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Abstract. Some variational solutions of the Thomas — Fermi equation with different initial slopes are com-
pared. The results show that as far as the binding energies are concerned, one must chaose a trial funetion
with its slope very close to the Baker’s constant.

Introduction

The Thomas-Fermi (TF) model of many — electrons atom, [1-2], has an unsatisfac-
tory feature in that it leads to a radial electron density which decreases as the inverse
fourth power of the distance from the nucleus, whereas the Hartree approximasion
[3], the quantum mechanical equivalent of the TF - theory [4], shows that it should
decrease exponentially,

Recently there has been considerable renewed interest in calculating leading
corrections [5-9] to the binding energy of the TF-atom. By making use of the Z!
expansion theory, the Hellmann-Feynman theorem, and the TF-theory, Tal and
Levy [8] derived recursion relations that provid accurate estimates of the total bind-
ing energy of the TF-atom.

In this paper, we use the Z ! expansion to reexpress the ionization energy of
many-electrons atom to the second order leading corrections, in terms of the initial
slope of the trial variational solutions of the variational scheme [10-11] which
replaces the TF-theory. We, then compare three types of trial solutions that have
been supgested to be suitable for the low [12], medium {13], and high [14] atomic-
number atoms. It is concluded that none of these solutions is suitable for the model.
Our calculations show that the total ground-state binding energy of an atom is in
cxcellent agreement for all Z, with the Hartree - Fock (HF) method only for salu-
tions with a slope very close to B = —1. 588070972 (the negative of the Baker’s con-
stant).
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Thomas - Fermi Equation: Variational Approach
The TF - theory leads to the differential Equation [1-2]

<o 7
dx - X" (1)

where the dimensionless variable x is given by:

2Zs

x=45)" (3 ®

and r/a, is the distance from the nucleus. in units of the Bohr radius a,, and Z is the
atomic number. For a neutral atom., this equation is to be solved subject to the boun-
dary conditions

$p@)=1.  $(x)=0, ¢ (=)=0 ' 3)
with normalization conditions
J P dv =N @

where N is the number of electrons. dv is the volume element, and p is the electron
density which is related to ¢ (x) by:

_ L G
with &)
_l 9:[3 1m
= 4( 22) o
Choosing [12]
# (9,00 =) (E2F w2 &y ©

the variational principle

L(¢) = % dx )
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is the equivalent of Eq. (1), since substitution of Eq. (6) into the Euler — Lagrange
equation

8%_ 3 [a,g] _ @)

a0 ax 3¢ 0

results in the TF- equation.
In this variational scheme, the function ¢ (x) is a trial function that depends on
a number of uppropriately chosen parameters [12]
¢ = ¢ (Cp Czs """ . C.) (9)

Once a trial function is chosen, the optimal values of L (¢) is determined by find-
ing those values of the parameters which satisfy the following set of simultancous
equations

aL(C,C,..., C)
a(:j
In the next section, the binding energy for neutral atoms will be expressed in
terms of these functions and their validity will be discussed.

=0 forj=12,. ., (10)

TF- Binding Energies: Leading Corrections

The zero — order correction o the total binding energy E is calculated from
[1,15 pp.42-55].

E=(2)(Z)" 2" (0)i5] ()
where ¢° (0) is the initial slope of ¢ (x):

@' (o) = (90 (12)

dx XK=a
Numerical calculations give [1,15 pp.42-55]
&' (0} = — B = — 1,588070972 (13)

where B is the Baker’s constant [16]. The corresponding binding energy then takes
the form
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el
Erp =—0.768745124 2" | (14)

"

In the variational scheme ¢ (x) is a trial function occuringin Eq. (6), and Eq. (8).
For the leading corrections, we use the Z ' expansion techniques introduced [17} and
applied to the TF—model (8] to find the asymptotic TF- energy. The binding energy
ofa g;any-elcctrons atom, having Z protons and N electrons, can be written, in units
of [a—ﬂ]‘ as

E(ZN)= 3 Nz (15)

where the expansion coefficients £, (N) for n > 1 are generally not known, and for n
= 0, the zero - ordex coefficients £, (N) has the asymptotic form [18].

g {N)=a N"+a, (16)
where
a —— (1)15
- 2
and
1
aol g?

The partial derivative of E (Z, N), with respect to Z,, can be related to the expec-
tation value R (Z, N} of r_ through the Hellmann - Feynman theorm

—R(Z.N)=(§-§) =Z= (2-n)e, (N) Z+-= an

For neutral atom (N = Z), Eq. (15), and Eq. {16), yield the following approximate
recursion retation [8]

E@)-E(Z-1)=-R(Z)-¢,(Z) (18)

where all terms contaming €, (Z), n > 3 have been neglected. Moreover it can be
shown that [19]

E@= KA 57« (19)
4 (z) e, (2)
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For the hydrogen atom, one has |3 (1) = 1, whereas for the original, TF-model p’ (Z)
= (—) =2 ,where Co = (H)( 2)"’¢,, {0} and ¢’ (o) =— 1.588070972, the (nega-
uve) ot iie Baker’s comtants ﬁ" combining Eq. (17) and Eq. (19), it is possible to
cxpress (minus) the right handside of Eq. (18) as follows:

REZ) +e, ()= (D {[+-BZD)F-B*(Z)}
+28(D) [ (F(D)-1) &(Z) + E(Z-D) &, ()] (20)
As afirst approximation to Eq. (20) one can make p (z) independent of Z, and main-

tain correct behavior at the limits Z — 1 and Z — = Thus with 7 (Z)— 1 and p (Z)
= fi for any Z [8].

E(Z) = E(2Z-1) +B¢, (Z)- 2B [E (Z-D e, (D) ]~ (21

can be sumined to yield,
F4
E@=-8{X je,m)"} (22)
) n=o0
Taking 1, in Eq. (22) to be continuzous variable as 7 —» oc, and replacing the summa-
tion by integration, one obtains the following asymptotic binding coergy:
E@)=C Z"+C, Z¥ + 0(Z%) 23)
where
1 ]0 (__)m V (24)

=P G ©

thus with a correct choice of €, (z) [18] and B {z) [8]. the resulting epergy to the second
leading correction can be written as

E@=6)(35)" 2 0@ £) (25)
where
@' (0) = F (2) &' (0) (26)

and
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F(Z)=1-0.6504 Z% + 0364 2 27

As can be easily seen the resulting Eq. (25) for the binding energy reduces to the
zero-order TF-energy for ¢’ (0} = ¢, {v), and F (z} — 1 corresponding to large
atomic number [see Eq. (14)]. It can also be shown that this model, Eq. (25), reduces
to the one given by Tal and Levy [8] for the case in which ¢y, (o), = ¢*,, but F(2)
given by Eq. (27). In general, this model could be applicd to various possible suitable
trial functions.

Results and Conclusion

To test variational solutions, the energy necessary to remove all electrons of an
atom is calculated from Eq. {25) corresponding to the following initial slopes:

¢, (0) = —1.404194  for the trial solution proposed by Kesarwani et al. [14],
¢, (0) = - 1.3187456 for the trial solution proposed by Wu [13],
¢ {0) = ~1.2361179 for the trial solution proposed by Csavinszky [12].

The result is listed in Table 1 together with the corresponding Hartree — Fock
values.

‘Table 1. Comparison of total cocrected lonization energies, in uzits of (¢4a,)

z -E*(HF) -EM{¢"y) -EMd')) —E*($",) ~E"(¢"))
2 2.862 2.763 2.443 2.294 2.150
4 14,573 14.346 12,685 11959 11.166
6 37.688 37.833 33.452 31.416 29.488
8 74.81 75.35 66.63 62.58 5865

10 128 55 128.61 113.72 106.80 100.11

12 199.62 199.04 175.99 165.28 154.93

18 526.8 525.4 464.5 436.3 408.9

2 848.4 8489 750.6 704.9 660.8

26 1262.4 1265.4 11189 1050.3 984.9

30 1777.9 1780.9 1574.7 1478.8 1386.2

36 2752.1 27515 2432.9 2284.9 2141.7

0 1539.0 33374 3127.9 2937.5 2753.5

a3 44415 4439.7 1925.6 3686.7 3455.7

48 5465.1 5462.3 4829 9 4536.0 4251.8

54 7232.1 7230.9 6393.6 6004.6 5628.3

T2 143210 14336.0 12676.0 1194.0 11159.0

4 15287.0 15301.0 13520.0 12706.0 11910.0
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Table 1. Continued,

z -E*(HF) “E*(¢'s) -EN¢') -E9) -EN#')

76 16291.0 16302.0 14414.0 13737.0 12689.0
80 18409.0 18415.0 16283.0 15292.0 M334.0
82 19524.0 19528.0 17261.0 16216.0 15200.0
# 20677.0 20679.0 18284.0 171720 16696.0
8 21867.0 21867.0 19335.0 18159.0 17219
Average Error 0.32% 11.53% 16.91% 2.12%

a : Hartree - Fock values from Fischer [20, pp.28-88).

b Values corresponding to corrected Thomas—Fermi energies, Eqg. (25).

¢ : The average crror is calculated for All Atoms in the range | < Z £ 86 with respect to the comrespond-
ing Hartree—Fock values. The average error of the set [X,] with respectto{Y,,i= 1,2, . n, isdefined
by .

Xi - Y;

1
() .Z Y

D j=]

i
i, 2, and 3: Cormrespond to trial solutions proposed by Kesarwani and Varshni [14). Wu [13] and
Csavinsky [12], respectively.

It is seen from Table 1 that solutions with initial siope close to the Baker’s con-
stant give better results for the total ionization energy with an average etror 0.323%.
Ttis concluded that none of these variational solutions is suitable for the model. One,
therefore, should impose the condition ¢’ (o) =¢'g (0), in addition 10 the boundary
ones, in order to get an agreement with the Hartree-Fock results.

References

[1] Gombes, P. Encyclopedia of Physics. Vol. XXXV1, Edéted by S. Flegge Springer, Berlin_ 1956,

[2] Lab, E.H. “Thomas-Fermi and Related Theorics of Atoms and Moleculars.” Rev. Mod. Phys.
S3(1981), 603-641.

[3] Hariree, D.R. The Wave Mechanics of an Atom with a Non-coulomb Central Ficld. Proc. Canth.
Phil. Soc. 24(1972), 111-132.

[4] Dhrnc, P.A. Note on exchange phenomena in the Thomas-Fermi atom. Proc. Cambridge Phil. Soc.
26(1930), 376-385.

[5] Swcher, J. “Ground - State Energy of any Atom.” J. Phys. BII{1978), 1515-1520.

[6] Shakeshaft, R. and Sproch, L. “Remarks on the Existener and A y of the 7. Expamsion of the
Non-Relativistic Ground-State Energy of a Neutral Atom.™ Phys. Rev. A23{1981), 2118-2126.

(7] Englert, B.G. and Schwimger, J. “Statistical Atom: Handling the Strongly Bound Electrons.” Phys.
Rev. A29(1984), 2331-2338.

(8] Tal ¥.and Levy, M. “Recursion Theory for Non-Relativistic Ground - Stae Atomic Energies and
Expectation Values of r.” Phys. Rev. A25(1982), 1838-1845.

[9] Lai, C.5. The non-relativistic ground-state of a newtral asom with ek ing rep d by
the Hulthen Potential. Phys. Lett. Al12, 211-214; “Rewmarks on the Z-1 Expansion Theory and the
Z-1-3 Expansion of the Ground-State Encrgy of & Neutral Atom.” Cand. J. Phys. 63(1965), 1555
1558.




112 H. Alhendi et al.

[10] Firsov, O.B. “Interaction Energy of Atoms for Smali Muclear Separations.” Sov. Phys. JETP
$(1957), 1192-1196.

[21] Csavimsky, P. “Compiementary Variational Principles in the Thomas-Fermi Theory.” Phys. Rev.
AS(1972), 2198-2204.

[12] Csavimsky, P. “Universal Approximate Analytical Solution of the Thomas-Fermi Equation for
Tons.” Phys. Rev. AB(1973), 1688-1701.

[13} Wa, M.S. “Modificd Variational Solution of the Thomas-Fermi Equation for Atoms.” Phys.
Rev. A26(1981), 57-61.

[14] Kesarwani, R.N. and Varshni, Y.P. “Complementary Variational Principles in the Thomas-Fermi
Theory.” Phys. Rev. A28(1981}, 1123-1126.

[15] March, N.H. Self-Consistent Fields in Atoms. U.K.: Pergamon Press, 1975.

(16] Baker, E. “The Application of the Fermi-Thomas Statistical Mode] to Caleulation of Potential Distri-
bution in Positive lons.” Phys. Rev. 36(1938), 630-647.

[17] March, N.H. and Parr, K.G. “Chemical Potential, Teller's Theorem, and the Scaling of Atomic and
Molecular Encrgies.” Proc. Natl. Acad. Sci., USA TY(1980), 62856288,

(18] Dmitrieva, 1.K. and Plindov, G.1. “Non-Relativistic Binding Encrgy of Heavy Iron.” Phys. leti.
SEA(1975), 34,

[19] Davidson, E:R., Reduced Density Mairices. New York: Academic Press, 1976,

[20] Fischer, C.F. The Hortree-Fock Methads for Atoms. New York: Willy and Sons, 1977.




Variational Solutions of the Thomas-Fermi Model 113

Bdaia pdd g - plag piged 4G S B e Gioll
u'_ou_qjﬂ?l
Jenl ol Sgaiclh fo Okt an] (it am

¢ Tieo . # c3pnn Sl L als ‘r)LAJl ils “‘U-_“—”r——i
Lopult f a3 V1801 S0

EAVEA ST 1y ¥ A v by Oy VY oy

b o8 O Oy« g polag? Dbl N il &y 5 Tl Gfin nd sl ol i
St ol o e oo sk T St g i il e



