mixtures, coherent systems and homogeneous
Poisson shock models. In fact NBUA (NBU(2)) class as will be shown later is a mid-
dle class between the NBU and NBUE classes. This of course would prove useful in
applications since it is less restrictive than NBU and easier to distinguish in practice
than NBUE. The NBU notion of ageing compares a new unit with used units of all
possible ages. The NBUE concept does the same for all available new units of all pos-
sible ages. One might look at the NBUA property as comparing the average perfor-
mance of corresponding used units, which is more appealing in practice.

The main theme of this paper is to investigate further this class [NBUA
(NBU(2)]. In section 2 definitions and relationships are considered. Section 3 estab-
lished the closure properties under parallet system. Shock models for nonhomogene-
ous Poisson process are studied in section 4. In section 5 the Laplace transforms
characterization for this class is established.

2. Definition and Relationships

The weak stochastic ordering is related to the convex (variability) ordering (see,
Stoyan, [8]) and is defined as follows.

Definition 2.1 A non-negative random variable Y with distribution F is said to be
new better than used in average ordering (NBUA)if Y, <, Yforallt >0and Y €
NBUA (or F € NBUA). Its dual class is new worse than used in average ordering
(NWUA) which is defined by Y, >, Y for all t > 0. The above inequalities are equi-
valent to
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F(t) /xﬁ(u)duz(s) /x F(t +u)du; x> 0.
0 0

Theorem 2.1 If Y ¢ NBUA then Y ¢ NBUE.

Proof. Since Y is NBUA,

F(t) fxi:-'(u)duz /x F(t+u)du Vx=0.
A |

0

and by letting x tend to = in (2.2), we have

F(t) [duz ff«*(tu)du; t> 0.
0
/aﬁ(u) du = u.

0

But

S0 (2.3) becomes

,u,IT“(t) > fﬁ(t+u)du,
0

which is the NBUE condition {].
Theorem 2.2 If Y € DCCS then Y ¢ NBUA..

Proof. Since Y ¢ DCCS,

111

2.1)

(2.2)

(2.3)

I_?(tz)/l_?(u+t,)du2§(t,) fl_:'(t2+u)d;Vx>0;0st1St2$x
0 0
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and the result follows by letting ¢, tend to zero. (J
Theorem 2.3 1f Y € NBU then Y € NBUA.
Proof. It follows from the definitions. []
Then we have the following implications.
IFR = - IFRA = - NBU =+ NBUA = NBUE.

A similar chain of implications hold for the corresponding dual classes.

3. Closure of the NBUA Class Under Parallel System
Since Aboaummoh and El-Neweihi [9] have shown that the NBUE class is
closed under parallel system of iid components it may be of interest to ask whether

or not the same holds for the NBUA class. The following result gives an affirmative
answer to this question.

Theorem 3.1 Letx,,x, ..., x beiid with distribution F(.) and F €¢ NBUA. Then
the random variable X, = max (X,, X,, ... , X)) has distribution F,_ (.) € NBUA,

Proof. We have F € NBUA if

fx M dug/x F (u)du
F(t)
1] 0]
x+t F() t t+_x
/ - du < f F(u) du + f F(u) du
F(t) 0

t t

ie.

ie.

'~ F) t
[—— —(1-Fu)]du< [1 — F(u)] du.
t 1—-F(t) 0
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Since F is a distribution function, we have

/ (1 - F(u))du< f [1—F" (u)]du. (3.1)
0 0

and
x+t [1 _ F(Ll)] F(t)du N / x+t Fn (1) [1 - F (U)] du (32)
| _ , [1-F ()]
Since
x+t — - Fn |
f [ FOlL-Fe)l . ® 1-F Wl ] du>0
t [1 - F(t)] [1- F ()]
holds it follows that

/ F(t){1 - F(u)] . (@-F'(wy (Q-F@
1-F" (1) : du
. 1-F() { (1-F()) (1-F(@) } ]

S ) '(1 — F(u)) 1+Fu)+ .- + ! (u)
L7 e )
. (1-F(t) 1+F(ty+ ... + F"—l(t)

't CE() [1 - F(u)] 1+F () +--+F" ' (t
2/ [ {1—F““(t). )}]duzo
: [1 - F(t)] 1+F() + - + F* )
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Since F(u) < F ~}(u) < F ~'(t) for u < t, from (3.1) and (3.2) we have

*U F™%t) [1 — F"(u)] du !
f sf(l—F"(u))du
: [1 — F()] o

x+t F (1) l:*'n (u) du ¢ _
=N f < f F, (u) du.
t l?:n(t) 0

The above inequality may be written as follows:

x F(u) v x
/ —_—< / F (u)du + f F, (u)du
i F (1) 0 ¢
x F (u+t)du x
f < f F_ (u) du
0 F_(t) 0

showing that F_(-) € NBUA.

whence

4. A Nonhomogeneous Poisson Shock Model

Let H (t) be the survival function of a device which is subject to a sequence of
independent shocks occurring randomly in time. Let N = { N (1), t > 0} be a general
counting process during [0,t] and { P, }{ _, the probability that the device survives
the first k shocks. P, is assumed to be decreasing in k and P, = 1. The the survival
probability that the device survives beyond time t can be expressed in the form

Ht)= ) P{N@®)=k}P,
k=0
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(A
k!
[10]. A-Hameed and Proschan [11] and [12] have studied this model for cases when
N is a nonhomogeneous Poisson process and N is a birth process respectively. These

authors have considered the cases where Py, k, = 0, 1, ... has the following discrete
properties IFR, IFRA, NBU and DMRL.

ForP{N(t)=k} = e™™ | this shock model was considered by Essary et al.

In this section we consider the shock model given by (4.1) such that shocks occur
according to a non-homogeneous poisson process with mean value function A(t) and
event rate A(t) and event rate A(t) = A'(t) both defined on [0, =) : AA’(0) is taken as
right derivative of A(t) at t=0. Thus the shock model (4.1) is reduced to the form

A (t) _
P, (4.2)

H(t)= ) eA® :
k=0 k-

Now we prove that the discrete NBUA property of = 0,1,2, ... is presérved for ﬁ(t)
under the model (4.2).

Definition 4.1 A discrete distribution or its survival l-'-‘k =1-P,k=0,1,2,..,is
called discrete NBUA (NWUA) if

|
P < (2) P ) B;l>o0. (4.3)
0 k=0

il g I

Theorem 4.1 The survival function H(t) in (4.2) is NBUA (NWUA) if { I-;k};;ﬂ has
the discrete NBUA (NWUA) property (4.3), A'(t) > Ofort > 0 and

H,(t) { f Cx(j+1)/A'@Q)+V, /A (X} <
j=0 ‘

P, { f PTx(j+1)/A(0)+ V,/A (t+x)) (4.9)
j=

its be
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X tj
Vx=f et——d; 0 E=<x,1>0.
£ 1i

Proof. Using Definition (4.1) { P, }<_, is NBUA gives that

1

1
Z itk P Z
k=0 k=0
then
P> (P, +IP,, )/(1+1P)
then
P PP, i=012,..,1>0
o (A
multlplymg both sides.of (4.5) by e AW
gives ik
P,H(t) > H,(t)
Where
_ > N _
H@)= ) ™0 Py
i=0 Ji
In fact H(t) is NBUA if

H(t) > f ;I(t+u)du/'/x H (u) du
0 0

Note that (4.7) is satisfied if

ﬁ x x
'_(t) < f H(t + u)du/ f H (u) du
P, 0 0

(4.5)

and summing over ) = 0,1,2, ...

(4.6)

(4.7
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ie.
—ﬁ_l—(t—) < f xi e Alt+y) (Mt + u))J dA(t+ u)(/* ® A (l(u)}' dA(u)
P, g 170 Ji A'(t+u) ' J - i=o i A(}ug)
where .
dA(u) _ dA(u)
=A'(u) & du .
du A'(ll)

Applying the second mean value Theorem on the right side of (4.8) and using
A'(0) > 0 gives (4.4) and the proof is completed.

The survival function H (t) in model (4.2) is (NWUA) if { P, }T_, is NWUA,
A’(0) > 0, t > 0 and condition (4.4) is satisfied with the inequality sign reversed.

5. Laplace Transform for NBUA

Here we establish necessary and sufficient conditions for a life distribution to
have the NBUA property by using the Laplace transform. These conditions may be
used to investigate closure under some reliability operations.

Now let F be a distribution function such that F(0—) = 0 and ¢(s) =
J5 €7 dF(u), s > 0 be the Laplace transform of F(x). Define

-t d" 1 —
a (s) = b ( * )»,nz0,s=0 (5.1)
n! ds" S

leta ,, (s) = s"*'a (s) for n = 0 and ay(s) = 1. The transforms a,(s) can be written
in the forms

a,,(s)=-1— ) u"e " F(u) du (5.2)

and

a(s)= -1-11—' f s(su)" e F(udu, n>0,s=>0 (5.3)
0
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Vinogradov [13] has characterized the IFR property in terms of o, (s while Block and
Savits {14] have obtained similar characterizations for IFRA, DMRL, NBU and
NBUE properties. Abouammoh et al. [15] have characterized the NBAFR property
similarly. Here we establish a similar characterization for the NBUA properties.

Theorem 5.1 Let F be life distribution with F (0 —) = 0, then F has NBUA (NWUA)
property if and only if

=]

Y A, (UFY) L aj, ) (5.4)

j=n+i j=n+l

. T (0
a. ==
j+1 f il
0 ¥

Proof. Assume for the necessary conditioin that F is NBUA. Then the form (5.3)
gives

its be

e * F (t + x)dx

Z a,1(s) = Z (sx) ¢ F (x) dsx
j=n+1 j=n+1 0 j!
= s / ) (S’_‘)J e~ ) F (x) dx
0 j=n+l1 J'

L. ©  (su)"
= g / F(x)( / e du) dx
n!
0 X
o (sx)" x
= 8 / : e"s"f F (u) dudx (5.5)
0 v 0
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Since F is NBUA we have

[~ ]

)2 a,1(s) = ; f &0 e / F (t + u) dudx
j=n+1 F(t) 0

™ | 1 i (sx)" o
j=§i—l a,, (s) = §(t—) F(t+x)( x - e dsu)dx

1 * % (Sx) _
= — Z ( . e ¥F(t+x)dx
jn+1 0 }'

F(t)

ie.

This is equivalent to (5.4) which is the necessary condition. Now, we show the suffi-
ctency of the condition (5.4). Equation (5.4) states

a0 ] _ 1 o o i _
Z (s e ™ F(u)du> — Z ( (sx) e "F(t+x)dx
0 jent+1 j! F(t) j=n+1 Jo j!
or
” _ : © _
/ G, (WFuydu> —— G, (w)F(t+u)du (5.6)
0 F@) Jo
where
- j=1 . =—su
G, @~ Z (su) ¢ ’
j=n (j—1

Substituting s = n/t, we have

o i—1 ,—su
G, (u) = Z (nw/t)17' e ,
j=n (j— D!
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which means that G, (.) is gamma distribution with characteristic function

iwt

$(w)=(1- )"

n

This implies that G (.) converges to the degenerate distribution

1 foru<x
G(x) =
0 foru>x
The proof of the NWUA case consists of reversing all inequalities in the above
proof.
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