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Abstract, A non-linear partial differential equation for the fluw of all types of pscudoplastic fluids in por-
ous media was derived. The rheological characteristics of the pseudoplastic fluids were described by the
generalized approach developed by Metzner and Reed, A linear form of the equation developed was
derived and solved, Analytical solutions were obtained for a constant injection rate into an infinite reser-
YT,

The validity of the present unalysis was verified by comparing the pressures caleulated from the

developed equation with published data. The equarion deduced provides an accurate prediction for pres-
sure distributions.

Nomenclature

= fluid compressihility, Pa™
= system compressibility, Pa*!

= particle diameter, m
formation thickness, m

=

= Consistency cocfficient, Pa.S"

= permeability in the radial (horizontal) direction, m>
= Metzner and Reed parameter, Pa_s™
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P flowing bottomhole pressure, Pa

AP = Pressuredifference, p;—p;.Pa

g = flowrate,m’/s

r = radialdistance, m

1, = dimensionless radial distance

I, wellbore radius, m

t = time,s

tn, = non-Newtonian dimensionless time

u = swoperficial velocity (volumetric rate of flow per unit cross-sectional area), m/s

u, = superficial velocity in the radial {horizontal} direction, m/s

V = porevelocity, m/s

v = shearrate, s

I'(x) = Gamma function.

Wy = effective viscosity (a viscosily level parameter for pscudoplastic fluids),
Pa.s" . m'™

A = groupdefined by Eq. 12.

¢ = porosity, fraction

v = shearstress, Pa

Subscripls

D = dimensionless

r = radial

w = wellbore

Introduction

Non-Newtonian fluids such as polymer solutions, microemulsions and macrocmul-
sions are injected into reservuirs to control mobility and enhance oil recovery. These
fluids nccessitate a basic understanding of their flow behavior through porous media
[1;2]. Several studies of the rheology of non-Newtonian fluids in porous media have
been teported in literature [3-17], Most of these studies have mathematically
described the flow of pseudoplastic fluids by either power-law or Ellis madel [3-14].
Pascal [15;16], and Al-Fariss and Pinder [17] investigated the flow of yield-fluids
through purous media. Thus, most of the equations developed by previous inves-
tigators for pseudoplastic fluids were limited to two models: power-law and Ellis
models. These models are two of the twenty known rheological modcls of pseudop-
lastic fluids [18}. Thus, the equations developed by previous investigators cannot be
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used to predict the pressures distribution in reservoirs for all types of pscudoplastic
fluids.

Therefore, the present analysis was carricd out to develop a general equation for
all pscudoplastic fluids. The rheological characteristics of those fluids can be
described by the generalized flow shear equation developed by Metzner and Reed
[19].

T, = K' (8v/D)"™ (1)
Rheological Model for Pseudoplastic Fluids
The porous media can be regarded s u conduit with & complicated cross section
with mean hydraulic radius R;, equal to R/2 [10]. The superficial velocity (u) can be
related to the average pore velacity (V) by the following relation
nu=¢Vv 2)

The wall shear stress in a porous medium is given by Bird, et al. [20]

2 Dyée AP
“SE -9 1 )

The permeability of the porous medium can be defined from Blake-Kozeny Equa-
tion [20].
2z 3
K, = > ¢ “

f 150 (1 — ¢)2 )
The term 150 is an average value accepted by many investigators since its first usc by
Ergun [12]. Substituting Eqs. 2,3 and 4 in Eq. 1, the superficial velocity is expressed
as

Kr A P )]In' (5)
et L
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where i is given by

o = 127 71K’ (150 ¢ K Y2 ©)

For power-law fluids, the values of 0’ and K' are equal to o and K [ (1+3n)/4n]"
respectively. Hence Eq. 6 bcoomes

K 3+49n
Wot = vy (

) (150K, )" ™2 M

n

Eq. 7 is the same equation obtained by previous investigators[2,11,13] for powcr-law
fluids. In radial coordinales, Eq. 5, can be written as

K ap
r Uett OT

) (8)

Eg. 8 can be combined with the continuily equation and an cquation of state to derive
a partial differential equation for flow of all types of pseudoplastic fluids in porous
media.

Theoretical Analysis

A partial differential equation that models the flow of pseudoplastic fluids
through a porous medium will be derive under the following conditions.

1-  The porous medium has a uniform thickness and is homogeneous.
2-  Pcrmeability is constant.

3-  The compressibility of the fluid and pressure gradient ure small,
4-  (ravity effect is negligible.

5- The flow of the fluid is isothermal.

The continuity equation for radial flow in a porous medium is given by Ikoku
[13] and Desouky [18)].

K 2 .
— 5 Pu) =~ = @p) ©)

T dr

The equation of state may be written as

P =P, eC(P_P)‘-’) (10)
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Substituting Eqs. 8 and 101in Eq. 9, and applying the conditions of items (1) through
(5), the following equation is obtained.

2] '
@*p w3, 9P (11)
ar r  3r at
where
1=-n'
=121 ¢ C K’ (qR2h)" (1509 K) ¥ /K, (12)
1 3¢
=C+ — 1% 13
C,=C+ ¥ 3p (13)

For power-low {luids, where n’ = nand K’ [({+3n)/4n]", Eq. L1 reduces to the flow
equation developed by Ikoku {2].

Diimerisional Analysis

It might be advisable to express Eq. 11 in dimensionless form. The following
definitions will be used.

1) Po=(P-P) /i, (Dimensionless pressurc)
where
1=hq r"""’ /(2zh C, ¢ n")

2) T, =i, (Dimensionless radius)

3 _—
A ri‘“' (Dimensionless time)

&) apP _ aPp orp
ar  orp  or

P P, 3]
5) = —2 .0y
ar? arl o
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Ay, 1
& Tt Ao
t l‘w

Substituting the equations defined by items 1 through 8 in Eq. 11, the following lincar
partial differential equation is obtained.
3Py, n' 3P -]
+ 1-n

=t}
ard 1 3,

(14)

Analytical Salution

Equation 14 can be solved for the casc of constant injection rate of pseudaoplastic
fluids into an infinitely large reservoir. The initial and boundary conditions are:

(a) Pp(rp . 0) = 0.0

(b) P,/ Eir,)),.D ==-1.0, fort, >0
(c) Folrp,tp)—= 0,28 1 — o

(d) at the wellbore, 1, = 1

Using the Laplace transform method [22], applying the conditioins of items a
through d, and deriving the inversion of the resulting equation for large times, the
following approximate analytical inversion is obtained.

2{1—n'} 1-n'
3 p {3-n) tDJ—n'
P, = > (15)
1_ s
(-n)T(3=2)
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In dimensional variables, Eq. 15 becomes

q 12771 K (150 9 K )70
P, =P +( )
2nh K, (1-1n')

(E-nralten ety g

Equation 16 represents the flow of any pseudoplastic fluid in a porous medium
under the conditions of constant injection rate and an infinitcly large reservoir. A
graph of log AP versus log t yields a straight line of slope (1-n")/(3—n"), which can
be solved for the value of n’. The intercept at t = 1, may be solved for the value of
K’ if ¢, K, and C, are known. In case of knowing the rhcological properties of the
injected fluid, the transient flow behavior of that fiuid can be determined.

Determining the Values of n’ and K’

Values of r_l' and K’ can be estimated from the measured data of shear stress v
and shear rate v using the following Rabinowitsch and Mooney equation (15).

Tw

8Y 4 -

= = A‘i_ dydr (17a)
0
where n’ and K’ arc defined as:
In[d(x,))
= ——— (18)
m[d (VD) ]

K' =1,/ (BV/DY™ (19)

In the present analysis, the procedure followed to integrate Ey. 17a is the madified
Gauss four-points method suggested by Desouky and El-Emam [23] where Eq. 17a
1§ written as:

\%
LA 41/ (17b)
D
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where 1 is given by
I=0173[(? ), + (P )] + 0.326 [( 1), + (P 7))

The procedure for determining 8V/D as a function of shear stress and shear rate is
outlined as follows:

1) Square the values of shear stress (t) and multiply them by the shear rate (7).
2) Muake a suitable correlation relating log (z ¥) and log (x).

3) Atthe first experimental data point of 1,, determine the valucs of the following
four points of (t* ¥) from the equations.

(t*y); isestimatedat T =0.06945t,
(7’y), isestimatedat = 0.331,
(T°Y); isestimaledat 1= 0.677,
(t?y), isestimatedat t=0.930551

4) Assume the calculated 1, equal to (t,,);. then calculate the first value of (8V/D)
from Eq. 17b. The caleulated values of (8V/D), and (t,,}, are corresponding to
T, and ¥,

5)  Rcpeat steps (3) and (4) for the remaining experimented data points of T and ¥
to abtain the corresponding converted values of 8V/D and 1.

Comparison with the Published Data

To verify the validity of the present analysis, a comparison was made hetween
the pressures calculated from Eq. 16 and the simulated data (2, 24). A biopolymer
mjection test was pcrformed at a test site during various periods of the injection his-
tory. The measured pressures are plotted against time in Fig. 1. The average poros-
ity, thickness and flow rate were found to be 0.15, 4.877 m, and 1.84 % 10 m’s
respectively. The rheological properties of the injected polymer are plotted in Fig. 2.
Equations 17 through 19 were used to calculate the values of n’ and K’. These values
are 0,323 for n’ and 0.021 Pa.s" for K’. Equation 16 shows that the slope of a graph
(log AP — log t) is given by

1-n'

= 0
Slope g (20)
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Fig. 1. Pressure difference vs. time for a polymer injection fest.
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Fig. 2. Rheolegical data and resulting low curve.
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The value of the slope can be obtained by plotting the measured PIESSUrcs versus
time on log-log scale as shown in Fig. 3. This figure shows that the value of the slope
is equal to 0.25. The value of n' was calculated from Eq. 20 and was found to be
0.333. This indicates that the valuc of n’ determined from Fig. 3 is consistent with
that obtained from rheological data given in Fig. 2. The pressurcs calculated from
Eq. 16 arc plotted against the measured vnes in Fig. 4. This figure shows that an
excellent agreement exists between the pressures calculated from Ey. 16 and the
measured ones with an average relative error of 0.32%.

Pressure diflerence. Pa
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Fig. 3. Logarithm of pressure difference vs. bugarithm of time for 4 polymer injection test.
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Fig. 4. Cross plot for the measured and calculated pressure drop.

Conclusion

Flow of pseudoplastic fluids in porous media is expressed by a simple mathemat-
icul furmula, Eq. 16. It can be used for any type of pseudoplastic fluids irrespective
of the rheological model which described the relationship between shear stress and
shear rate. The equation developed ables to predict the pressure drop in a porous
medium due to low of a pseudoplastic fluid with an average relative error of 0.32%.
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