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Abstract. Using some standard methods from the theory of distrbulions, a harmonic function in IR”IIO]
whose singularily at O is of finite order ia expressed in terms of £, the fundamental singularity for the
Laplacian, and ita derivatives. This result is then generalized 1o polyharmonic functions,

1. Preliminaries

Let g, denote the differential operator 9/ dz, in JB®, with 1<k <= and a>2, If
|.l=(|.l.1,...,|.l.") is an = —tuple of non-negative intggers, o" will denote the opcrator
b Ak =M kg 3z, where =+ ... +p,.Hence A=Zra; is the

Laplacian operator and A* = AA*™, k272,

If is an open set in JR" then, following the standard notation of distributions,
D(£2)will denote the topological linear space of real € functions with compact support
in . A distribution in is a continuous linear functional on D{Q), i.e. an element of
the dual space 5’(Q}. By defining '

o, = Sup{ 3“¢(x)|: zell< m}, m=0,

for any ¢ € D¢$3), alinear function 7 on  D{€Q) is a distribution of finite order in £} if,
given a compact set K < £, there is an integer = 2 0 and a finite constant M such that

()| < el (1
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forall g D&} with supp ¢ <K, The order of the distribution T is the smallest
value of m for which the inequality (1} holds for all K. If T is of order m, it is

immediately vbvious from the relation ¢*T(¢)= (—1)[“l7'(r)“(,9)1h;11 T is of order
m+ful.

The fundamental singularity for the Laplacian Aat 0 is the functien defined on
IR {0} by

—-1-E0g|a;f if m=2
B @)= "

TSRS ’bf ﬂ,>3

(= 2)a5, [af*”

where @, is the area of the unil sphere in /™, It saushies A#, = éin the scnse of
distributions, where § is the Dirac measure supported at 0. The corresponding singularity
for A%, denoled by &, ;.15 also a function of (2] = r, and may be constructed by solving
the differential equation

AE, 57} - ?,3.'1 ("B Lo(r) = E(0)

in¢>0. Sumlarly, for p 22, B, ,satisfics AB, , =2, ,, and hence AH, - &,

Harmonic Distributions in JE™ /{0} of Finite Order in K"
If f is a locally integrable function in /R™, then the linear functional ¢ —< [, ¢ >
defined by
<f0>= [ Fiajiaie
is clearly a distribution of order 0, for < [,¢ >< |4, I Flx)dx where & =supp ¢. Butil
k

f is singular at a point, say 0, and locally integrable in JE"® / {0}, then, depending on the

strength of the singularity, the order of the distribution defined by f may be equal 10 or
greater than 0. One measure of the arder of the singularity of f at 2 =0 is the smallest

value of m which makes |#{™ f(=) bounded in a ncighborhood of 0, But since a locally
integrable function need not be boundad, a sharper criterion lor determining the order of

the distribution is the integrability of |z|™ f{x)in a neighberhood of 0.,

Lemma 1

Let f be a locally integrable function in R™ / {0} which Is not integrable in the unit
ball |z < 1. If there is a posilive integer m such that |=™ f{z) is integrable in |z <1,
then f extends to 4 distribution in /R of order < m.
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Proof
Let ¢e D(IR“) be arbitrary. Since ¢ has compact support, there is a positive

number &> 1 such that ¢{x)=0 in |x| 2 a. By Taylor's formula,

$lx)= X —3” O+ ¥ —Bﬂqﬁl(rx)x” xelrR”
lufsm-1 B! ll=m ¥

Hi
for some te (0 1), where p!=yy!... g, 'and 3 =x,l xﬁ“.

Now we define the linear functional

<fi0>= [, fRe(d+ | f) ox)- T u—aﬂ«ﬁ(mxﬂ 4

|ulsm-1
= T+ 1) 3 ol
|af=1 g
Siﬂcelx""| = |xl|u' |Xn|'u xl'ﬂl we have
<f.9>< W“o L‘i”[<J |d$ te ||¢|| j‘ 2ls1 ‘:Dl |f k“i"s (2)

where ¢ is a positive constant that depends on # and ». By hypothesis Lthe two intcgrals
in (2) are finite, hence [ defines a distribution in /R™ of order € m.

In lemma 2 it is important o nole that = is an upper bound on the order of the
distribution £, therefore the best estimate is obtained when m s the smallesy positive
integer for which |2|™ f{z) is locally integrable in JR". In . for cxample, both
logia| and 1/1]x| are locally integrable, hence they define & distribution of arder 0, but

1/|2f isof order 1.

In /B, 23, E,{f} is aconsiant muliple of ] ™, hence the integral
i - 1] | n— ]
JJzIs] el "B, (|4l)az = o, Jof PICH
converges if and ondy if ~m-—-n+2+n—1=-m+1 is greater than -1, i.e, if and only if
m < 2. Consequently bolh &, (r) and » £, (r) represcat distributions of order 0 in /B*,
n 22, while +™™F () with m 22 is of order m—1.

2| g2

Now since BPF."“ 15 a function of arder near += (), where » 22 and |u| >1,

wc have
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Lemma 2

The function * £, for |u}2 1 extends o a distribution in JR&™ of order Ju|- 1.

Noic that the notion of "order” as it applics to the singularity of the function ¢*E, at
0 is not the same as the order of the disiribution 9*#£, . Now we can slate our main
result:
Theorem 1

et w he a harmenic function in JR™ /{0} such that |«{™w(z) is iniegrable in
l#| <1, m20. Then w is represented in 7R™ / {0} by the sum

wla@) = ¥ o, 0"E +h, &)!

Ju{sm+1

where ¢, are constants and & is a harmonic [unction in /R"

Proof

Since a harmonic function in IR /{0} is locally imegrable in JR" / {0}, icmma 1
implics that « extends to a distribution in ™, also denoted by «, of order <m.
Censequently the distribution Ax, being 0 in J&* [ {0}, hus its supporl in {0}, and 18

therefare a finite linear combination of & and is derivaives {see [1], for example). But
stnce Aw 15 ol order £ m + 2, i eun only have the form

Ay = Y r;‘“r)'urs, {4}

|ujsm+2

where ¢, are constanes. The general solution of the differential cquation (4) is given by

= Eo* Zﬂ“auﬁ +h, (5

Iu|sm+2

where & is a harmonic function in JR™ and * denotes the convolulion operation.

Using the well known propertics of convolution products (see[11), the right-hand side
ol {5} cun be expressed as

1= Zcua"Eu*ﬁ-ﬁh

Julgm+2

= e 0V +h
2 'k,

|p.|£m «2
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But since « is of arder < m, we conclude from lemma 2 that ¢, = 0 Cor sl i) =m+2.

Tn JR*. the representation (3) can be shown 1o lead w the tinite sum
u(r,0)=h(r,0)+a,lgr +l(w1 s € +b smb)+ ..
T
+ —“l” (Oppq 005 (m + )8 + 0, singom 4+ 110
¥

which coincides with the well-known Laurent serics type expansion of » aboul =0
when |2]™u(x) is slipulated to be integrable in |z < 1. Thus the sum over 4 in the right
hand side of (3) represents the singular past of « in that expansion, The significance of
theorem 1 is that we have arrived at this representation by relying only on some standard
results from the theory of distributions. In particular, netther analytic function theory nor
potential theory was used to prove (3).

In general, if « is a harmonic function in /R / {0} which extends 1o a distribution in

JR™, then the distribution  Aw is supported in {0}, Consequently A, and hence %, is a
finite linear combination of derivatives of E, . But this implies that the singularity of «

at 0 is of finitc order, Thus, in general, a harmenic funclion in m* / {0} docs not extend
to a distribution in /™. The extension is possible if and only if the singularity a0 is of
finitc order.
Fur(her Generalization
If u satisfies APw =0 in JE"/{0} for some positive intcger p and |z"w{z) is
integrable in |#| <1, then

2, M
Alu= 3 e,
|u|gm+20-1
and therefore

= g
u= 3y c_uﬂ Byt iy,
|u|sm+2p=1

where h, is a polyharmonic function in /R” which satisfies Ak, =0

In theorem. 1 we can obviously reptace /™ by any open scl £2 < JR®, 0 by any poinl
#q € Q, and |z < 1 by any neighborhood ol 2; in €. Thus we oblain
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Corollary
Let » be a function in QN {x“} where il satisfics A™u =0 lor some posilive integer

p. If |x— xolmu(x) is inlegrable in a neighborhood of =z, then there are constants c,
and a polyharmonic fonction &, in Q. where AP, =0, such that

wlz)= ¥ r:.ua“E’,Lp“sc—a:,,i_]-v—hp{a:) n Q\{x”}

juEma2p-]
Here, again, a comparison with the series expansion of % in |2] shows that we have
arrived a1 the same representation under the integrability condition imposed. on .
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