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Abstract. In this article we discuss the problem of estimating the parameters of the left und the right trun-
cated Gompertz distribution when truncation points are unknown. Maximum likelihood estimators and
estimators invobving expected values of appropriate order statistics are derived. Asymptotic sampling
errors of estimates are also given.

1. Introduction

Truncated distributions arise when sample selection and/or observation is not possi-
ble in some subregion of the sample space. This can occur as a consequence of actual
elimination of part of the original data.

Charernkavanich and Cohen [1] discussed this problem for complete samples
with a variety of estimation problems involving truncated normal, gamma, Weibull,
lognormal and various other truncated distributions. Bain and Weeks (2] and
Deemer and Votaw [3] gave the main results in the casc of truncated exponential dis-
tribution using censored data, and Shalaby [4] has discussed the problem with a
Weibul distribution for censored type 11 data.

The present study is concerned with a Gompertz distribution that is singly trun-
cated at an unknown truncation point. The truncation point then becomes an addi-
tional parameter which must be estimated from sample data along with the primary
distribution parameters. Both right and left truncation are considered.
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2, The Gompertz Distribution
The Gompertz distribution is applicable as a model for surviving distributions
which has an increasing hazard rate for the life of the creatures and systems. Prentice
and Elshaarawi [5] have used this model in their studies and Elandt — Johnson and
Johnson [6] have shown that the Gompertz distribution is widely used in actuarial
works.

The probability density function (p.d.f.) of this distribution can be written as
ax b ax
flx:a b)=b e exp]:—(l—e )} (2-1)
a

for 0 <<x < w,a>0,b > 0(0otherwise). The corresponding cumulative distribution
function {c.d .f.) is

F(x ; a, by=1-exp {E(l—em)} (2-2)

and the moment generating functions is
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The mean ., variance 62 and third standard moment a of this distribution are;
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y= 0.5772 is Euler's constant and K:(z):zki
k=1

is the zetta function defined by Gradshteyen and Ryzhik [7].

3. Truncation on the Left

When the distribution with p.d.f. (2.1) is truncated on the left at x =a, the
resulting truncated distribution becomes

fi(;ﬂf :a,a.b)=f'(;r:a,b)/[lfF(a:a.b)] (3.1)

for a<x< o, a>0, a>0,b>>0 (0 otherwise). And it follows from (2.1) and {2.2) that

fL(m :a,a.b) =b ™ oxp l:g(e“a —ew)} rZa (3-2)

a.
zero elsewhere.

The likelihood function of a random sample of size n from a truncated distribu-
tion with p.d.f. (3.2) becomes

I LR vad) | I
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3.1. Maximum likelihood estimation (MLE)

On taking logarithms of (3.3) and differentiating, we have
dfnl
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The function (3.3) attains its maximum value when o is as large as possiblc.
Since o < x, we then have

=y (3.5)

where y| is the smallest sample obscrvation; i.e. the first order statistics. Estimators
for a and b follow as solutions of ¢cquations

AA ~ i 31
ra+b n eaﬁ—ze il=0

i=1

i AN ~ n .

a ax; —
ij- a+ bl nye®” —Exje Pl4n=0 (3.6)
=1 j=l

The set of equations given in (3.6) do not have explicit solution for 4 and b, how-
ever their solution can be obtained using numerical technigues.

3.2. Modified maximum likelihood estimation (MMLE)

It is recognized that the maximum likelihood estimator for « is biased. Since
a < y,, the bias in small sampies might be quite large. For this casc and since the
maximum likelihood estimators of a were likely to be unsatisfactory; then scveral
modified estimators to truncation point are considered by replacing equation (3.5)
with alternate functional relationships as was done by Shalaby [4] in connection with
parameter estimation in Weibull distribution.
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The p.d.f. of the first order statistic in a sample of size n from the truncated dis-
tribution (3.2) becomes

a
g .(nia.a,b)= nbe™ cxp{%:l(ew —e™h )1 (3.7)
o<y <o, zcro elsewhere.
The expected value of Y, becomes

o k
E(Yl):(x+‘3—:-[—y1nAéz(—;—lA;(—)r} (3.8)

k=!

Where A=22 ¢
3.2.1 The first modification (MMLE-1)
Estimating equation (3.5) of the MLE is replaced by

E(¥y) = (3.9)

and the estimating equations for (MMLE-1) accordingly become:

Ry

Aa P A["A)

o+ L —7—1nd—z At =y (3.10)
p ~ g

plus the two equations of (3.6) with y, replaced by &. These three equations must. of
course. be solved numerically to obtain 4, b and &.

3.2.2 The second modification (MMLE-2)

Estimating equation (3,5) of the MLE is replaced by
aS
a=L (y} (3.11)

and the estimating equations for (MMLE-2) accordingly become:
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~ 1.4
_4)
(3.12)

plus the two equations of (3.6) with y, replaced by 4. These three equations must be
solved numerically to obtain 4, b and a.

3.3 Sampling errors

The variance of the maximum likelihood estimator & = y, can be found as

v(v)=E(r )~ £°(n) (3.13)
where
2y 2 e 2 2 2 o (-4)*
E(Yl):a +;§— (y-—ao+na) +{(2)-a"a m2a(x§ T
P (3.14)
d B3

and E(Y ) is given by (3.8)

The asymptotic variance — covariance matrix of the MLE of 4 and b can be
expressed as

V(S, 3)-[(1‘-}-], i j=12 (3.15)
2 bnl.
where: Uy, =-E( - ; ]
(1

U E 329111.,
Usy =Usyy = —L
12 21 dadb
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3% enl.
Uy =-E ——
b

The exact expression for the expectations in the above matrix are difficult to
obtain. However, in practice we would need the estimate for variance-covariance
matrix which Cohen [8] proposed by using approximations

2
o Ol
1= 9 7
a ~ A
a=a, b=b
2
d”¢nL
12~
dadb R
a=a, b=b
2
d" énL
UZZ'“ 2
b L
a=a, b=b
These are given below
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n
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a

On inverting the matrix (3.15), it follows that

V(2)=U22 /(Un UZZ_UEZ)
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A
_ 2
V[bJ—Uu/(Un U22_Ul2}
AA 2
CGV [a, bJ: U12/(U]1 UZZHUJZ) (3.17)

4. Truncation on the Right

For truncation on the right at x = «, the p.d.f. of the rasulting truncated distribu-
tion becomes

Frlxa.ab)= f(x.a,b)/ Fla,a,b), O<x<a
= 0, elsewhere 4.1)

on substituting (2.1) and (2.2) into this equation, we have
el ax b ax
fR(x;a,a,b)zb[l—e ] e cxp[;(]—e )], D<x<a
= 0, elsewhere (4.2)

where : ¢ = %(eaa - 1)

The likelihood function of a random sample of size n from a truncated distribu-
tion with p.d.f. (4.2) becomes

l_’,(;c1 ..-xn;a,a,b):b"[]—g"?]“" eazxj cxp{%(n_zeaxj H (4.3)

4.1 Maximum likelihood estimation (MLE)

On taking logarithms of (4.3) and differentiating, we have

BSZL = —nbeaa(ec — 1)_l

-
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- 52 a 7 a
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The function (4.3) attains its maximum value when « is as small as possible.
Since o = X, we then have

where y, is the largest sample observation: i.e. the n-th order statistic in a random
sample of size n. Estimators for a and b follow as solutions of equations

A -1 n n
A A ) R
na l—c[ec—lJ +b R—Ze“’ =0

j=t

~ -1
At Al - .
ay - o, uy{l] =0 (46)

j=1 j=1

A b -
where: ¢ = ;[eay" :1}
a

The solution of the set of equations given in (4.6) can be obtained using iterative
techniques for solving a pair of simultaneous cquations in two unknowns.

4.2 Modified maximum likelihood estimation (MMLE)

In this case and since the maximum likelihood estimator of a were likely to be
unsatisfactory; then several modificd estimators to truncation point are considered
by replacing equation (4.5) with altcrnate functional relationships as was done by
Shalaby [4] in connection with parameter ¢stimation in Weibull distribution.

The p.d.f. of the n-th order statistic in random sample of size n from (4.2) is

nman=nfi-e T e nfsi-e oy )

0<y, <a, zero elsewhere (4.7)



44 M.H. Al-Yousel

The expected value of Y follows as

ey " n kb = (&Y :
E(Y,,)J]—G]—Z(—n"u s oH o SEE (L oy
4 = PEEE

4.2.1 The first modification (MMLE-1)
Estimating equation (4.5) of the MLE is replaced by
E(Y,)=, (4.9)

and the cstimating equation for (MMLE-1) accordingly become:
A j
_ kb
‘ RS O N PN [ ] Y A A\
— a a -C
Z( I) (k) xae - € aa+z—f_~r— e -1 =all—e yn (410)
k=1 FANE

plus the two equations of (4.6) with y, replaced by &. These three equations must, of
course, be solved numerically to obtain 4, b and é.

4.2.2 The second modification (MMLE-2)
Estimating equation (4.5) for the MLE is replaced by
A
a=E(Y,) (4.11)

and the estimating equations for (MMLE-2) accordingly become:

i Ea) J, q
A A Ay n ~ k—;\ o (_QJ
_ AN Al Aan ~ ne
aa[l—e CJ :Z(ﬁl)k(Z) oae ¥ g aa+2_—al—[(zaa1]] - {4.12)
k=1 AT

plus the two equations of (4.61) with y replaced by &. These three equations are sol-
ved numerically to obtain &, b and &.
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4.3 Sampling errors

The variance of the maximum likelihood cstimator & = y, can be found as

v(¥,)=E(Y:)-E*(Y,) (4.13)
where
E(Y,%)—[l—eac] i(fl)k(ﬁ) atate ™ —e4 | a’a® -20a
k=1

and E(y,) is given by (4.8)

The asymptotic variance-covariance matrix of the MLE of 4 and b is ¢ssentially
the same as (3.15). In this case, however, the elements U; are

A N A P n ~ n A A -1
2 ax; a2x; ax;
Upp=2% x7 e -2 N x; e i_dbip_ E e J[e“—lJ
a a

a i1

A2 A2 A A AA
a a20a+2]e”“—2

AANS Al A -2
Uzgz%—%[l—e‘m] ec[ec—lJ (4.15)
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5. Ilustrative examples

The practical application of estimators resulting in this work are illustrated with
simulated data from the left and the right truncated Gompertz distribution. The
numerical techniques and iteration processes of IMSL {1980) routines will be used in
the following two cxamples.

5.1 Example (1), left truncation
In this example we have a random sample consisting of 30 observations from a

left truncated Gompertz population in which « = 2, a = Tand b = 0.01. The indi-
vidual observations arc listed below:

346 +.87 4.76 2.83 4,40 444
3.30 4.24 5.18 4.31 5.30 2.23
3.16 3.59 5.05 .82 3.83 4.08
2.38 257 4.00 4.50 3.80 3.30
5.96 412 4.02 4.15 281 4.55

For this sample n = 30; X = 3.492, S = (1.9653, a; =10.069:y,2.23.

MLE, MMLE-1and MMLE-2 calculations are summarized in Table 1. Approximate
variance and covariance for these estimators are given also in Table 1.

Table 1. Estimates from left truncated Gompertz distribution

Method of estimation MLE MMLE-1 MMLE-2

[¥1 2.23 2,155 2.161

H ().840 {.871 0,804

b 0.025 0.023 0.023
var{a) 0.02323 0.02829 0.02792
var (a) 0.02418 0.01190 0.01225
var{h) 0.00025 0.0004 0.00009
cov (a.b) -0.00236 —0.00092 ={.60096

5.2 Example (2), right truncation

In this example we have a random sample consisting of 20 observation from a
right truncated Gompertz population in whicha =5.a =1 and b = 0.01.
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Individual obscryvations are tabulated below:

454 4.62 d.68 4.692
1.00 3.28 4.00 4.48 4,48
488 4.11 343 2.7
179 4.20 418 4.80
3.93 4.33 3.67 4.08

For this sample n = 20; X = 3.884, 8 = 0.998. ay = —1.533,y, 4.92.

MLE. MIMLE-1 and MMLE-2 calculations are summarized in Table 2. Approximate
variance and covariance for these estimators are given also in Table 2.

‘Table 2. Estimates from right truncated Gompertz distribution.

Method of estimation MLE MMLE-1 MMLE-2
o 4.92 4.961 4,975
i 0,632 0,94l 0.497
I (1021 0,008 (.007
var{«) 0.01103 0.00906 0.00918
var (1) 0.02728 004131 0103033
var (b) 0.00001 0.2x107 0.1x107
cov(a.b) —{.0000Y —0.00005 —0.00005
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