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Abstract. In this paper, sceond order eigenvalue sensitivities are derived with respect W the singular per-
turbation parameter whose variation changes the reduced system urder. Thesc schsitivities are used to
identily boundaries between fast and slow subsystems. This is applicable to systems that possess two-time
scale property. Accurale estimates for the system modes without solving the cigenproblem of the whole
system are obtained.

List uf Symbols
X, 8,X4:25, % A Systemstutes,
u é System input.
£ é Singular perturbation parameter.
ng,n; é. Subsystems order.
R{e), D(g) ./:'\ Diagonal form of slow and fast subsystems,
A, K é Eigenvalues of slow and fast subsystems,
w,v; A Eigenvectorsof R(g) and R7(¢).
4:p; A  Eigenvectorsof Dfe) and DT(e).
AALBCDD AB & Matrices of appropriate dimensions.
A é Estimated eigenvalues due to a change in e.
€y fo 0w A Machine states.
R Ey, Vi A Automatic voltage regulator states.
V.8 A Voltage and complex pawer.
H.D E\ Machine inertia and damping constants,
[

185



186 Zuglot s Elrazaz and Awadh A. Al-Digs

X Xq, X' A Machine and transformer reactances.
X, & Transmission line reactance.
T o & Transient ime constantsin d and ¢ axes.
d,y é Dircet and quadrature axes.
ALC,Ty ; Determined matrices for states-space description.
Ay Gy, Dy é Dectermincd matrices for states-space description.
L. Hy A Determined coupling matrices.
E A Systcmparamcter.
Al 5 Inverse of matrix A.
Introduction

Eipenvalue and Eigenvector sensitivities have been for the last two decades, among
the mast common tools in circuit and system analysis [1]. They are used to determine
the influcnce of system components and parameters on individual system modes.
The study in Reference [3] demonstrated successfully the advantages of employing
first order eigensensitivity with respect to a parameter £ whose vanation changes the
system order. Using the cxpressions derived in Reference [3]. it was possible w
analyze modes sensitivities with respect to neglected parasitics and 10 the fast modes
eliminated from a reduced order model. While this was a good achievement, yet mis-
leading results in the case of the turning points may result. Morcover, most of the
time, the value of ¢ is not usually known explicitly and this results in wrong estimates
for the boundarics beiween the stow and fast subsystems,

This paper extends the notion of sensitivitics to include sccond order sensitivity
terms in addition to the first ones. Consequently, these sensitivities are used to deter-
mine the boundary level between the slow and the fast modes without solving the
eigenproblem of the whole system. Moreover, Taylor's expanston arcund a basc
value of e including the second terms are used to obtain better estimates for the slow
and the fast subsystems modes. The methed is demonsirated by considering smail
power system as an illustrative example |3].

Second Order Eigensensitivities

[t is shown in [4] that linear system which pussesses the two time scale property
can be written in the form

%y =R(e)x, (1
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ez, =D{e)zy (2}

where x, € R™ and z, ¢ R represent the slow and fast subsystem states respectively,
¢ is 4 small positive sculur. Expressions for R and D are derived in Appendix A to
facilitate the derivation of the second order cigenvalue sensitivities of the singular
perturbed system given by equations (1) and (2). Expressions for 17 order eigenscn-
sitivitics had been derived in Reference [3]. These expressions are used to derive the
second order sensitivities as shown in Appendix B.

Eigensensitivities for the slow subsystem can be stated as

P4 _auTBD;'DCy, (3)
3
au' “S
— =Y guu,, ki (4)
at', E k- k
2 Bu.
A aau'ABD, D 'Cy, 207 BD] D 'CA, (%)
e’ de

Also cigenscnsitivities for the fast subsystem may be written as

oM | ,
%=—p}rc13qj (6
€ Hj
N3 )
._=ijqu, k=j
ae k=1
du, 2 aq.
2 DA, B + 2 pleB (#)
Py J PR J
€ i o oe

where

li T -l -t
¢ik=mUkBDl D Cu, ¢;=0

k i

— T . =

An estimate of a specific eigenvalue with respect to a change in the parameter £
can be ublained using Taylor's series expansion around a nominal value of g (¢ = 0).
This value represents the quasi-steady state representation of the system.
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For example, if the hase value for the mode is Ao, the estimated value i]- due to
achange in £ = 0 can be stated as

.\ &
2 3’

+ o(s“"‘] e

e={} e=0

where 0(e"*3) are neglected trerms of order g3,

‘The improvements in the estimates can be measured hy calculating the error
involved by comparison with the exact modes values. This requires calculating the
whole cigenpattern of the large system which is computationaly cumbersome. How-
cver, it can be avoided by caleulating the error with respect to quasi-steady state csti-
mates. This is mainly uscful in the process of determining the appropriate pattition-
ing boundaries as it will be demonstrated in an illustrative example.

Single Machine-Infinite Bus System
The single machinc-infinite bus system, described in Reference [3], is shown in

Fig. 1 und used as an illustrative example. The data of the system is shown in Table
L. The synchronous machine is modeled by the power angle 8, the machine speed w.

Erg .},‘q

v=1.0241

V=140

Il
i
AVR |
- 6'w =
_______________ J
2 Vet
Fig. 1. Singhe hine-infinite bus sy
Table 1. Synchronous machine data
H = 50 sec X = 0.25 pu
D = 2.0pu X, = 0.25 pu
X, = L2pu Ty = 5.0 sec

X, = 10pu L = 0.5 scc
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and the voltages induced by the flux linkages in the direct and the quadrature axes €4
o respectively. The automatic voltage regulator is modeled by the feedback signal
R[, the exciler output Eg, and the amplifier output Vy

The system states are €, R, ¢y, &, w, Egy and V.
The system linearized model is written as
x=Ay+BU (10)

where X and U are the system statcs and input variables respectively. The system
matrix A is calculated in Reference [5] as

[—ns8 00 00 0269 0.0 02 0.0 |
0.0 ~L0 00 0.0 0.0 1.0 0.0
00 00 30 212 0.0 (.0 (.0
00 00 0o 0.0 377 00 0.0

0141 00 0141 =02 -0.28 0.0 00
0o 000 00 00 00 0.088 2.0

| =173 067 -116 409 0.0 -667 -16.7

m e
m | gw
n

Table 2 shows the cxact and quasi-steady state (g.5.5.) system eigenvalues solu-
tions by considering e, and R, as slow states. These are given incolumns 1and 2 while
column 3 shows the mvolved error. The error is of the order of 7%. The percentage
error is considered as

Table 2. Qusi-steady state eigenvalues (n, = 2

Eigenvalues Percentage
Modes Faact q.5.5. Errors
Slow -0.362£40.557 0399+ j0.580 6.577
-3.939 -3.923 5.491
Fast —£.859:/8.319 -0.7791/8.3%0 0.957
-8.54K1/8.204 R 3ME7.939 RR{xH
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Error

where )ALE (Estimated) is obtained using equation (9).

- li(Exact)—i(Estimated) 9

A, (Exact)

100

(11}

The first and second order cigenvalue sensitivities of both the slow and fast
modes have been calculated using equations (3) to (8). These sensitivities are given

in Table 3 and Table 4.

Table 3. Modes Fsti Using 1st Eig:

nsitivitles (n, — 2)

Eigenvalues Sens. and perventage ervors
Maodes Exact Estimuted #1 Sensitivity # 1 Error # 1
Siow ~0.362+70.557 -0.359+/0.559 0.040770,021 0.7115
-3.939 ~3.951 —0.224 0314
Fast -11.859=+,8 379 —) B51+/8.384 ~0.072F0.006 0.109
—8.548+/8.204 —8.513%/8.217 1.205440.282 0.315
Tahle 4, Modes Estimates Using 2nd Figensensitivities n,=2)
Eigenvalues Sens. and percentage errors
Modes Exact Estimated #2 Sensilivity # 2 Error #2
Stow -0.362470.557 -0.362+0.556 0.003 ¥/0.004 0.129
-3.939 3.049 —0.002 0.271
Fast -0.859+/8.379 —0.859+,/8.380 ~0.008F/0 004 .01
~8.548.1j8.204 —B.54948.206 —0.037%/0.011 0.022

The second order sensitivitics are much smaller than the first order sensitivity
which implies that ¢ is very small and that a good choice for the separation boundaries
has been considered. These sensitivities ure used in the Taylor's formula to obtain
estimates for the system modes. The errors involved in these estimates are given in
the last column of Table 3 and Table 4. The error has been reduced substantially from
that of the g.s.5. solution. Mareover, the tables show improvement in the estimates
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using the 2nd order terms. The reduction in the 2nd order sensitivity compared to the

Ist order and the improvement in their estimates compared to the g.s.s. are mainly

duc to the appropriatc grouping in the slow and (ast states. This is clear since € is

approximately equal to (.17 (for n_ = 2). £ is cstimated as the max [ / min A

Mureover, £ = 0.17 is the minimum of |A;|/A,, ] ¥, which indicates the largest gap
between the system dynamics. The errors involved 1n the 1st and the 2nd order esti-
mates calculated with respect to the q.s.s. solution are listed in Table 5. Examining
Table 5 shows the 2nd order errors are very close to the 1st order errors for such a
healthy partitioned case [6].

Table 5. Sensitivities Estimates errors referred to g.o.5. solution

q.5.5. Percentage errors
Muodes eigenvalues Ist order 2nd order
Slow 0.399 + jO.580 6.434 6.122
3715 6.142 0.097
Fast -0.779 +;8.390 0.458 0.960
—-8.308+,7 936 3.030 3.157

To indicate the usefulness of the 2nd order term in determining better modes
estimates, the partitioning boundary has been moved such that the slow subsystem
is of thec third order. In this case, cél, R;, and ¢ describe the slow system dynamics.
Table 6 shows the errors obtained by considering the g.s.s. solution and those
obtained using Tuylor's expansion with the 1st and 2nd order terms included.

Table 6. Errors in system modes estimates (1, = 3)

Exact Percenlage errers
Modes vigenvalues XS Ist order 2nd nrder
Slow -0.362+/0.557 5.122 0.132 0.017
-3.93% 5.952 5.330 0.087
Fuasy —0.850/8.379 9.258 3.582 0.343

—8.5451/8.204 3.03% .238 0.042
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The results shown indicate the importance of cvaluating the 2nd order terms
which reduces the overall errars compared to both the q.s.8. and 1st order errors esti-
matcs.

We have indicated the importance of the 1st and the 2nd order eigensensitivities
in obtaining better modes estimates. 1t is remained to show the role of these sen-
sitivities in the partitioning boundary decisions. The states are ordered intentionally
wrong in such a way to give the sequence e ‘R b, w, e, Eqy, and V. This may be
us¢d to construct plant controller for stabnhty purpose. In this case, e, Ry, 8, w are
considered as slow states, which leads to a wrong partitioning. Tdblc 7 shows the
eigensensitivities solution with respect to the puramcter € (e= 2.138). The value of
the 2nd order terms for some modes in the slow and fast subsystems increuases largcly
compared to the 1st order terms. This indicates that the inherent vaiue of ¢ is large
and the choice of the partitioning boundury is not a good one. This is a good achieve-
ment since a decision can b made using these sensitivities regarding the states
sequence and the partitioning boundaries before proceeding in performing more
computations.

Moreover, this decision can be guessed without calculating the exact eigen-
vatues, for the large system. Instead of calculating the errors with respect to the exact
eigenvalugs, the q.5.5. estimates can be used as a reference.

Table 7. 1st and Znd order Elgensensitivities (L )]

Exact Eigensensilivities
Modes eigenvalues 1st order 2nd order
Stow -1.362+]0.557 04425 0.020 —0.005+1L.1%K
1.859+;8.379 226840118 0125472 944
Fast -3.939 0.000 4.508
-B.5458+8 204 —0.243171.255 —0.030+0.006

‘Table B shows the errors in the mode estimates of the proceeding case (n, = 4)
using sensitivities as compared to the q.5.8. solution. The errors involved in the 2nd
order estimates are very large comparcd as to the Ist order estimates errors. This
concludes the same previous remarks regarding the statc sequence and partitioning
boundaries,
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Table 8. Sensitivities Estimates errors referred to q.5.s. solutioa.

q.8.8 Percentage errors
Modes eigenvalues 1# order 2" yrder
Slow - 0.399 £/0.581 6.610 6.474
0.288 £ j7.256 31.274 51.479
Fast -~ 5.000 1.({H) 90.154
— 8.308 £ j7.936 3.064 3209
Conclusion

Second order eigenvalue sensitivitics with respect to the singular perturbation
purameter ¢ are derived. The usefulness of these sensitivities in determining better
maodes estimates is highlighted. It has been shown that the relative value of the sec-
ond to first order sensitivities can be used as a test to obtain appropriate boundaries
between slow and fast subsysiems.

Equations (40) and (44) represent the actual second-order cigensensitivities of
the system eigenvalues which remains finite as € — 0.

Appendix A

Cunsider the linear, time-invariant system with u = () (free response) for simplic-
ity
%=Ax+Bz, x(0)=x, (12)

ez=Cx + Dz, Z(O)= 7y (1“)

where x and z are vectors of order n_ and n; respectively. & is the ratio of slow Lo fast
system modes dynamics, Itis known as the singular perturbation parameter and can
be wrillen as

e=p., |/

A | (14)

Applying the iterative scheme for separation of time scale [4], the system equa-
tions (12) and (13) after k™ L-iterations and j*" H-iterations has the form of cquations
(1) and (2), where the matrices are now defined as
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R(E)=A,, (15)
D(e)=1Dy, (16)
where
Ay =A-BL, (17)
C,=C-DL, +¢L, A, (18)
D, =D+el,B (19)
L, =D7'C+eD7'L (A-BL,), L, =D'C (20)
A=A, -HC, (21)
By =B-H,D, +£A,H, (22)
Dy; =D, +eC,H,, (23)
Hy, =BD}' +e{A, ~H,C, JH,D;', H,, =BD]' @49

For Simplicity, the black diagonal form of the fast subsystem D(e) may have
terms or order £"2 [7,8], which can be obtained by evaluating equation (19) for k =
2 to give

L,=D IC+£D_2CAl (25)

D(e})=D, + O(a ":"3) (26)

- _ 27
D(e)=D+eD™'CB+¢2D 2CA,B+O(E"23) )

where 0(c") are neglected terms of order g™,

Consequently, for adequate accuracy of scparating the fast variables; while
some inaccuracy is involved in the stow varighles (which can be tolerated by requiring
more H-iterations that L-iterations), the block diagonal form of the slow subsystem

R{e) should be obtained for k = | and | = 2 in equation (21) to have terms of order
5—“‘-"2 [7,8].

Evaluating equation (21) for k = 1 and § = 2 yields
H,, =BD; +¢ABD;? - ¢BD;'C,BD;* (28)
n23
R(e)= A,y +0(e") (29)

S 3 3
R(e)= A, ~eBD,'D”'CA, -¢’A BD;*D7'CA, +0(e"™) (30)
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where 0(e"?) are neglected terms of order £

Appendix B

In general, the cigenproblem solution of the linear multi-variable system
described by cquation (10} foru = 0 is

A, = A, 3n

where d,, &,, ... . b, are the eigenvalues of A and uy, uy, ..., u, are the corresponding
eigenvectors. Lel vy, vy, ... ., v, ure the corresponding eigenvectors of the transpose
of the A matrix. The folowing equations hold:

ATv, =20, (2)

WA=i! (33)

Derivation of the second-order eigenvalue sensitivity procceds {2] by differen-
tialing equation (31) two times with respect to a small parameter £ which leads to

2 2 2
A aAau Aau ah +a2. au 7~Bull

(34)

u;

ek e a & e
Premultiplication of equation {34) by v} and substituting from equation {33) gives
- 2 . A 1 du,
ﬂu?u-=uTa—éu.+2uTa—A-£—Za—‘u?'—-¢ (3%)

ag” et ‘aaaa & X

By considering the fact that u u=1, sov,
reduces o

equals zero. The above cquation (35)

S‘E

2
A _UTiﬂ _+2\,_Ta_A.2“_i £36)

ae} &

which is in general; the second-order eigenvalue sensitivity.

Derivation of the second-order eigenvalue sensitivity ol the slow subsystem pro-

2
ceeds by evaluating %E and ? for ¢ = 0 from equation {30) and then substitut-
€2 £
ing in equation (36} to give
=-BD;|'D™'CA, (37)
2
2 REE) |e=u = —-2A]BD;2D_IC.A1 (38)
de
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9%, - ‘
gz-!—:-zu;rAlBD, D7ICA, ‘Zu?BD;‘D*'CAi% 3%

Replacing A, u; by d,u; in equation (39} and divide by lwo yields to

19°2,; T -2,-1 To ., Ou

——5 =-AV;ABD"D"'Cu,-v,; BD; D 'CA, —* (40)
2 0 de

Analogously, the second-order eigenvalue sensitivity of the fast subsystem can be
2 .
obtained by evaluating %) and 882 for € = G from equation (30) and then substi-
£ E
tuting in cquation (36} to get

aD(E)I =p”!
P CB (14)
a*D(e _
#Lﬂ, =2D’CA,B (42)
de
o 3
T;ﬂpj’D‘ZCA,Bm +2pr“013% (43)
& 15
Replacing pj D™' by u7* plin equation (43) and divide by two yields to
2
19%0, 1 dg,
——% =— p/CA,Bq; +LoTepd (44)
29 p R TR - ™
J i
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