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Abstract. The paper presents a general and simple CAD of weak inherent coupled systems. The
developed algorithm uses the state-space description to avoid polynomial operations, and in turn the num-
erical stability is improved. On the other hand, it is more simple than the other state-space algorithms.
Moreover, the designed algorithm makes use of the “column-essential” concept to guarantee the design
of a minimum order ptecompensator. The constructed software uses “True BASIC” language.

1. Introduction

It is well known that any linear, time-invariant, mutivariable systcm can be
decoupled if it is a right invertible one [1]. Such systems.can be decoupled either by
using lincar state feedback (1.s.£.), or a combination of input dynumics and L.s.f. The
later systems are called weak inherent coupled systems. The topic of decoupling
weak inherent coupled systems has been studied by several authors and by using dif-
ferent approaches. Silverman [2], used the state-space representation and intro-
duced the “invertible-algorithm™ for designing precompensators, Panda [3], used
also the time-domain approach to design such precompensators. Cremeer [4], illus-
trated by a numerical example that Panda’s algorithm may lead to a precompensator
of order higher than the minimum one. Cremer{5], developed an efficient technige
for designing a minimum order precompensator. Sinha [6], tried to simplify the
lengthy procedures technique of Cremer. He proposed that the minimum order of
the precompensator must be equal to the system inputs and outputs. However,
Moness and Amin [7], proved that Sinha’s theorem is neither sufficient nor neces-
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sary. They set the infinite zero structure to develop simpler algorithms than Cremer’s
one. Moness employed the Wiener-Hopf factotization [8], and the interactor con-
cept [9], to obtain alternative conditions and the corresponding algorithms.

The use of frequency domain approach for the analysis of weak inherent
coupled systems is of special importance for practical problems. Wang [10] was the
first who used the transfer function matrix description T(s) for designing a precom-
pensator T (s) such that the compensated system T(s)'T (s) satisfies the condition of
decoupling by 1.5.f. alone. Wolovich {1] constructed a more general algorithm than
that one given by Wang. He did not only specify the precompensator, but also
designed the associated feedback matrices. The main disadvantages of Wolovich’s
decoupling algorithm is the need of matrix fraction description for the algorithm.
However, Amin-Moness algorithm [11] avoided this problem by using the transfer
function matrix directly.

The previous contributions can be classificd into two main techniques. The first
one consists of two steps: First a precompensator T (s) is designed such that the cas-
caded system T(s)T (s} satisfies the condition of decoupling through 1.s.f. alonc.
Among the contributions using this technique are the work of Panda [3], and Cremer
[5]. The second technigue attacks the problem directly. A precompensator and a
suitable 1.s.f are designed at the same time to achieve the diagonal form. The con-
tributions of Moness and Amin [7], and Moness [8, 9] belong to this technigue.

In this paper a devcloped CAD for decoupling weak inherent coupled systems
will be introduced in section 3. It belongs to the first technique. The developed
algorithm collects the individual advantages of the previous methods, Moreover, it
is more general than thosc ones, which were designed by Gilbert and Pivincy [12],
and Melsa and Johnes [13]. Section 2 covers the preliminary material, while section
4 illustrates the application of the introduced CAD to a practicul example.

2, Preliminary

Consider an p-input, m-output and n th order system S{A, B, C, E). The time-
domain approaches make use of the following state-space description

X{) = AX(@D) + BUQ) (l.a}

Y(0 = CX{1) + EU(Q) (1.b)

where X(1) is an n-state vector, U(t) is an p-input vector, Y(t) is an m-output vector
and A, B, C, and E are nxn, nxp, mxn and mxp constant matrices respectively, Alter-
natively, the frequency-domain approaches make use of the input-output form of
equation (1), i.e., the mxp transfer function matrix Tis) which is given by:

T(s) =Cisl - A) 'B*E ')
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Definition 1 {(Falb and Wolovich [14])
The mxp matrix B* is defined as follows:

B =[b])i=1.2, .. m; (3.)
b, = ¢, i c,%0 G.b)
=¢, A“B if ¢ =0 (3.

where b;*, ¢; and e, are the it" row of B*, C and E respectivcly, The scalar constants
d, are called the decoupling indices and are defined as follows:

g =min {jle, A7 B0}, j=0, 1,0l if 620 (42}

=0 if ¢;=0 @b

Theorem 1 (Falb and Wolovich [14])
A linear, time-invariant, invertible (p = m) system S can be decoupled by 1.5.f.
alone if and only if B* is nonsingular.

Definition 2 (Gilbert [15))
The matrix B* and the decoupling indices d; are related to the ith row 1,(s) of the
transfer function matrix T(s) by the following relations:

bi = lim s4 (), (5.a)
d, = min jllims“'li(s)utoJ (5.5)

Theorem 2 (Gilbert [15])
Singutar systems cannot be decoupled at all. However, nonsingular (invertible)
systems can be decoupled by using precompensators in addition to 1.s.f.

Definition 3 {Gilbert [15])
A given system 8 (A,B,C,E) is said to be weakly inherent coupled if:

2 | Tl =0 (6.2)
by | Bl =0 (6.2)

where | () | denotes the determinant of the given matrix.



50 1. Ziedan e uf

Definition 4 (Vardoulakis [16])
Let t{s) = n(s)/d(s} such that d(s) # 0, where t(s) is a rational function and n(s),
d(s) are polynomials, then

8., (U(s))y = deg d(s} - deg n(s) ; 1{(s) =0
=+m;[(s)=0 (7)

is called the valuation at infinity of t(s). The valuation at infinity of an 1Xm rational
vector 1(s);

LY=L, (st L, (s} et (8)) (8)
is defined as: .
8- 19 ) =min {B{1;;(9} | @

The valuation at infinity of an pxm rational function matrix T(s), whose rank
equals to r is:

84 (T(s)) = min (valuation of all the rth minors of T(s)), if t > 0

= +_ & if r=0 (10)
For simplicity we will write the valuation at infinity as 5 instead of # 4.

3. Development

Consider a lincar, time-invariant and invertible system $(A,B,C,E). In this sec-
tion we introduce a new time-domain algorithm for designing precompensators S, to
achieve decoupling by 1.4.f, alone i.c., B*(SS.) is nonsingular. The steps of the pre-
sented ulgorithm are bascd upon the follnwmg facts:

Theorem 3
Any weak inherent coupled system can be transformed into decouplable one by
introducing cascaded precompensators T, T, 1y, inthe proper terminals until:

5(ssclsc2...sck)x(};d?)+ 1) (an

where & (.) and d, is the valuation and decoupling indices of the composite system.

Proof.
See [16], [10] and [11].
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Theorem 4
Let W be « pxm scalar matrix, If W is the echelon form of W, then columns of
W which have only one nonzero element are column essential,

Proof
By elementary column (or equivalently right) operations on W, the echelon
form W can be obtained. The pxm matrix W has the following properties:
a). The first nonzero element in cach column is 1.
b) If any row contains the first nonzero element of any colum, then the ele-
ment i$ the only nonzero element of that row.
¢} The zero columns, if any, come last.
d) The leading 1's in nonzero columns are along a broken line, sloping down-
wards. Since any column W, is called “column-essential”, {Cremer [5]), if
W, cannot be represented by linear combinations of other columns. Then it
is ev1dent from the previous properties that any columin which has only onc
nonzero element is column-essential.

The following algorithm describes the design procedures of the required pre-
compensator.

Design objectives
The objectives of the algorithm are:
(i)  Todesign a precompensator T,(s) such that the composite system T(s) =
T(s)T (s} is decouplable through 1.5.f. alone,
(ii)  toassign & poles arbitrarily, and
(iii)  tocompute the required 1.s.f. pait F,G such that the compensated system
T(s,F,(5) is diagonal and nonsingular,

Algorithm inputs
The plant system matrices A, B, C, and E, the number of inputs p, the numher
of outputs m and the system order n.

Algorithm outputs
The feedback matrix T, the input manipulaltion matrix G, the precompensator
order n_and its representation A_, B,, C,, and E,.

Algorithm steps

Step 1: Consider the origimal systems S{A,B,C,E), we denote the paramcters of
such systems by the subscript “0”. So, B, is given by equation (3). In the fol-
lowing steps we construct cascaded precompensators Ty, T, ... urtil Ty,
(termination as indicated by Theorem 3). Hence the composite precompen-
sator is T(S) = Ty T, ... T (S). Compute §, (Definition 4) and d{°?, j =
1,2, ...., m (Decfinition 1).
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Step 2: Fori=40,1,2,..,kdo: If B is nonsingular (rank [Bi] =1 < mand % >
-+ 1), then go to step 3, otherwise the compensated system can be
decoupled by 1.s.1. alone and go to Step 8.

Step 3: Perform elementry column opcrations on B}, ie., rpultip.lying it from_the
right by a constant matrix U, ; to transform Bito B which has the right

echelon form:
| 1 0 0 0 . 00 00
¥ 0 0 0 0 0 0 0
0 1 0 0 0 000
B=B Us =| x 20 0 0000
. ) 0] 0 0 0 ¢
Yy ¥ % ¥ % x 0 . 0 0 0 O
L o0 0 . . . 1 . 0 0 0 0
| | [ |
l; columns m-1, columns

Step 4: Some of nonzero columns of EI have only one nonzero element, and the
others have more than one nonzero elements. Denote the later set by 1.
Mathematically the set {1,} is the collection of the non “column-essential”
(Theorem 4). Physically, this mcans that cach corrcsponding inputs to 1
affect more than one output, i.e.; the input terminal corresponding to |
have interaction. To decouple this interaction we must introduce input
dynamics in such terminals. For purpose of illustration only we add integ-
rators (poles at the origin). However dynamics having polcs assigned arbit-
rarily (not necessary at the origin) can be also introduced (see Step 5).
Mathematically this means right multiplication by D;(S), where,

;' (s) = ding 1. (12}

=0 je {1, -]
=1irje i, | (13)
s,

T = Uy D‘.I {s) (4

This step increases decoupling indices of every row of the set { ii}, by one at
lcast. Henee the repetition of thiy step will ensure the condition of decoupling
(Theorem. 3).
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Step 5: Realize the it precompensator T, to its parameter S (A
follows:

B,.C,,E;}as

ci? ci?

Ay=1 % i.l diagonal matrix with arbitrarily assigned eigenvaluesi.c.;

Aiio 0 . : .0
X i . . . 0
Ay = : : : : - 0 fsa)
T S

C;; = m % I;with its columns equal to columns of U, ,
B,; = |; X m, has the controllable companion form:

1 0 0 0 0
B, = r ot .00 {15.b)
0
0 0 1 0 0 0
! _ I N ]
1 m-1;

and E_; = m x m, with last columns equal to { I, - T, } columns of Up;.ie.

Es=[ © Lo | g fei ] {15.0)
T R
I m

Step 6: The composite system S.+1 has the following description:

A; B Gy B E;
Anr = [O Ad]. Bivy = [ B.. }’ (16}

C = [Ci EiBs| . Eiyy = lEsEcj}.
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where S, = { A,B,C,E }and§,= { A,,B,,CE, }.

Step 7: Compute the matrix B} ; and the new value of the valuation &, and the
new decoupling indices di*!. Go to Step 2.

Step 8: Realize the precompensator and compute the feedback pair F,G from the
relations:

- - 3 - '
G=A(Bk]l.F=(BK) L);Omk CA{-A‘ {17.0)

where A is a diagonal matrix, 8 = max { d; } and M, are chosen 1o assign the
available poles arbitrarily, and has the form:

My =djug[m{ m} mf‘] (17.b)

where m| are the coefficients of the characteristic equations;

® . R L g i
Y?' +I=mt, Y, +my YU+_...+mLI Y.',i=1,2,....m {17.c)

i

Y,(") denotes the j* derivative of the it output, and

[
ik Aidl )
w,
€z .k Aidl &
. o (17.4)

td“’+ ]]
Cm,k P

With B* nonsingular then the composite system can be decoupled by 1.5.f,
alone. Figure 1.a shows the composite system block diagram, while Fig. 1.b
illustrates the flowchart for the given algorithm.

The structure of the precompensator

The structure of the precompensator can be detected from equation (16). For k
= 1, the realization of the prccompensator is:

A=A, B.=B,., C.=C, & E,=E (18)



CAD of Weak inherent Coupled System 55

Compoasite system

Precompensator

vy

U(t Y(1)
S, ™ S, ™ s —>

¢l

X

Fig. 1.u. The developed method block diagram

The matrices on the right hand side of equation (18) are deseribed by equation
(15). For k = 2, the precompensator consists of two stages and. In light of equation
(16), the structure of the precompensator is:

4 o|fe BaCa] o [BaBe (19.2)
¢ 0 AcZ TE an
Ce =[Ccl Eclch] » B¢ =[EclEc2] (19.)
For k = 3, we have the following structure:
Acl Bclccz BclEczccS BclECZECB
A=l 0 Ay BCy | C=| BaEn (20.4)
0 0 Ag B
Cc=[Cq EuCy EuEpEa). E.=[EqEqEq] (20.)

‘The previous procedures can be used to have the structurc of a precompensator
consisting of any number of stages.

It is abvious that the developed method belongs to the first technique for nonin-
teraction {decoupling) of weak inherent coupled systems. It has the following advan-
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/nput A B, C, £, n and u/

| Sp=m8§ t i=0 I

1
‘ conpute 4%, 3" and B}

Construct the composite system 8

f

Construct and realize T l

is
B; singular and
o erd 2

False

el True

Tranaform B'; to the right
achelan form

L i=4+1 ‘l
False Is

True

Input the precampensetor
polen .

t
T4

r

Yo

h 4

Input the desired closed-
loop polan
/ Output P, G and & /

End

Fig. 1.h. The flowchart for the algorithm
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tages over the well-known methods belonging to that technique:

i) It uses the state-space parameters and hence it is more numerically stable
than Wang’s algorithm which uses elementary polynomial operations.

ii) The use of row essential concept gurantees the minimality of the designed
precompensator. It is well known that this minimality cannot be guaranteed by using
Panda’s algorithm (Cremer [6]).

iti) The steps of computations are simpler than Cremer’s ones. Morcover, the
developed algorithm needs less memory size than Cremer’s one (Mohamed [17]).

Briefly spcaking, the developed method is numerically stable, efficient and
yields a minimal order precompensator. Numerical stability is evident from the facts
that scalar operations only are used and avoiding the use of polynomial eperations
which may lead to numerical instability. As we illustrated before there is no other
method which has all of these advantages at the same time.

A complete software is constructed by using “Truc BASIC”, an entirely new
and structured version of BASIC, developed by the originators of BASIC program-
ming languages (Kemeny and Kurtz [18, 19]). True BASIC retains all the simplicity
of the earliest version of BASIC, and has superb machine-independent graphics,
making it arguably the best high level language for beginners. On the other hand, it
has featurcs which will be quite unrecognizable to old-time BASIC addicts: modern
control structures (DO-WHILE, DO-UNTILE, Block IF, SELECT CASE), named
subroutine with arguments and ocal variables, matrices operations, modules, pic-
tures {graphics subroutines) and optional line numbers. These features enable it to
take its place as a serious scientific problem-solving langnage of the first degree
{Hahn, [20]).

A numerical example
Consider the following example (Moness-Amin, [7])

¢ 00009 100
00000 v o
A=l0 00 10 B=10 0 0],
00001 000
000060 a0 1

000

using the developed algorithm we obtain the following results:
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Step 1:

The original decoupling indices are d© = {

i=

Step 2:

p(Bu=2<3am, (8,>z{d®

Step 3:

0.5 0
-0.5 1
05 0

Ugg =

- . 1
By =By Ugg=1]0
1

Itisclearthatl, = {12 }.

Step 4:

0,0,0},and 8, =5

+l]=3).

1
|

U
0

0
1
10

From step 3: TU ={12}and {1,- Tu } = @ (the empty set),

5 00
Dpfs)= 10 = 9
00 1
4 125 0 1
Ton 8) = Ugu Dy 5y =] -122s i -1
/25 0 -1
Step 5:
0 0 100
A"“_[U (:,:|v nc(l‘[u 1 U]’
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50 00 1
CC(JZ =501 s Ec(]: 0 0 -1
50 00 -1
Step 6:
o000l 50 0
D6 o000l .50 0
0601 0 E 00 0
006001 00 0
M=l eoooe ! so] Pl
00000 00 1
goeooon 0o K
(T ooo0 1 oo
Co=|1 10001 00
21101 boe
CyrBo=[0 0 0], Coy AgBy=[1 0
CIIZ BU=[[) 0 01. Cu? Ay Bu:[() 1
CysBy=[0 0 0}, CosagBe=[11
Step 7:
1o ¢
Bi=|o 1 0], 8 =7 4" = 1.1
[ V]
Y
Step 2:
]7(3:}:2qmund 8|=‘Z[Llﬁ”+ ]]=6
Step X

0],
0],
0]

oo
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. 100
B =B, Ug,=|0 1 0] & I =],2]
110
Step 4:
Fromstep3:1, = (1,2} and {I,-1,} = @
0
D= |00s 0],
00 1
i
| roo]lsoo0 s 0 0
T, @=Ug,D;® =|010f|l0os0] =[0 150
0o 1]io o 0 0 1
Step 5:
10 00 0
Ac1=[8 :;],nclz[[l)?g],ccﬁ 0t} E=f0 00
o0 00 1
Step 6:
p n
boo0oo00! 5000
00000t 5100
ocoo1o!l agooo
0 ()(J(]II 0000
voooool 5000
Av=| 0 0 ] .
pooool oo
oooo00o!l o010
oonoool o000
k0 0000 0000
. 110004l so00o0
Br=]o o000 o 0001
o oooo0o o0l 0010
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reootloo oo
=1 1000l 00 00
2110110000

2
C;.B=C,, A B =[000],C,A B =[10 0]
C12‘3|=C12A131=[000].C12A?B1=[0 1 0],

CisB=CisA B =[00 0], CrsaiB=[1 1]

Step T:

it oo "

B,=]0 1 a], 82=9 4~ = 2,2,2

1 1-1

"y
Step 2:

. m

p(B2}=3=|nurli52=']Z @ =9,

Step 8:

The precompensator matrices are:

0010 000
000 1 000
A=loooo| B=|l10 o0
000 0] [0 1 0]
100 0] [0 0 1]
c.=l2 100 E.=|0 04
000 0 10 0 1]

The 1.s.f. control law for assigning the closed loop poles at the origin is:

F=

o
= o O
oo o
—_ oo

0
0
0

[V
oCc o
(=R =}
== = =}

1 0
G=}0 1
11

oo

61
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5. A Practical Example

The proposed scheme will be applied to a fifth order model of a drum boiler
(Bengtsson-Lindahi [21]). The design objective is to have non intcraction (decoupl-
ing between drum pressure and drum liquid level. The linearized equation for the
boiler around a certain operating point can be written as:

X(t) = AX(t) + U(y), Y(t) = CX(t)
where the state variables are:
x, = drum pressurc (bur)
X, = drumliquid level (m)
x, = drum liquid temperature
x, = riser wall temperature
15 = steam quality {per cent).

The input variables are:

u, = heat [ow to the risers (KJ/sec).
u, = teedwater flow (Kg/sce).

The output variables are:

y, = x andy, = X,

Numerical values for A, B, and C for a power station beiler with a2 maximum
steam flow of about 350 t/h are given by Bengtsson-Lindahl |21}, The drum pressure

is 140 bar and thc opcrating point is 90 per cent full load. From Bengtsson-Tindahl
[21] we have:

-
0.129 0.0 039 0025 _ 00191
03200107 00 -0779x107 0.122x107 0621
ac| ooms 0.0 0.1 0.887x107  -3.851
00411 . 00 00 . 0082, 00
0361x107 0.0 0.0350x10 " 0.426x107 -0.0743
0 .19x0”
0 350x10"
. 0 -989x10” C_[] 000 0]
= 220a0" 0 =lo 1000
o -sa3x10”
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The constructed software for the developed method yields the following results:
The matrix B* is singular. Hence the system cannot be decoupled via 1.5.f. alone. A
complete decoupling can be achieved by 1.s.f. in combination with a precompen-
sator. The minimum order of this precompensator equals to “1”, and its representa-
tion is;

_ _ 10 _
A,=0, B,=1 0, CC_[E], E, [0 0]

So, the order of the compensated system is “6”. Among the six poles of the com-
pensated system, there are four poles which can be assigned arbitrarily. If the closcd
loop poles are located at: (0.1 £ j0.1) & (-0.12 £ j0.11), then the feedback matrices
must be equal to:

F= -2,35613 -91[).]27( -3.54585  -2.61598 349600  -0.644359
S| -183834 2.0325x107 97614 6233.37 7561210 1909.59

G e [71 0] L6T601 343444
O v21 | 1.98067x10° -7.66888x10

whete y, and y, are any constants. For the previously selected closed loop poles,
the compensated system has the following performances:

damping ratio, £ = 0.7

undamped natural frequency, Q = 0.143,

maximum per cent overshoot = 4.3% and

the settiling time (if the 5% criterion is used), t, = 30 sec.

Figures 2-7 depict the system response for unit step inputs. It is obvious from
Fig. 2 that the variation of the first input v, (t) does not affect the second output
(drum liquid level). Figure 3 shows that the variation of the second input v, (t) does
not affect the first output (drum pressure). Figures 2 and 3 indicate the accuracy of
the developed software, since complete and ¢xact decoupling is obtained. Figures 4
and 5 indicatc the other state variable response ( uy (), ®, (t), %5 (t) ) and the
preocompensator state ( #,(t) ) for unit step inputs v ; (t) and v, (t) respectively.
Figures 6 and 7 indicate the control signal response U(t) for unit step inputs v, (t) and
v, (1} respectively. In light of these figures it is clear that satisfactory performances
are obtained.

6. Conclusion

A CAD of weak inherent coupled system has been developed. The designed
algorithm is based upon the “valuation at infinity” and “column-essential” concepts.
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o x2(t)

40+ AW

20F

x5t}
4] .
E x4(t)
-20
g
=340
_ao -
-80}
- ‘00 i 1 L 1 1 1 L
0 20 40 [0¢] .80 160 120 14C 180
Time {secs) .
Fig. 4. Stotes responee X(t) due to input vi(t)
a
5+
4
x2(n

3
2 -

1 -

o x5(0)
0 W
x3(1)
-1 E I i n L z L
s} 20 A0 o B0 1C0O 120 14Q 180
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Fig. 5. States response X(t) due to input v,(t)
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250
200
180 |
100 w2
[s1s]
ul{t)
Q
-60 1 1 ) L u L L
o} 20 40 6o . 80 | 10 120 140 180
Time (secs)
Fig. 6. Feedback contrel signal U(i) due to inpute v,(t)
+
7k uz(e)
ul(e)
0 <
-9
-4
-}
-8 A 1 1 1 i 1 1
o} 20 40 S0 30 100 120 140 150

Time (secs)
Fig. 7. Feedback control signal U(t) due to input v,(t)
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These concepts ensure the termination of the algorithm and the design of a minimum
order precompensator. The algorithm has the following advantages:

i) It's proccdures are simpler than Cremer’s algorithm.
it} It uses state-space description and hence it is more numerically stable than
Wang’s algorithm which uses elementary polynomial operations (polyno-
mials addition, subtraction, multiplication and division).
iii} It yields a minimum order precompensator.
True BASIC has been used for the software design. Since BASIC is onc of the

most popular languages, then the designed software is suitable for any level of users.
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