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Abstrael. Figenvalue sensitivity analysis represents a key discipling in many cngincering system applicatinng
where the dynamic behavior of such systems is closely related o the eigenvalues of the system (state) malrix.
Currently available eigenvalue sensitivity cvaluation methads are hased on a general furm ol the system
matrix derivatives with respect Lo the sensitivity parameter of interest. In many cnginecring systems, however,
the structure of the sysiem matrix is such that its derivatives wilh respect to practical system parameters
conslitute special tank-one forms. This paper presenis a novel application of a cumpact matrix exchange
formula to the eigenvalue sensilivity problem, which includes rank-one derivative mairices, leading tn very
fast recursive sensitivity formulas with substantial savings in computation time and memory tequirements.
With such recursive formulas, the cvaluation of higher-order eigenvalue sensitivities is therefore attainable
using previcusly valculaied lower-order sensitivities An illustrative application to power system dynamic
s1ability nnalysis is presented in which the new eigenvalue sensitivity formulas were successfully used to
estimate the cffcet of parameter changes on the dynamic system modes.

Introduction

Practical engineering systems are often subjected to variations in the system and operating
conditions and are, therefore, characterized by an inhererd dynamic behavior in response
to such variations [ 13. The eigenvalues of the so-called system (or state) matrix represent
key indicators of such dynamic behavior. Eigenvalue calculations are currently involved
in many engineering applications of modern control theory including systent design, control
strategies and modelling [2].

The dynamic behavior of an engineering system would obviously depend on the specific
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values and settings of various design and operating parameters of the system. Consequently,
the elements of the system matrix are, in general, functions of such design and operating
parameters. During the system design phase, the engineer usually performs many dynamic
performance analyses associated with combinations of different values of the design parameters
before arriving at the final system design. On the other hand, most engineering systems
experience variations in the operating and environmental parameters which oceur continuousky
during their in-service operation. Such variations may reflect changes made by the system
operator or random fluctuations in the environment in which the systern is operating.

Regardless of the source of parameter variations, proper assessment of the system dynamic
performance should take into account all variations {or combinations of variations) of the
different system design and operating parameters which are likely to occur in practice. In the
conventional approaches, such an assessment usually involves a large number of eigenvalue
analyses of the system matrix computed at different assumed parameter values. This task
consumes significant amount of computer resources, especially for large-scale systems.

Ablternatively, the eigenvalue sensitivity analysis can be used to assess the system
dynamic performance for many parameter variations with the eigenvalues {dynamic modes)
of the system matrix computed only once at the nominal parameter values while first,
second and higher order changes in the eigenvalues (associated with the successive terms
of Taylor’s series expansion) are computed using much faster sensitivity formulas, Of
course, in order to maintain a reasonable accuracy of the results, higher order sensitivity
calculations would be required for larger parameter deviations from their nominal values.

Many enhancements have been made to eigenvalue sensitivity methodologies in both
theory and applications [3-5]. In many of today’'s cngincering system applications,
eigenvalue sensitivity analysis is regarded as an important discipline in the design and
operation studies. Because many practical engineering systems today are large-scale in
nature, efficient computation of the eigenvalue sensitivities with respect to various operating
and design parameters represents a key requirement in the analysis. In this respect, it is
believed that much faster computations and less memory requirements can be attained if
the special characteristics and structure pertaining to the system under study are utilized.

The work of this paper is based on the observation that, in many practical engineering
systems, only very few elements of the system matrix would depend on a given parameter
that is likely to change in practice. In other words, the first and higher-order derivatives
of the systemn matrix with respect to the parameter would be extremely sparse with only a
few non-zero elements. Therefore, such derivative matrices are likely to constitute special
rank-one forms [6]. Under this condition, and while still yielding exact (non-approximate
solutions), the eigenvalue sensitivity formulas can be reduced to compact, very fast and
elegant expressions which can be easily coded in the computer programs. Moreover, the
resulting expressions for second-order and higher-order eigenvalue sensitivities constitute
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very fast recursive schernes involving mostly scalar operations using previously computed
lower-order sensitivities.

The novel eigenvalue sensitivity algorithms presented in this papet are believed to have
useful applications in a wide range of engineering systems which exhibit rank-one structures
of the system matrix derivatives. In addition to avoiding repeated full-scale eigenvalue
evaluations associated with many different parameter values, they offer much faster
cigenvalue sensitivity computations as compared with other existing methods. When only
few eigenvalues of the system matrix are to be examined (corresponding, for example, to
the most dominant dynamic modes), the new cigenvalue sensitivity algorithms could offer
an additional advantage as they constitute sensitivity formulas for individual eigenvalues.

The paper presents the theoretical basis and implementation of the new analytical
formulas for eigenvahie sensitivity computations which lead to substantial savings in the
computation time and memory requirements, especially for large-scale systems.

Conventional Eigenvalue Sensitivity Formulas

We consider an (nxn) system matrix A with eigenvalues ; i=1,...n arranged in a
column vector A. The eigenvalues, which are assumed to be distinct are related to the
corresponding eigenvectors.u,; i=1,..,n of A by the equations

Auj=iju;i=1..,n (1)
Similarly, for the transpose of A, which has eigenvalues v, we can write

AT vj=ljvj,j=l,...,n (2)

We note that u, and v, are orthagonal and can be scaled such that

v;rui =1 G-a)
and
viu=0 forj#i (3-b)
Now, differentiating Eq. (1) with respect to a patameter £ of interest, we get
Au,- +Afli = iiui + liﬁi (4)
where
A=(BA/B), ;= (Bu;/ &)
and Ay = (@ 130

Pre-mukiplying, Eq. (4) by v , we get
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v?Aui + V;rAili = i,v.Tu,— +k,vFﬁ,—
or
vIAug+ (vIAD; =2 vF ;) = AvTu;

or T T T~ y T
vi Al + (vi A= kv )og = L(viyg)

But, from the transpose of Eq. (2), we get
v,-TA = Mv{r forall j
Hence,
v Aw; = &i(vup)
and using Eq. (3-a), we get
7—\.1' = v;rAui (5)
Differentiating Eq. (5) again, using the same notation,
 _ T T T:.-
kl = \-’i Aui +Vi Aui + Vi Al.li (6)

Since u,;j=1,...nare assumed independent, then {; can be expressed in terms of w,;
=1,.,nas .

4 = Yo 7
i

where the coefficients e can be obtained by substituting Eq. (7) in Eq. (4) and using Eqs.
(1) and (3),
oy =(v] AW/ (s ~A ) j=i ®

We note that while o, is not defined, it will not be needed in subsequent analysis. Using
similar argument, v,can be expressed in terms of vi;j=l..,nas

VR, ®
where
Yi=-0 = viAuj/ (A -Ag) jei (10)
Therefore, from Eqy. (6)
iinvrﬁui+22uuuji(lj—?\]) (11

j#i
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Equations (5) and (11) give the first and second eigenvalue sensitivities as currently
known in the literature [3-6] with, sometimes, different ways of representation. Also,
from the manipulations shown in the Appendix, the third-order sensitivities are given by:

.}:i = V?Ku!‘ +3Z[0’.u(\’;ri&u]) - uji(va/"—.ul-)] +6Za]‘laﬁ(?‘\.i - ?\.J)
R ji (12)
+23 ¥ (o g o0k g) (2hy — A - 5)
peiE:‘j
#1

Rank-One Matrix Exchange Formula

‘We consider the case where the system matrix derivatives A and A are {n x n) tank-
one matrices of the forms

A=zx"andA = zyT (13)

where z, x and y are n-column vectors and T denotes transposition. Then

(hTAg)(qTAp) = (aTAg)(hTAp) (14-a)

(h"Ag)(q"Ap) = (qTAg) (T Ap) (14-5)
for any n-column vectors g, h, p and q.

The proof is readily seen by direct substitution of Eq. (13} into Eq. (14) and comparing
the ndividual scalar dot-product of vector pairs in the right and left hand sides.

We now show that the application of the rank-one matrix exchange formula (14) has
a powerful impact on the eigenvalue sensitivity formulas derived in the previous section.
First consider the term @, a; in the second-order sensilivity expression of Eq. (11), using
Eg.(8)
—_truT A T

@i = [(vj Aud(vi Aupl [y = k- 3]

By letting g =u;, h= vy P~ u; and q = v; we get from Eq. (14-2)
T .
oo = [(vi AuiX(vi Auj1/[(h =3 A= 1))

and from Eq. (5), written for both i and jand multiplied, we get

o0 =§‘-i?"'j'f{(li‘lj}(kj_lnu {(15)
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Hence, for a rank-one A matrix, Eq. (11) reduces to

i A 3 15
Ay = viAu + 2504 /(-2 (16)
i

That is, the second-order sensitivities can be obtained directly using first-order sensitivities
already calculated.
We shall now show how the application of Eq. {14) is extended to the third and higher-
order sensitivities. For the third-order sensitivity of Eq. (12), we first consider the term
O350 e Chigy = [(V,TA“i)(VEAuj)(ViTAUk)] A =R 5 — A ) — A5
which is obtained by the direct use of Eq. (8). Applying Eq. (14-a) twice, we get
000 0t =iiijik A = 3 =2 ) - 2] (17
Similarly, it can be shown that
0§00 g =~ 450 it (18)
Now, the term a;(v] Au;} of Eq. (12) can be reduced further if A and A have the special
relationship as in Eq. (13). In this case,

o 0vT Aup) = (v AUV Anj)/ Gy -4

= (o] Aw vl Au)/ (g =25

which can be written in terms of Eq. (5) as
ay (v Ay 0y (v Au)/ O - 3)
Now, we re-write Eq. (16) for the jth eigenvalue as

iy =vTAu +2k};ijik =2
1

or

T & .
viAuj=hi—23 Ak (- Ry)
k#j
hence

T TR P (19)
au(leuJ)_(l]‘Aj)[lJ zk:i(lj‘hk)j|
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Similarly it can be shown that

71 .. x;;k

k=i

Using Eq. (15) and Eqs. (17)-(20), the third-order expression Eq. (12) reduces to

(A, +4,4)
A = v du, +3§[W] 2n

22 Y

Jwi kai
kxy

Ad A 2a, -2 -4 |
(4 _ij)(-’y _-’1&)(’11 “11)

which, again is recursive and depends on the previously computed first and second-order
sensitivities.

We note here that the general sensitivity expressions (11) and {12) require the calculation
of coefficients o1, where the main computational effort is expended, while the sensitivity
expressions {16) and (21) do not require the coefficients o and are therefore much faster
to compute.

Applications

As was described in the previons sections, the eigenvalue sensitivity analysis involves
the computation of the eigenvalues of the system matrix once at the nominal parameter
values and the subsequent application of the eigenvalue sensitivity formulas to evaluate
first, second and higher order changes in the eigenvalues subject to assumed variations in
the system design and operating parameters. The use of higher order sensitivities is required
to achieve more accurate estimates of eigenvalue changes for a given parameter deviation
from its nominal value. Conversely, for a given level of accuracy, higher order sensitivities
would allow larger deviations in system parameters to be considered.

The authors of this paper have analyzed many engincering systems of different sizes in
order to assess the saving in computer resources associated with the use of rank-one matrix
formulas for eigenvalue sensitivities as compared to conventional formulas. The size of the
systetn matrix in their studies ranged from 5 to 100; and only the cases which exhibited
rank-one derivative matrices were considered. While the use of the rank-one matrix formula
for first-order sensitivity calculation does not provide any savings, its use for the second and
third-order sensitivities offers remarkable savings in the computational time.

Even when a very efficient computational scheme was employed (for example, by
computing various matrix-vector products once and storing them for multi-use in
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computations}, the conventional formulas took about 2.5 times as much as rank-one
formulas (in terras of CPU time for both second and third order sensitivities) on a computer
work-station for (5x5) system matrices. The ratio was 6.0 for (20x20) system matrices,
13.5 for (50x50) matrices and 26.5 for (100x100) matrices. Indeed, such savings would
represent a significant improvement, especially when many design and operational
parameters are (o be considered in the sensitivity analysis.

Power system application

We now consider an engineering power system modelled as a generator connected to
an infinite bus as shown in the figure below. This simple system is widely used in power
system studies related to system stability analysis. The power generator is equipped with
an exciter to regulate the output voltage. The dynamic behaviour of this system is governed
by eleven differential equations, five of which belong to the generating {synchronous)
machine itself (including two damper windings), two describe the mechanical torque and
the remaining four describe the excitation system.

Ceberatox

Infinite Bus
Transmisaion line

Therefore, the system matrix of this problem wonld be an (11x11) real matrix with
eleven real and/or complex (complex conjugate pairs) eigenvalues (system modes), In
the majority of power systems, the cigenvalues are distinct. Furthermore, the system
matrix A c¢an be evaluated as a function of two malrices P and Q as follows

Fig. A sample power system

A=P1Q

The elements ol the matrices P and ( are, in general functions of the operation and
design parameters of the system. The first-order derivative of A with respect to parameter
£ is then given by the solution of the sets of linear equations

PA:—I"A+Q

where P=ap/a. , &=/ and A =3A/% . The derivative matrices p and ¢ as well as P
and Q are all ¢valuated at the nominal parameter values. Using the standard formulation
of [7, p. 287-292], both $ and Gare squarc (11 x 11) matrices. The eleven system
differential variables are, respectively, the direct-axis current i, field current i, direct-
axis damper winding current i, quadrature-axis current 1 quadrature-axis damper winding
current i, machine angular speed @ machine angular rotor position § and four excitation-

related differential variables V|, v, V, and E,. For the sample power system under
consideration, the matrices P and Q evaluated at nominal parameter values are given by
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Therefare, the system matrix A evaluated at nominal parameter values is given by

_-56.068 0.4397 1413 -381.9 -25476 24452 17514 O o Q -04914
12501  -49565 77116 12089 88258 84747 06070 O u a 5.5487
22.755  4.3694 961255 22005 16073 13426 11049 O 1] o -4 8829
35883 26485 26485 36050 90.038 17758 23866 O o Q o
-1503.6  -2585.9 25859 3SR 12327 1733 E -23ML2 O 0 L] 1}

A= -0.0078 -0.2030 -0.2030 08006 .0.4430 O [ a o [ n x1gd
i a q 1] o Lag [} [ L] ¢ ]
13030 13381 13333 RTBIT OW29RG 23052 2771 28526 O i 0.0235
o 0 [ Q Q Q 0 i3 -3.7044  0.0007¢ 000024
4 0 0 9 o o o -2122.0 -21221 53052 O
0 a 0 il ] i} 1] 1] [} 55052 137681

The eigenvalues for this matrix {computed at nominal parameter values) are shown in
Table 1. They include five real modes and three pairs of complex-conjugate modes.
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‘Ihe authors would like to note here that the majority of system parameters in this
application (including, for example, all excitation-related parameters) would lead to a
rank-one system matrix derivative A and, therefore, the fast eigenvalue sensitivity formulas
presented in this paper can be used. As an illustration, the detailed results for one patameter
will be shown. We shall consider variations in the regulator stabilizing circuit time constant
1. Table 2 shows the nominal value of the 1, parameter as well as the elements of the p
and Q matrices which are affected by variations in the parameter. Table 3 contains first,
second and third-eigenvalue sensitivities with respect to the parameter 1, while Table 4
shows the percentage error obtained when using such sensitivities in Taylor series to
obtain cstimated new eigenvalues for large-changes of 10% and 40% in the parameter.
Only modes which are mostly affected by parameter variations are considered for error
analysis. These most sensitive modes are often referred to as the dominant modes which
influence the dynamic performance of the system. They are usually the focus of the system

Table 1. Nominal Eigenvalues of | l-mode test power systemi
ll = -0.0359+)0.9983 Ay =-0.1217 A, =-0.0015-50.0289

A = - 0.0986 Ay = -0.0548 A, = 0.0037
A, = - 0.0015+j0.0289 A, = -0.0004+0.0067

%, = -0.0004-j0.0067
Ay = -0.0359-0.9983
Ay = -0.2653

Table 2. Sensitivity data {or parameter 1, (nominal value = 3.715)

Element Expression Nominal Value

[: 18 0.00265/1, 0.4037

[ 0.565x10%/T, 0.79x107

[\ 0.143x10%1, 4.2x10¢

Table 3. Sensitivity results for parameter 1,

Mode Eigenvalue Sensitivities

# 1% Order 27 Order 31 Order

b -B.S55x1071%4§6.726x1016 2.4x10"%§1.873x107F -1.0Ix107%+§7.822]10
2 -B.555x107%36.726x10"" 24107+ 1.873x107* -LO1x107%-j7.82x10°**
3 1.2x10Mm =3 402210 1.447x10*

4 -6R56x10 1.58x10" -8.557x10°

5 2.924x107 -8.495x107 3.702x10%

6 2.719x10%-§4.226x10% -3 052100 H1.073x107 4.341x107-3.974x 107
T 27191054 226x10° -5.052x10%-§1.073x107 4.:341x10'7+j3,974x10'7
8 -4.591x10° 1.468x10+ -6.615x104

9 L106x10*+j1.328x10° -1.483x 107534 28710 -5.635x10941.545x 10
10 1.106x10°-1,328x10* ALASIXHA 2RTH 10 -5.635x10%-j1.545x10*
11 5.215%10° -1.464x10 6.167x10°
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design and operating engineers in their analyses.

From the results of Table 4, it is clear that the use of eigenvalue sensilivities to
estimate changes in system modes for large-parameter changes would, for the given
parameter, lead to accurate results and, therefore, would avoid repeat eigenvalue
cafculations. The size of the estimation error would depend on the size of the parameter
change and the order of sensitivity used. The results of Table 4 show that, for a 40%
change in T, the percentage error drops from 16.1% to 2.6% when estimating the change
in the real mode 11 (the 1ith eigenvalue) as the sensitivity order used increases from first
to third. From a practical point of view, this represents a significant improvement in
accuracy as a result of using higher order sensitivities as it enables the system engineer fo
estimate, within only 2.6% error (97.4% accuracy), the changes in this dominant dynamic
mode for variations of up to 40% in the parameter 1.

Table 4. Percentage large-scale estimation error (w.r.t. exact change) for parameter 1.
Mode

# + 10% Change + 40% Change
1* Order 2% Qrder I Order 1% Oreer 2™ Order 3% Order
Real  Imag  Real [mag  Real Tmag Real Imag Real Imag Real tmag

9 00 0.9 0.0 0.0 09 0.0 0.1 00z 0025 0007 0015 .002
10 0.0 0.9 0.0 0.0 0.0 0.0 0.1 0402 0025 0007 0015 002
11 1.¢ 0.1 0.01 1.1 6.47 2.6

In this application, the CPU-time required to calculate second-order and third-order
eigenvalue sensitivities for each parameter of interest using rank-one formulas was only
12% {for second-order} and 30% {for third-order)} of that using conventional formulas.

Conclusions

The new rank-one matrix exchange formula presented in this paper is helieved to
have useful applications in a wide class of eigenvalue-related engineering problems. As
was demonstrated in the paper, the application of the rank-one formula can lead to a more
efficient evaluation of eigenvalue sensitivities, especially for large system matrices. The
resulting expressions for second-order and higher-order eigenvalue sensitivities reduce to
very fast recursive schemes involving mostly scalar operations using previously computed
lower-order sensitivities.

With the use of higher-order eigenvalue sensitivities, more accurate estimates of
eigenvalue changes ean be obtained for variations in the system design and operating
parameters. Although the application of the formula requires a special rank-one structure
of the system matrix derivatives, the scope of the formula is believed to cover a wide
range of engineering systems in practice including, for example, the dynamic stability
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analysis of power systems. Analysis of several engineering systemns of different sizes has
shown that the rank-one sensitivity formulas provide savings in excess of 90% for large-
scale applications involving system matrices of sizes greater than (50x50). These savings
are realized for each sensitivity parameter of interest leading to a remarkable reduction in
the overall computational time.

A wide class of engineering and design problems can be analyzed using the new
recursive sensitivity formulas. In the specific application to power systern dynamic analysis
presented in the paper, very good estimates of eigenvalue changes can be obtained for
changes in system parameters of up to + 25% without the need to repeat the entire eigenvalue
calculations. Inaddition, the use of third-order sensitivities would, in most cases, constitute
major improvement in accuracy as compared to first or second-order computations.
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Appendix
Derivation of Third-Order Sensitivities

In order to derive third-order eigenvalue sensitivities, the second-order sensitivities
of Eq. (11) are differentiated yielding

-—22[%% JL l)+u o (?\. l)+a o (JL l)] (A-1)
bl
[yuv Ay +0; Vi Auj]+v Ay
Ji
Now, )
A=A )= v] Au
Hence,

O (7\.1 _)"j): —0lj (k{ —A.j)-l-%[}' jk Vi Aui +0, V:ir A“k]"’"}rAui
=—(ii —ij)aij+ Z[—ij VEAU.,' + 0k \'}r Allk]i'\"}r Au,-

=ﬁ(7'kI Aj)a,ﬁv Au; + Z[ g i (A lk)+oclkcxk](lk l)]

k#i
k#j

+[—Otij ;i'i + 0 O (;"i —A.J)] +[_0‘ﬁ o5 (;L| "‘;\.J']'i'(‘.(ij ?“]]

=Ry =)oy +v] Au, +kZ_[—ukj g (i =)+ ot g (i - hj)]
#1
k#j

tay (7\‘] - A‘j)‘[a‘ii “‘ajj]
Similarly,
(A] _li)dji =_2(j“j _i‘i)aji +V-irAu_i

+E[ Oy &G (l kk)"‘a_]ku’kl(kk 7&)]

kej
ki

'iji (lj _A'i)‘[ajj_“ii]
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Hence, Eq. (A-1) can be written as
hi= Zyijvj Au; +Zaijv;rAuj + v,TAui
] ]
+2Z_U‘]1 011] (ll - JLJ)+ZZ O:ij C(H (l] _ll)
i ji
+ 2% uiju'ji()"j _?\‘i)
i
= Z[— lljiv}.e&ni + Oiij\r';‘rziuj] + V;r;&llj
)
—2;0‘._]1 {— 2(;\., —i_,-)aij + va)lui
J#
Z[—‘ﬂquik(}\.i —A‘k)'l' (Ii'kﬂ.kj(lk _A'])]

+
ki
k)
+G{j(}.i —leo.h- —ij) }

+2Zﬂij[—2(ij—ii)0'.ji +v’ir51uj

J#i
+]§J:—akiajk(kj —kk)+ajkak,-(lk - l,)]

k=i

+CL]~|'(7L]' —M}(Gﬁ —(Iﬁ)}
+2%aijqﬁ(ij—ii)
Rearranging terms, we get
:fL.,- =v? Kui +E[uu v'ir .""&uj - v-jr Kui]
jwi
+[mﬁ viBuj—o vl }iui]

+4Z aijaji (i"— 7\.1)—22 &'ji V}n Au,-
i jwi

—22 Z [—ujin.kjuik(li—lk)+(1jiaikukj(lk—lj)]
ik
k#j

- Zgi [ujiu;j(li —lj)(uii—ajj)]

+4F ago (Xi— ij)+22 ay vl Au;
i#i i
+y Y [—uuukjotjk(?tj—lk)-rZuHuj;_ot“(kk—li)]
=i k=)
P
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+23 oo (A —hi)eg - o)
o]

+szl_]o“’jl(lj _i’i)

j=i

Hence,
5\:1' = v;r:&ui + 32 [GIJ(V;FAUJ) - uj{ (v—jr;mi )]+ ﬁzﬁij(l ii (A'l - lj)
Je i
+ZZ Z(aijajkaki —ajiaikakj] -(2}\.1‘ - A’i —7\.1)

jriks#]
k=i
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