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Abstract. Bayesian comparison of the exponential distribution, based on type two censored life test, has
been developed. For the five different prior distributions of the scale parameter 6, point and two sided
Bayes interval estimates of 8 have been obtained. Comparisens between these estimators with the non-
Bayesian estimator, in the sense of Bayesian risk, have been carried out by using the exact and asymptotic
Bayesian results. Finally, examination of the present results has been carried out using numerical example

and computer facilities.

Introduction
The one parameter exponential distribution
{(18) = —5—exp (~1/6) [1.6 > 0]
where the scale parameter 9 is itself a random variable distributed as

2B
D g(®) :m B8exp (—A/6)

[Re(g) = 1,A,8=>0]

be the inverted gamma density [[G (A, g)] of {1, pp. 43-54, 227-229].

(g — 1) (a )’ 7
(11) 2(8) = W oF

[D<a=8=p<x, Re(g)>1]
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be the uniform density [U(e,B,g) of [2, p. 49] on finite range («,B).

(111 g(8) = 6 [8>0, Re(g) > 0]

be the prior quasi-density [Q(g)] of [2, p. 58] and
(V) g(8) =(1/Nexp(—8/X) [A.B8=0]

be the exponential density [Exp (A)] of [2, p. 49].

By suitably choice of the parameters (A,g), one may be able to reasonably
express the decision makers, prior judgement in terms of these prior densities. The
parameters involved in (1), (II) and (IIT) give rise to an gamma and incomplete
gamma functions with real arguements and for the parameters involved in (IV) gives
rise to a Bessel function of type three.

Since we have a life test of type two censored sample, the likelihood function of
the first r ordered failures, are observed, out of sample of size n is

L{tiy iy -0 ) /8) = | 87 exp.(— T/8)

n!
where (n—r)
r

T =1_£1 ty +(n— 1)t

The MVU estimator of 8 is obtained by [3, pp. 468-502] as

6="Tir (r=0)
with X
Var (8) = 8°fr

and (2r6/8) distributed as a chi-square distribution with (2r) degrees of freedom.

Bhattacharya [2, pp. 50-539] developed Bayes estimator of 8 for the prior
densities (1}, (1) and (IV), and Martz and Waller [4, pp. 342-378] discussed a Bayes
point and interval estimator of 6 for different prior densities inctuding IG (A, g + 1)
The object of the present work is to make a comparison between these prior densities
in the sense of relative Bayes risk. In fact, the best estimator of 8 is that estimator
with smallest Bayes risk. It has been noted that the two sided Bayes interval of 8 for
all prior densities presented here are given in terms of chi-square percentiles.
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Prior Densities Over the Positive Real Line
Under the assumption of prior density (I)
We have
(1} The posterior density function, f(8/T) is

(A + Tye!
£(6/T) :?(}:g_—l) 9+e exp { — (A + T)/8}, [6 >0, Re(r+g) > 1]

where
TMm+z)=(m-1+z)y(m—-2+7z)..... z+1) (@)l
[0<Re(z)<landm=12,..]
(2) The S-th noncentral moment of 8 is
E@/T)y=RA+TYET (r+g-S-1)/T (r+g-—-1), $5=1.2,...

Especially, for § = 1 and 2, the Bayes estimator, 8;‘, of 8 and its variance are

A+T
r+g-2°

8l =E(8/T) = [Re(r+g)>2]

and
(A + T)2

Var (8]} = Var (3/T) = Py —

»[Re(r+g)>3]

(3) The Bayes mode of 8, 85, is given by solving the equation dInf(8/T)/d6 = 0, to
yield
A+ T

8; = . [Re(r+g)=> 0]

The pdf of 8; is obtained as
# - + T + *
f(83) = ' (1) (F5= )" (8 — )" exp[— (r + g) (8 — wy/d]

where

0> 1, p=—gy >0
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The mean and the mean square error (MSE) of 6] are

E(e£)=r8+i\
r+g
and
2 a2
MSE (6)) = re° + (Bg — A)

(r+ gy

(4} A symmetric 100 (1 — p)% two sided Bayes probability interval {BI) estimate of
8 is easily obtained by solving the two equations

8o
of f(6/T) d6 = p/2
and

oC
o [ #o/1Tydo =pr2
1

for the lower limit 8, and the upper limit 8, so that

P {8,<8<8;}=1-p

The interval (8,, 8, )} is referred to 100 (1 — p)% Bayes interval of 6. Solution of
the above two equations yields

vy 2Al-p/2)
Bp=2(r+g)6,/ XZ(H:%)
and

2p/2)

B, =2(r+g)8;/ x2(r+g—1)

where x2(® represents the 100 (a)-th percentile of a chi-square distribution with
m degrees of freedom. Furthermore, a 100 (1-p)% lower and upper one sided
Bayes interval estimate of 8 may be obtained as

20-p)

By =2(r +g) BE’IXZ(HE_U

and

.
8, =2(r+g)6,/ Xl?:i—g—l)
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(5) The Bayes risk of 8, 8] and 8 are defined as

R@) =,] MSE()g(©)do

)\2

=m: [Re(g) > 3, r > 0]

R = Var (6} K(T)dT

_ A2
T {&-2)(e-3) t+g-2)

[Re(r+g) = 3]

where

£(T) = Ofm £(T/8) g(6) dO

A

= T ATy, (T >0)
B(reg-1)

and (m,z) be the beta function with integer m and real z. It has been noted that
t/A distributed as Beta of second type with parameter r and g-1.

Finally
- @ -
R@) =,] MSE(8)g(®)do

A (1+g+6)
(r+g) (g-2) (g-3)
Now, the Bayes risk of 8] and 6 relative to the Bayes risk of 6 are

R(6], 8) = R(8}) / R(B) = 1/ (r+g~2)

and

R(65, 6) = R(8)) / R(B) = r(r+g-+6) / (r+g)?
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Ithas been noted that, R(8, ) < R(83, 8) and for this type of prior density that
R(87)} < R(8) < R(8})
In fact, the best estimator of 6 in this case is 6]
Under the assumption of prior density (IV)
(1) f(B/T) = K;!, (2 VTN 87 exp { — (8+T A /6)/8) (8 > 0)

where K| (z) be the Bessel function of type three definedin[5, pp. 958-971]. For
large values of A, f(8/T) will be equal f(T = rG."G)

2) E(65T) = A\T)>? K, , 2 VTINK,_ (2VTh)

=TS (r-s-2) 1/ (r-2) !, {(r>=S+1,§=1,2,3,...))
For S = 1 and 2, the Bayes estimator of 8 and its variance are

TK,, CVTAK, 2VTA)

8 =
T/(r - 2)forlarge Aandr > 2

and

K., (2VTH) K., 2V ]*

AT - —
* K, (2VTA) K, 2VTH
Var(9)) =
T for large A and r < 3
_— anar
T=2 -3 or large

Calculation of K, ,(z) for m = 0,1,2 are given in [6, pp. 359-436] and for other
values of m, we have

2

K,1(7) = —‘;’ K, (2) + K, ,(2), m=123, ...

will be used to find other values of K (z).

(3) The Bayes mode, 6, is

— 2 172
b+ (b -2|-4AT) -0

8 =
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with the following pdf
* 2(h6)}" * b * * 1-1
£(65) :r_((% (8 +2) (87 +6; VD)
exp{ - (62+ 8, VB)/AB}, (85 > 0)

where b = r A and for large A, (8;) = £(8)

The mean and the variance of 0, are defined as

Vb el \/ﬁ)’él r

-1 ) 3
. - —@) i+—, G

B@ + Y=y 2 () GOy (4.0

and
Var(BZ)=%+h8—E2(8;+i§)
where
G =1r/48
and o0
y(A,G):Gf XAl e dx [Re(A) > 1, Re(G) > 0]

The mean square error of 8 can be easily obtained as
MSE (8;) = Var (83) + [0 — E(83)]?
For large A, we have
E(8;) =8
and

Var (83) =2 N/

(4) A 100(1-p)% two sided Bayes interval estimate of 0 for large A are
g, = 2T /X"

Ar-1)
and

o, =2T /X2
2(r-1)

Also, a one sided Bayes interval can be easily obtained from 8, for the lower
limit and from 6, for the upper limit by replacing p/2 with p.



74 O.A. Shalaby

(5) The Bayes risk of 8, 8] and 8 are

R(§) =2 A%/, (n>0)
R(B)=2N/(r+2)
where

2

=57 (1)

T —
(T)( D2 Ky @ VTN

and

R(8) =2 N/r for large Aand r > 0

Now, the relative Bayes risk of 8] and 67 are

R(B;,p) = r/(r +2)
and

R(8;,8) = 1.0
We note that R(8)) < R(B) < R(6,) and the best estimator of 8 in this case is 8].

Under the assumption of prior density (III)
Tr+g—1

1) = v g—1

gir+e) T8 [Re(r+g) > 1,8 >0]

(2) The S-th non-central moment of 8
E@S/T) =TT (r+g—1)/T (r+g—1)

Especially, for § = 1 and 2, we have

T
= - Re(r+g)>2
7 [Re(r+2)>2]
and
Tz
(r+g—2)? (r+g—3)’

Var (8]) = IRe(r+g)>3]

(3) The Bayes mode, 8, of @ is

8, =T/r+g)
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and [2(r + g)8;)/8 distributed as a chi-square distribution with (2r) degrees of
freedom.

The mean and the mean square error of 8; are

- _ 1 8
E(8;) = Te
and
8% (r + g9
MSE(8)=—F—

(4) A 100 (1-p)% two sided Bayes interval are
- 2(1-p/2)
8, =2(r+ g)8; /X2(|+g b

and

B, =20+ g)eélxitff;_l)

A lower and upper one sided Bayes interval of 6 can.be obtained easily as before
with p/2 replaced with p in 8, and 6,
(5) Without loss of generality, we assume that 8 > a,, a5 > 0..

Then, the Bayes risk of 6, B] and 6; are obtained as

~ — a2
R@E) = E=5) 3, [Re(g)>3]
2
R(8)) = —-—) T 2‘; )’ [Re(r+g)>3]
where
#T) = (g — 1)a§’l T®, [T > a, >0, Re(g) >1]
and

1)%u+@
3 (r+g)°

R(8) = (£ =
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Now, the relative Bayes risk of 8] and 6, are

R(8; , 8) = r/(r+g—2)* (r+g—3),
and

R(8;, 8) = ti(r+g?) / (r+g)?
we note that R(8]) < R(8) < R(8) and B is the best estimator for 8 in this case.

If g = 0 above yields the corresonding results for the non-informative prior that
is uniform over [0, a} and if g = 2, 8] reduces to 8. Bhattacharya [2, pp. 60-61]
provedthat, g (6} = 87 is the only prlor which leads to the MV U estimator of 6.

Prior Density over the Positive Finite Range

In this section we shall consider the case of prior density (I)

Tr+g—1 9-(r+g) e-T/B, (C!<8< B)
M (r+g—L.y)
(1) f(a8/T) =
Tr+gfl 9-(I+g) e-T/B’ (0< g < B)
v {r+g—1T/B)
where )
M (Ay) =T (A Tia) — T (AT/B)
r Ay = [ s erdx, [Re(A) > 1,y > 0]
and

V(Ay)=1-T(Ay)

(2) The S-th non central moments of 8 is

F(r+g-8S-1y)
Mr+g—1.y)

TS

(<8 <B)
E(85/T) =

TS{y(r-i—g—S—l,T/B) ) (@<8<p)

y(r+g—1.T/8)
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For S =1 and 2, we have

M{r+g-2.y)
Mr+g—1.y)

(a<8<f)

T v(r+g—2,T/B) | (@<8<p)

v(r+g—1,Tg)

and

Mi+eg-3,y*c+eg—1Ly)—-1M{r+g-2,
T2 rtg-3.yrrac+g-1Ly) (r+g y)} 25 0 <B<P
Mi{r+pg—1.y)

Var (8)) =

-3, T/ — 3, T/R)}v* -2, T
TZ{Y(r+g IR y(r+ g Byv (r+g B ) as <<

v (r+g—1,T/R)

Incomplete gamma subroutines can be used to calculate 6] and Var (8]).

(3). The Bayesmode of §isgivenasfora <8 <f

o if Tig+n<a
8= T/Hg +r) if a<<THg+1)<P
B it Tig+ny=>p

oras0< 8 <

Tig +1) if0<T/Hg +tr)< B

B if Ti(g+1)>p

Since @ > 0 and B < =<, then without loss of generality we can assume 0 < 8; <
and the quantity 2 (r + g) 8/0 distributed as a chi-square distribution with
(2r) degrees of freedom.
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The mean and the mean square error of 8 are given as

E(6;) = rrj z
and [Re(r+g)>0]
2 2
MSE (65) = — 0 F&)
(r+g)’

(4). A 100 (1-P)% two sided Bayes interval of 6 is obtained by solving the following
two equations
P _I{r+g—-1T)-Tl{r+g—1,T/y)

2 M™r+g-1,y)

énd
Mr+g—1,TO)-T(r+g—1,T/R)
Mir+g-1,v)

P
2

in 8, and 6, or in terms of chi-square percentilies

v V)
8,= 21"
Ar+g—1)
and
6, = 21"
Ar+g—1)
where
v = Fr+g—1,T)2-P)+Pl(r+g—1,TR)
: 2M(r+g-1)
and
v, = Prr+g—1,To)+T(t+g-1,TB2-P)
, =

2M{r+g-—1)

Notethat 0 <v,<b,<landa<B<B

For () < § < f§, we have

Al—v)
Ar+g—1)
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and

— 2Av)
el - 2T/X2(:+g—l)

where

Py(r+g-1T0) _P

< =
0<v 2y(r+g—1) 2

Furthermore. a 100 (1-P)% lower and upper one sided Baycs interval estimate
of B may be obtained easily by replacing v,. v, and v by 2v , 2v, and 2v respec-
tively in 8, and B,.

(5) The Bayes risk of 8, BT and GZ are

L (g- DB — e (aB) Re (a) > 3
R (6) = TR Err [Re (g) >3]

(8- 1 (B — o) (eB)’

RO = e D@ - +2-2
where
— 1) (ap)' TE
£(T) = (rg(r)(sg-‘ f)agl) M (r+g—1y), [T> 0]
_ g-3 —a‘3 @ 2 2
ey - L@ —a) @R

(8= 3)(B¥' — ' (r+g)
Now, the relative Bayes risk of 67 and 87 are
R (0%, 8) = r/(r + g — 2%,
and
R (83, 8) = r(r + g}/ (r + g)’,
We note that R(87) < R(87) < R(§) and 87 is the best estimator of 8 in this case.

If g = 0, the corresponding results in the case of U(«,B) are obtained as a special
-case from the present resuits.
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Numerical Example

Considering the example given in [4,p. 349] in which 5 failures were observed
with total time on test T equal 1.6 X 10° h., the prior parameters chosen were g=85
and & = 2.86 x 10° and « & B for the uniform prior density were taken as 2.0 x 10°
and 7.0 x 10* such that 2.0 x 10" < 8 < 7.0 x 10*. Now, the maximum likelihood
estimator of 6 is 3.2 x 10*h. with variance = 0.2 82, The following table shows the
estimate values of the resulting formulas in hours.
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