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Abstract. The (det A) is the main goal for evaluation of the path integral formula and the dynamical finite
temperature, in quantum field theory. In this study, the Fourier representation is applied as a new treatment by
using ¢ — function in order to find the determinant of any operator function A (det A) or any operator

involving Dirac matrix y* . This technique is explicitly demonstrated in two examples, and the results are in a
good agreement with another technique used in this field.
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1. Introduction
One of the most interesting problems in quantum field theory is finding the determinant
of operator A, which is very useful to find the path integral, and the finite temperature
[1-3].
In order to find the path integral which takes a formula [4, pp. 188-195]:

x(t,)=0 . 1
| expSIxODDLX(O] = AL Derl A] m

x(t,)=0

and the partition function of dynamical system at finite temperature given by formula [5,
pp. 201-204]:

1

Z = N(det A)? )
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It is clear that these formulae need to calculate determinant operator A. This calculation
can be done by using few techniques such as quadratic Lagrangian [4], complex
semiclassical evaluation of the path integral [6], stander treatment [5] and the common
one Riemann { — function [7, 8]. But, all these techniques have infinite product of eigen-
values, and of course the determinant in general will be highly divergent which required
special conditions and limiting for computing them .

In the Riemann's technique the ca(s) is defined by [3, 7, 8 ]:

RO @)

where A, is a real positive eigen-value of a ginen operator A(x).

Thus,
ca(®) =T, CA(s) = ~Zloghpe 8" )
n n
so that,
gh (0) =Y logh, =-logI,, =-log(det A) )
n
ie.
(detA) =e A (6)

This representation of det 121 would be useful if one could find a representation of ga(s)
other than Eq. (3). This is found by introducing the function G(x,y,7) defined by [1, 9-
11]:

G(x,y,0) =2 ™ (0)f(y) ™
Then [7],
1 57, o
cA(s) = ) J dr T H(1) (8)

where,
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©)
H(r) = [dx G(xx,7)
For:
o0 o0 "
[dr M H =3 [dr e e ofdxf, (0)f, ()
o no
o0
=Yhy _[ duutte™
n o
=T($)TA,° (10)
n
where the orthonormal property of the eigen functions [10]:
[dxfy (X)f (X) = 8 (11)
Le., <n|lm> = d,,
Further, one notes that G(x,y,7) satisfies:
0 (12)
A(X)G(Xa Y, 'C) == G(Xa Y, T)
ot
For:
_ 0 _
ARG =2 e R, (Of (1) ==X (0f ()
n n
The completeness relation Z| n><n|=1
n

ie. D <x|n><n|y>=<x,y>or
n

> (O (y) =8(x—y) (13)
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shows that Eq. (12) is to be solved subject to the boundary condition:

G(x,y,0) =3(x-y) (14)
This completes the alternative representation of the function ¢4(s) associated with A:
solving Eq. (12) subject to Eq. (14), then using Eq. (9) and Eq. (8) ¢4(s) obtained . Eq.
(6) gives det A [3,12-15].

As an application of the above technique, take the Hermitian operator:

A=-0%+m? (1—dim) (15)
then, one can find [8],
ga(s) = (-ms+..) [dx (16)
ie.,
log detA:mjdx (17)

To see the significant effect of dimension, consider the same operator in 4-dim.
Euclidean space:

(18)
where 9% =07 +03 +03 +03. Then the solution of G(x,,7) by
: : -m?/pe
using Eq. (12) and taking G=e HTF
2 2
where F:%e_“ (x=y)"/4r will be
T
4 .2 2 (19)
Gy, 7) = ———exp| T (x-y)* - 1
622 4t 2

then, one can get value of G (x) as :

m* [ m? a I's=2)¢ ,a
=— | — —=|d
sa(s) 62 [ 2 ] re) .[ X



Determination of the Determinant Operator A ... 115

6T I'(s)
4
A :m_(i_log 2/ uzj [a'x 20)
ie., 3212\ 2

and, therefore the determinate of the operator A is equal to:

2 2
2, 2\ m” |3 m 4
log det (_6E +m )— 32n2 {7+log“_2}-[d X (21)

in 4 dimensions.

In this paper, the new technique is applied by using the Fourier transformation
instead of Riemann's ¢ — function [4] to calculate the det A. This technique is more
general, easy and ideal for description the dynamical systems at finite temperature [5,
16]. Also, it gives more information about the eigen function f(x)and a complete
orthogonal set over the same interval time with suitable boundary conditions for the
system.

2. Mathematical Formulations
It is suitable to develop a new technique, that appears to be more general, for

solving Eq. (12) subject to the boundary condition Eq. (14). One first observes that Eq.
(14) restricts G(x,y,7) to a function of x,y and 7.

Thus, G=G(x, 7) and , H(t) = [G(0, 1) dx
ie.

H(t) = G(0, ©) Jdx (22)
always.

Solving Eq. (12) by using Fourier transformation, G(x,7) is taking in the form:

1 ivx+h(\)t ¢4
G(x,1)=——|¢' d'A
2n)? J (23)

in 4 dimensions. Then Eq. (14), and G (x,0) = 8*x
immediately requires that g(A) =1, so that:
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_ 1 iLx+h(M)r 4
G(x,7) ot [e d*a (24)

and one needs not to worry about Eq. (14) anymore. Next, apply the operator A(x) +%,
inside the integral sign,

o)
(A(X)Jraj elk.x+h(k)t =0 (25)

This equation determines /() and completes the solution of Eq. (24) for G(x,7) will give

g a(s).

3. Main Results and Applications

Example
Applying the new technique to Eq. (18):
in
A= —6E2 +m2 4-dim.
gives 22 +m2 + pzh(k) -0 (26).
therefore,
| 7%(7»2+m2)‘r @7)
G(o,1) = fer a*a

@2n)?

Now, for integrals of the form If (r,0)d"x d*x in n dim, the Euclidean space, for ' =

Jr) [9]:

71_’11/2 0

jf(r)dnx = ra/2) J'f[xl]x1 dx, (28)

n-2
2

o
where x; = 7°. Applying this to the integral in Eq. (27):

Therefore,
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_m?
4 2" (29)

n
G(o,1)=———¢ ¥
16n%1°

is in agreement with the result obtained from Eq. (19).
Now we can discuss the general case of any function operator A in 4-dim.
A=-0% +£(x) (30)

Eq. (12) will be:

(02 +1()+-2) G(xy,1) = 0 Gl
ot
write a Fourier representation:
G(x,y,1) = ﬁje“"(xﬂ)g( Ay, 1)d*A (32)
Subject to:
g(h,y,0)=1 (33)
Also, the Fourier representation of f{x) is:
f(x) = [e"*1(c)d*s (34)
Then,
f(x)G(x,y,1) = ! 7 Ieix'(x_Y) eiGyg(k -o,y,7)l (c)d*s (33)
(2m)
and the Fourier transform of Eq. (31) will be:
200,30+ E by, 0+ [ g0,y Dl @) 6

For given (o), this is a differential-integral equation to be solved for g(A,y,t), subject
to the boundary condition Eq. (33).

Taking =0 in Eq. (36) and using Eq. (33), Eq. (34) then;
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og B 2 (37)
Sy =~(# + 1)
In view of Eq.(37) write
2
20y.1) = OO b yn) G
oh (39)
Then h(A,y,0)=1 and E|T:0 =0
Substituting Eq. (38) in to Eq. (36) one gets:
(40)

2 .
Z—hm,y,r)—f(y)h(x,y,r) =[O Y h(h—0,y, 1)l (o) d*o (40)
T

Repeated differentiation of this equation generates power series for /(4,7), in 7, about
7 = 0, write:

h(hy,1)= T ey (A y)" (41)
n=0
then,
Cohy)=1, Cirhy)=0
thus,
5 42
gy, 1) = o(ATH ()T |:1 -Co(A, y)1:2 +C3(A, y)‘l?3 Foe :| (42)
where,

Cs = oDy +BP (), 43)

C3 =y + B, 1) (D11,

[See App. (A)].

Note that all the integrals are Euclidean (so that e.g. g,,=4). The contribution of ﬂ,/z)

A, and ﬁf’lﬂ, which are infact the imaginary terms in C, and Cj3, vanish and then:
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—-f(x)t

1 1
G(x,X,T) = 5 |:—2+0L(2) (x)+zyﬁz (x)+a(3) x)T+..... } (44)
T

167

From App. (A):

0@+ 2130 =28 =a)

o (x) = %af(x)af(x) —%6262f(x) =b(x) (43)

Also, write "/, for 7, so that the new 7 is dimensionless and therefore,

—f(x)'c/u (46)
G(X,X,1T) = —2 “—4+ a(x)+ b(xz)'c F e
16m T 1)
Then,
(47)
(s) =—— [7'G(x, x,7) drd*x
% r()
and do the 7 integration and extract the term linear in s before the x-integration gives:
48
1675 (0) = j 200+ 2% - L2 4 aoytog E8 gt “8)
f(x) 2 “2

One recovers the result Eq. (20) as the special case f{x)= const.= m

In order to apply this technique for solving the determinant operator involving

Dirac matrix ¥* , one requires to state and prove the following mathematical theorem.

Theorem

Determinant of operators involving the Dirac matrices »* may be reduced to ones

that do not involve ¥* using the properties of the y-matrices.

Proof:
Consider, first, the simple example:
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A= —ia.y +ml (49)
where a is a constant 4-vector. This may be calculated from

det A =exp(TrlogA) (50)

log A =log(ml —ia.y) = log{(mI)(I— ii.y)}
m

= log(ml) + log(I - La.q()
m

= (logm)I —[éa.y +%($)2 (ay)? +%($)3 @) 4o ] 1)

. . : o . i
since functions of matrices are defined by their series expansions and m/ , [ ——a.y
m

commute. Therefore,

1 1 .1 1
log A = (logm)I + 3 (a.y)2 -—— (a.y)4 F e —i[—ay- 3 (a.y)3 S VRN ]
2m 4m m 3m

But,

2 1 2
(ay)” =aa 'y’ = Eauav(v“vv +y"y") =aja,gM =21

therefore, (a.y)’ = a’a.y and

logA = [logm+l(i)2 —l(i)4 F e ]
2 m 4 m
. (53)

1

1 a a
[l (o
m 3 m

l( Yo Jay

5 m

also, Try=0 Tra.y=0

this gives the trace as,
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1l an, 1 ay
TrlogA =[logm+—(—)" ——(—)" +........ Trl
gA =[log 2(m) 4(m) ] (54)

therefore in 4 dimensions,

1 1 o 13
—TrlogA =logm+(x——x" +—%X" —......
7 rlog gm+(x—— i )
| (55)
= 10gm+510g(1+ X)
ie,
1
Trlog A = 4log(a® +m?)2 =log(a’ +m?)? (56)
det(—iay +m) = (a’> +m?)> (57)
Now, consider the case:
A=-i1y0+m (58)
Following the same steps as above one gets:
det(—iy.0 + m) = det(6? + m?)?
= (det(d? +m?))? (59)
Since the right-hand side is a function of 0> and m’® one may also write:
det(iy.d + m) = det(iy.0 — m) = det(0% + m2)? (60)

It can be noted that the Euclidean version of this can be also obtained. It is important
to appreciate the following observation concerning equations like (59) and (60) that:

On the L.H.S. iy.0+m acts on both coordinate and Dirac spaces, i.e, u,(X),on

RHS. 0°+m” acts only on coordinate space, i.e., on #(x) . This result enables us
to use the technique of sections (2) and (3) for the evaluation of determinant of the Dirac
operator —iy.0+m .
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4. Conclusion

It is very clear that the determination of the operator A by using Fourier
transformation is in agreement with the solutions of the other technique like Riemann's
technique (Eq. (17) and Eq. (21)) [Ref. 7, 8, pp. 130-133], but more general and easy
when anyone needs to describe the dynamical system with any boundary conditions.
Moreover, one can apply this technique to solve the determinant operators involving

Dirac matrix ¥ # [Theorem] or any general operator function A (Eq. (48)).
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Appendix (A)

To find the value of the coefficients, use the Eq. (41):

o0
h(Ly, 0= T e,y
n=0

and substitution into Eq. (40) yields (on expanding the exponential) the recurrence
relation.

(h+DCp (A y) =f(¥)C, (A, Y)

N R T K 4
+y j 'Y (6% —21.0)"*1(c)Cy (A -5, y)d*c (A-1)
=y (n—k)!
Forn =1 this gives:
2C, (h,y) = [ (67 - 20.0)l (0)d*o (A-2)

0,(f(y)=i[0,e I (0)d*e, 8,0,f(y)=-[c,0,eV(c)d%s
(A-3)
Cr(My) = —%(a2 —2iL0)E(y)

using

Similarly,

3C;(L,y) = —f(¥)C, (A, y) —% [e°Y (6 -210)*1(0)d*e

4 (A-4)
—I ¢'Y1(6)C, (A —o,y)d%s,

which gives:

1 1 2.
C3(hy) =S O () (y) =070 (y) = Si0°2.00(y)

—%k.@k.@f(y) (A-5)
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Thus,

2 A-6
Oy, 1) =e PO 1Lyt +C3 (O yT +e. . (A-6)
g 2 3

where,
C =@ P, . C=aP@+pP i, Qo A7)

The coefficients o,f,y are to be read from (A-3) and (A-4). In calculating G(x,x,t), given
by:

A-
G(x,%, ) =—— [ (%, 1A%, (A5)
(2m)
use,
2, T 20,24, 21
[ed x=—2,je WA=
T T

(which follows from coveriance)
A2t 4y _
[re™ Fd* =0

2 2
22t 4 2 AT, T
jxuxve fd*=ag,, . 4a = jx e d*n= = (A-9)
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